
Applied Mathematical Sciences, Vol. 8, 2014, no. 128, 6379 - 6388

HIKARI Ltd, www.m-hikari.com

http://dx.doi.org/10.12988/ams.2014.48625

Global Analysis of a Mathematical Model of

HCV Transmission among Injecting Drug Users

and the Impact of Vaccination

Youssef Tabit

Department of Mathematics and Computer Science, Faculty of Sciences Ben M’sik

Hassan II University, P.O Box 7955 Sidi Othman, Casablanca, Morocco

Noura Yousfi

Department of Mathematics and Computer Science, Faculty of Sciences Ben M’sik

Hassan II University, P.O Box 7955 Sidi Othman, Casablanca, Morocco

Khalid Hattaf

Department of Mathematics and Computer Science, Faculty of Sciences Ben M’sik

Hassan II University, P.O Box 7955 Sidi Othman, Casablanca, Morocco

&

Centre Régional des Métiers de l’Education et de la Formation

Centre Derb Ghalef, Casablanca, Morocco

Copyright c© 2014 Youssef Tabit, Noura Yousfi and Khalid Hattaf. This is an open access article dis-

tributed under the Creative Commons Attribution License, which permits unrestricted use, distribution,

and reproduction in any medium, provided the original work is properly cited.

Abstract

In this paper, we present the global analysis of a mathematical model describing

and modeling the transmission of Hepatitis C Virus(HCV) infection among injecting

drug users with a possible vaccination. We prove that disease will die out if the

basic reproduction number R0 ≤ 1 while the disease becomes endemic if R0 > 1.
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Stability analysis of the both endemic and free steady state are also studied. Finally,

we discuss the impact of the possible vaccination on the population.
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1 Introduction

Hepatitis C (HCV) is an infectious disease which spreads through blood contact. An

estimated 200 million people worldwide are [7] infected with HCV and are at risk of de-

veloping chronic liver disease, cirrhosis and hepatocellular carcinoma, approximately four

times more than the number of people infected with HIV [1].In developed countries, peo-

ple who inject drugs (IDU) are the group at highest risk of infection with hepatitis C

virus (HCV)due to the sharing of injecting paraphernalia.As no vaccine against HCV is

currently available, preventive measures through information and education on the effect

of needle exchange and distribution of other paraphernalia are the only weapons available

in the fight against further spread of HCV.

In literature, several mathematical models have been introduced for understanding HCV

transmission([2],[3],[6],[9],[10],[11]).

In this article, we consider the mathematical model describing the transmission of Hep-

atitis C virus (HCV)among injecting drug users (IDUs) presented in [[5]]. The host

population of this model is partitioned into four classes. the susceptible, acutely infected,

chronic infected, recovered, with sizes denoted by S, A, C and R. The total host popula-

tion N = S(t) +A(t) +C(t) +R(t), assuming that the population remains constant over

time. The individuals are recruited into the susceptible class by the quantity µ(1 − p)N
where µ is the mortality rate (naturally) and p is the proportion of the population im-

munized by a possible vaccination program at birth,the remaining fraction (1− p) at risk

joins the susceptible class. The susceptible hosts are infected by the acute infection class

with a force of infection , which depends on the rate of borrowing injecting equipment k,

and the transmission rates (probabilities ba, bc). Here ba is the transmission probability

per contact if individual was in its primary acute infection and bc is the transmission prob-

ability per contact if individuals was a chronic carrier. An individual with primary acute

infection moves out of that state with rate σ1 ,with a fraction ρ becoming chronic carriers

and the remaining fraction, (1−ρ) recovering completely. Chronic carrier individuals can

still clear the virus with rate σ2 and move into the recovered state. The HCV model is
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given by the following nonlinear system of differential equations:

dS

dt
= µ(1− p)N − (kba

A(t)

N
+ kbc

C(t)

N
)S(t)− µS(t)

dA

dt
= (kba

A(t)

N
+ kbc

C(t)

N
)S(t)− (σ1 + µ)A(t)

dC

dt
= ρσ1A(t)− (σ2 + µ)C(t)

dR

dt
= (1− ρ)σ1A(t) + σ2C(t)− µR(t) + µpN

(1)

Dividing the equations in (1) by the constant total population size N yields
ṡ = (1− p)µ− (kbaa(t) + kbcc(t))s(t)− µs(t)
ȧ = (kbaa(t) + kbcc(t))s(t)− (σ1 + µ)a(t)

ċ = ρσ1a(t)− (σ2 + µ)c(t)

(2)

with r(t) = 1 − s(t) − a(t) − c(t), where s(t), a(t),c(t) and r(t) are the fractions in the

classes.

The aim of this work is to give a rigorous global analysis of HCV model presented by (2)

and to discuss the impact of the possible vaccination on the population.

The rest of paper is organized as follows. Section 2 illustrates some properties of the

system (2) . the global asymptotic stability of the disease-free and endemic equilibria of

the system (2) is given in section 3 . Finally, Discussion and conclusion of this study are

presented in section 4.

2 Some proprieties of the system (2)

In this section, we give some proprieties of the system (2).

2.1 Positive invariance of the nonegative orthant

It is clear that the dynamic of system (2) without infection is asymptotically stable. In

other words,for the system

ṡ = (1− p)µ− µs

The element s∗ = 1 − p is the unique positif constant such that: (1 − p)µ − µs∗ = 0,

(1 − p)µ − µs > 0 for 0 ≤ s < s∗ and (1 − p)µ − µs < 0 for s > s∗ We have established

the following result:

Proposition 1. The nonegative orthant R3
+ is positively invariant for the system (2).
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Proof.

the positive invariance of the negative orthant by (2) is immediate with the assumption

on the model. The system (2) can be written in the followin form:{
ẋ = ϕ(x)− x〈β|Cy〉
ẏ = x〈β|Cy〉B + Ay

(3)

where x = S ∈ R+ is a state representing the compartment of non transmitting individuals

(susceptible),y = (y1, y2) = (a, c)T ∈ R2
+ is the vector representing the state compartment

of different infected individuals (acutely infected, chronic infected),ϕ(x) = (1− p)µ− µx

is a function that depends on x, β = (kba, kbc)
T ,C =

(
1 0

0 1

)
, B = (1.0)T , 〈.|.〉 is the

usual product and A is the constant matrix:

A =

(
−(σ1 + µ) 0

ρσ1 −(σ2 + µ)

)
As A is a Metzler matrix then (xBβTC + A) is also a Metzler matrix since x ≥ 0. With

the asymptotic stability of the system (2) mentioned above , ϕ(0) > 0 and the half line

R+ is positively invariant by ẋ = ϕ(x) − x〈β|Cy〉 . Since it is well known that a linear

Metzler system let invariant the nonnegative orthant, this proves the positive invariance

of the nonnegative orthant R2
+ for the system (2).This achieves the proof.

2.2 Boundedness and dissipativity of the trajectories

It is straightforward to prove that the simplex:

Ω = {(s, a, c) ∈ R3
+, s+ a+ c ≤ 1}

is a compact forward invariant and absorbing set for the system (2).So,we limit our study

to this simplex .

2.3 Basic reproduction ratio

The system (2) has an evident equilibrium DFE = (s∗, 0, 0) with s∗ = 1− p when there

is no disease. This equilibrium point is the disease-free equilibrium (DFE).

Using the definition given in [4], we obtain immediately that:

R0 = 〈β|C(−A−1)B〉s∗
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where −A−1 =

(
1

σ1+µ
0

ρσ1
(σ1+µ)(σ2+µ)

1
σ2+µ

)
.

Using the expression of (−A−1) given above, the explicit expression of the basic repro-

duction ratio is:

R0 =
k(1− p)[ba(σ2 + µ) + ρσ1bc]

(σ1 + µ)(σ2 + µ)

3 Stability Analysis of The System (2)

3.1 Stability of the disease-free equilibrium

Theorem 2. When R0 ≤ 1, then the DFE is globally asymptotically stable in Ω ; this

implies the global asymptotic stability of the DFE on the nonnegative orthant R3
+. This

means that the disease naturally dies out.

Proof.

Let us consider the following LaSalle-Lyapunov candidate function:

VDEE(t) = A1a(t) +B1c(t), (4)

whereA1 and B1 are positive constants to be determined later. Its time derivative along

the trajectories of (2) satisfies

V̇DEE(t) = A1ȧ(t) +B1ċ(t)

= A1[(kbaa(t) + kbcc(t))s(t)− (σ1 + µ)a(t)]

+B1[ρσ1a(t)− (σ2 + µ)c(t)]

= [A1(kbas(t)− (σ1 + µ)) +B1ρσ1]a(t) (5)

+[A1kbcs(t)−B1(σ2 + µ)]c(t)

the constants A1 and B1 are chosen such that the coefficients of c(t) are equal to zero.

thus one can prove tediously that A1 = σ2 + µ and B1 = kbc
since s ≤ s∗ = 1−p, after plugging the positive constants A1 and B1 in Eq.(5), We finally

obtain V̇DEE(t) ≤ (σ1 + µ)(σ2 + µ)(R0 − 1)a(t)

Thus,V̇DEE(t) ≤ 0 when R0 ≤ 1. By LaSalle’s invariance principle the largest invariant

set in Ω, contained in{(s, a, c) ∈ R3
+, V̇DEE(t) = 0} is reduced to the DFE. This proves

the global asymptotic stability on Ω ([8], Theorem 3.7.11,page 346). Since Ω is absorbing

this proves the global asymptotic stability on the nonnegative orthant when R0 ≤ 1.This

concludes the proof.
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3.2 Existence and uniqueness of the endemic equilibrium

Let E∗ = (s∗, a∗, c∗) the positive endemic equilibrium of model (2). Then, this steady

state with a; c > 0 can be obtained by setting the right hand side of equations in the

model (2) equal to zero, giving


(1− p)µ− (kbaa

∗ + kbcc
∗)s∗ − µs∗ = 0

(kbaa
∗ + kbcc

∗)s∗ − (σ1 + µ)a∗ = 0

ρσ1a
∗ − (σ2 + µ)c∗ = 0

(6)

Using the third equation of Eq (6),one has c∗ =
ρσ1a

∗

(σ2 + µ)
Now, substituting the above expression of c∗ in the first and the second equations of (6),

one obtains the following expressions of s∗, a∗ and c∗ :

s∗ =
1− p
R0

a∗ =
µ(σ2 + µ)(R0 − 1)

kba(σ2 + µ) + kbcρσ1

c∗ =
µρσ1(R0 − 1)

kba(σ2 + µ) + kbcρσ1

(7)

which defines the endemic equilibrium if and only if R0 > 1.

Thus, we have established the following result.

Lemma 3. When R0 > 1, there exists a unique endemic equilibrium point E∗ = (s∗, a∗, c∗)

for the system (2) where and are defined as in Eq.(7) which is in the nonegative orthant

R3
+.

Theorem 4. When R0 > 1, the endemic equilibrium E∗ = (s∗, a∗, c∗) is globally asymptot-

ically stable in Ω which implying the global asymptotic stability in the nonnegative orthant

R3
+. This means that the disease persists in the host population.

Proof.

If we consider the system (2) when R0 > 1, there exists a unique endemic equilib-

rium (s∗, a∗, c∗) given as in Eq.(7). In order to establish the global asymptotic stabil-

ity of this endemic equilibrium, we consider the following Lyapunov function candidate:

VEE(t) = (s− s∗ ln s) + A2(a− a∗ ln a) +B2(c− c∗ ln c)

where A2 and B2 are positive constants to be determined later. Differentiating this func-
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tion with respect to time yields

V̇DEE(t) = (1− s∗

s
)ṡ+ A2(1−

a∗

a
)ȧ+B2(1−

c∗

c
)ċ

= (1− s∗

s
)[µ− (kbaa+ kbcc)s− µs]

+A2(1−
a∗

a
)[(kbaa+ kbcc)s− (σ1 + µ)a] (8)

+B2(1−
c∗

c
)[ρσ1a− (σ2 + µ)c]

By considering Eq. (6), one has

(1− p)µ = (kbaa
∗ + kbcc

∗)s∗ + µs∗ (9)

(σ1 + µ)a∗ = (kbaa
∗ + kbcc

∗)s∗

(σ2 + µ)c∗ = ρσ1a
∗

With this in mind, Eq. (8) becomes

V̇DEE(t) = (1− s∗

s
)[µs∗ + (kbaa

∗ + kbcc
∗)s∗ − µs− (kbaa+ kbcc)s]

+A2(1−
a∗

a
)[(kbaa+ kbcc)s]− A2(σ1 + µ)a+ A2(kbaa

∗ + kbcc
∗)s∗ (10)

+B2(1−
c∗

c
)ρσ1a−B2(σ2 + µ)c+B2ρσ1a

∗

= −µ(s− s∗)2

s
+ (1− s∗

s
)kbaa

∗s∗ + (1− s∗

s
)kbcc

∗s∗ + kba(A2 − 1)as (11)

+kbc(A2 − 1)cs+ (kbas
∗ − A2(σ1 + µ) +B2ρσ1)a+ (kbcs

∗ −B2(σ2 + µ)c

−A2ks
∗c∗

s

s∗
(ba

a∗

c∗
+ bc

a∗

a

c

c∗
) + A2ks

∗(baa
∗ + bcc

∗) +B2ρσ1a
∗(1− a

a∗
c∗

c
)

Now, let (x, y, z) = ( s
∗

s
, a

∗

a
, c

∗

c
), then one has

V̇DEE(t) = −µ(s− s∗)2

s
+ kbaa

∗s∗(1− x) + kbcc
∗s∗(1− x) + kba(A2 − 1)as (12)

+kbc(A2 − 1)cs+ (kbas
∗ − A2(σ1 + µ) +B2ρσ1)a+ (kbcs

∗ −B2(σ2 + µ))c

−A2ks
∗c∗

1

x
(ba

a∗

c∗
+ bc

y

z
) + A2ks

∗(baa
∗ + bcc

∗) +B2ρσ1a
∗(1− z

y
)

The positive constants A2 and B2 are chosen such that the coefficients of sa, sc, a, and c

are equal to zero, that is,
(A2 − 1) = 0

(kbas
∗ − A2(σ1 + µ) +B2ρσ1) = 0

kbcs
∗ −B2(σ2 + µ) = 0

(13)
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Solving the above equations yields A2 = 1 and B2 =
kbcs

∗

(σ2 + µ)
.

Replacing the above expressions of A2 and B2 in Eq.(12), one obtains:

V̇DEE(t) = −µ(s− s∗)2

s
+ kbaa

∗s∗(2− x− 1

x
) + kbcc

∗s∗(3− x− y

xz
− z

y
)

Since the arithmetic mean is greater than or equal to the geometric mean, the functions

2− x− 1

x
and 3− x− y

xz
− z

y

are negative for all x,y and z ≥ 0 ensures that V̇DEE(t) ≤ 0 . The equality V̇DEE(t) = 0

holds only when x = 1 and y = z. By LaSalle’s invariance principle, one can conclude

that the endemic equilibrium is globally asymptotically stable in Ω. Since Ω is absorbing,

this proves the global asymptotic stability in the nonnegative orthant. This concludes the

proof.

4 Disscussion and Conclusion

In this work, we give the global analysis of a mathematical model describing and modeling

the transmission of Hepatitis C Virus (HCV) infection among injecting drug users with

vaccination. Analysis of the model shows that the disease free equilibrium is asymptoti-

cally stable if the basic reproductive number satisfies R0 ≤ 1 and the endemic equilibrium

point is locally asymptotically stable if R0 > 1.

From the theoretical results summarized above, we see that the basic reproduction number

R0 > 1 determines the dynamics of the model. ConsideringR0 = R0(p) = k(1−p)[ba(σ2+µ)+ρσ1bc]
(σ1+µ)(σ2+µ)

as a function of p, we see that it is decreasing in p with R0(1) = 0 ( see figure 1). One

implication of this observation is that the proportion of vaccination p plays a positive role

in ensuring that no epidemic can take place because with all parameters fixed, adequate

values of p can bring R0 to a level lower than 1, making the disease free equilibrium

globally asymptotically stable.
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Figure 1: Plot of the basic reproduction number R0 as a function of the proportion

vaccinated of the population p . Here k = 3,ba = 0.3,bc = 0.03,µ = 0.0125,σ1 = 8,σ2 =

0.01 and ρ = 0.8.
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