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Abstract

Let G be a connected simple graph. For any edge e = uv in G, we use
nu(e,G) to denote the number of vertices in G lying closer to u than to v
and mu(e,G) to denote the number of edges in G lying closer to u than
to v, respectively. The second and third geometric-arithmetic indices

GA2(G) and GA3(G) of G are defined as
∑

uv∈E(G)

√
nu(e,G)nv(e,G)

1
2
[nu(e,G)+nv(e,G)]

and

∑
uv∈E(G)

√
mu(e,G)mv(e,G)

1
2
[mu(e,G)+mv(e,G)]

, respectively. The Szeged and edge Szeged

indices of G are defined, respectively, as Sz(G) =
∑

uv∈E(G)

nu(e,G) ·

nv(e,G) and Sze(G) =
∑

uv∈E(G)

mu(e,G) · mv(e,G). In this paper, we

shall provide a unified approach to characterize the trees with the min-
imum GA2, GA3, Szeged and edge Szeged indices among all trees with
a given matching number. As applications, we deduce a result of Fath-
Tabar et al. concerning tree with the minimum GA2 index and a result
of Zhou et al. concerning tree with the minimum GA3 index.
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1 Introduction

Let G be a connected graph with vertex set V (G) and edge set E(G). Recently,
a class of geometric-arithmetic topological indices were proposed in [2] as

GA = GAgeneral(G) =
∑

uv∈E(G)

√QuQv

1
2
(Qu +Qv)

,

where Qu is some quantity that in a unique manner can be associated with
the vertex u of the graph G.

The reason why this class of topological indices is named ‘geometric-arithmetic
index’ is that

√QuQv and Qu +Qv are the geometric and arithmetic means,
respectively, of the numbers Qu and Qv.

The first member of geometric-arithmetic topological indices was conceived
[1] by setting Qu to be the degree du of the vertex u of the graph G, namely,

GA = GA(G) =
∑

uv∈E(G)

√
dudv

1
2
(du + dv)

.

The second member of geometric-arithmetic topological indices, called GA2

index, was recently studied [2-3, 7-9] and defined by setting Qu to be nu(e,G),
the number of vertices in G lying closer to u than to v in the graph G, namely,

GA2 = GA2(G) =
∑

uv∈E(G)

√
nu(e,G)nv(e,G)

1
2
[nu(e,G) + nv(e,G)]

, (1)

where e = uv is an edge of G.
The third member of geometric-arithmetic topological indices, called GA3

index, was recently studied [3, 9] and defined by setting Qu to be mu(e,G),
the number of edges in G lying closer to u than to v in the graph G, namely,

GA3 = GA3(G) =
∑

uv∈E(G)

√
mu(e,G)mv(e,G)

1
2
[mu(e,G) + mv(e,G)]

, (2)

where e = uv is an edge of G.
The other two previously established molecular structure descriptors are,

respectively, the Szeged index [4, 5]), defined as

Sz(G) =
∑

uv∈E(G)

nu(e,G) · nv(e,G) (3)

and the edge Szeged index [6], defined as

Sze(G) =
∑

uv∈E(G)

mu(e,G) ·mv(e,G). (4)
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More recently, Fath-Tabar et al. [2] obtained various lower and upper
bounds of GA2 index for a connected graph in terms of Sz(G) and Zhou et
al. [3] obtained various lower and upper bounds of GA3 index for a connected
graph in terms of Sze(G). In particular, they proved [2, 3] that the n−vertex
path is the unique tree with the maximum GA2 and GA3 indices and the
n−vertex star is the unique tree with the minimum GA2 and GA3 indices,
respectively. Other papers concerning GA indices can be found in [7–9].

In this paper, we shall provide a unified approach to characterize the tree
with the minimum GA2, GA3, Sz and Sze indices among all trees with a given
matching number. As applications, we deduce a result of [2] concerning tree
with the minimum GA2 index and a result of [3] concerning tree with the
minimum GA3 index, respectively.

2 Main results

For any edge e = uv in a tree T of n vertices, we always have

nu(e, T ) + nv(e, T ) = n,

mv(e, T ) = nv(e, T )− 1,

mu(e, T ) = nu(e, T )− 1

and

mu(e, T ) + mv(e, T ) = n− 2.

In particular, if e = uv is a pendent edge with pendent vertex u, then
mu(e, T ) = 0. So, for a n−vertex tree T , Eq. s (1) and (2) are simplified as

GA2 = GA2(T ) =
∑

uv∈E(G)

2

n

√
nu(e, T )nv(e, T ) (5)

and

GA3 = GA3(G) =
∑

uv∈E(G)

2

n− 2

√
mu(e,G)mv(e,G), (6)

respectively.
Actually, the above Eq.s (3)–(6) provide us a unified way of comparing the

GA2, GA3, Sz and Sze indices of two trees of the same order.
Let F = {GA2, GA3, Sz, Sze}. Given two trees T1, T2 of n vertices. Let

f be a one to one map from E(T1) to E(T2) such that for any ei = uivi
in T1, there exists a unique edge e

′
i = u

′
iv

′
i in T2 corresponding to it. Un-

der the map f , ei and its image e
′
i constitute an edge pair {ei, e′

i}. Then
{{e1, e′

1}, {e2, e
′
2}, · · · , {en−1, e

′
n−1}} is called to be an edge partition of E(T1)
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and E(T2). By the definition of edge partition, there exists (n−1)! edge parti-
tion of E(T1) and E(T2). If there exists an edge partition of E(T1) and E(T2)
such that for each i = 1, · · · , n− 1,

nui
(ei, T1) · nvi(ei, T1) ≥ nu

′
i
(e

′

i, T2) · nv
′
i
(e

′

i, T2),

mui
(ei, T1) ·mvi(ei, T1) ≥ mu

′
i
(e

′

i, T2) ·mv
′
i
(e

′

i, T2)

and there exists an edge pair {ej, e′
j} such that

nuj
(ej, T1) · nvj(ej, T1) > nu

′
j
(e

′

j, T2) · nv
′
j
(e

′

j, T2),

muj
(ej, T1) ·mvj(ej, T1) > mu

′
j
(e

′

j, T2) ·mv
′
j
(e

′

j, T2),

then f(T1) > f(T2) for any f ∈ F .
A matching M of a graph G is a subset of E(G) with the property that

no two edges in M share a common vertex. A matching M of G is said to
be maximum, if for any other matching M of G, |M | ≤ |M |. The matching
number of G is the number of edges of a maximum matching in G.

Let Tn,m denote the set of trees of n vertices and a given matching number
m. Clearly, n ≥ 2m. If n = 2m, then each tree T in Tn,m has a perfect
matching, and T is said to be a conjugated tree.

An edge is said to be a pendent edge in a tree T if it is incident to a vertex
of degree 1.

We begin with an elementary result without proof, which is helpful in
proving our following lemmas.

Lemma 1. Let xi, yi be positive integers satisfying xi+yi = n. If |xk−yk| >
|xj − yj|, then xkyk < xjyj.

Next, we shall give some graph transformations that decrease the GA2,
GA3, Sz and Sze indices of trees under consideration.

In the following, if not stated, we will always use n(T ) to denote the number
of vertices in a tree T .

u v
u

v

T1 T2

T0 T00 T0 T00

Fig. 1. The grafting transformation I: T1 −→ T2.
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Lemma 2. Let T1 and T2 be trees on n vertices, as shown in Fig. 1. Then
for any f ∈ F, we have f(T1) > f(T2), where n(T0), n(T00) ≥ 2.

Proof. Let f be any element in F. Since n(T0), n(T00) ≥ 2, we have
T1 � T2. From Fig. 1 we conclude that if e = xy ∈ E(Ti) \ {uv}(i = 1, 2),
then we have

nx(e, T1)ny(e, T1) = nx(e, T2)ny(e, T2)

and

mx(e, T1)my(e, T1) = mx(e, T2)my(e, T2),

and if e = uv, then we have

nu(e, T1)nv(e, T1) = n(T0)n(T00)

> 1 · (n− 1)

= nu(e, T2)nv(e, T2)

and

mu(e, T1)mv(e, T1) = (n(T0)− 1)(n(T00)− 1)

> 0

= mu(e, T2)mv(e, T2)

by Lemma 1.
So f(T1) > f(T2). This completes the proof. �

u v
...

...uT0 T0

} }
s s− 1

T3 T4

v

Fig. 2. The grafting transformation II: T3 −→ T4.

Lemma 3. Let T3 and T4 be trees on n vertices, as shown in Fig. 2. Then
for any f ∈ F, we have f(T3) > f(T4), where n(T0) ≥ 2, s ≥ 2 and n ≥ 6.

Proof. Let f be any element in F. It can be concluded from Fig. 2 that
if e = xy ∈ E(Ti) \ {uv}(i = 3, 4), then we have

nx(e, T3)ny(e, T3) = nx(e, T4)ny(e, T4),
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and

mx(e, T3)my(e, T3) = mx(e, T4)my(e, T4),

and if e = uv, then we have

nu(e, T3)nv(e, T3) = (s + 1)(n− s− 1)

> 2 · (n− 2)

= nu(e, T4)nv(e, T4),

and

mu(e, T3)mv(e, T3) = s(n− s− 2)

> 1 · (n− 3)

= mu(e, T4)mv(e, T4)

by Lemma 1.

So f(T3) > f(T4), completing the proof. �

.....
... .....

...
}

}

︸ ︷︷ ︸ ︸ ︷︷ ︸

u
u

v

s

t

t+ 1

s− 1

T0T0

T5 T6

w

w

v

Fig. 3. The grafting transformation III: T5 −→ T6.

Lemma 4. Let T5 and T6 be trees on n vertices, as shown in Fig. 3. Then
for any f ∈ F, we have f(T5) > f(T6), where n(T0) ≥ 3.

Proof. Let f be any element in F. From Fig. 3 we know that if e = xy ∈
E(Ti) \ {uv}(i = 5, 6), then we have

nx(e, T5)ny(e, T5) = nx(e, T6)ny(e, T6)

and

mx(e, T5)my(e, T5) = mx(e, T6)my(e, T6),
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and if e = uv, then we have

nu(e, T5)nv(e, T5) = (s + 2t + 1)(n− s− 2t− 1)

> 2 · (n− 2)

= nu(e, T6)nv(e, T6)

and

mu(e, T5)mv(e, T5) = (s + 2t)(n− s− 2t− 2)

> 1 · (n− 3)

= mu(e, T6)mv(e, T6)

by Lemma 1 and the fact n(T0) ≥ 3.
So f(T5) > f(T6) and we are done. �

Remark 1. If n(T0) = 1, then the size of maximum matching in T5 is not
equal to that of maximum matching in T6. If n(T0) = 2, then T5

∼= T6. Thus,
if n(T0) = 1 or 2, the grafting transformation III will play no role in helping
us prove our main result of this paper. So we assume that n(T0) ≥ 3 in this
lemma.

Remark 2. Let T1 be a tree in Tn,m and T2 be the tree obtained by using
grafting transformation I on T1. Let M be a maximum matching in T1. If
uv ∈ M , then M is also a maximum matching in T2. If u is not saturated
by M in T1, then v must be saturated by M in T1, for otherwise, M ∪ {uv}
is a matching in T1, a contradiction. Thus u must be saturated by M in
T2 and v is not saturated by M in T2. So T2 ∈ Tn,m. Similarly, after grafting
transformations II and III, the matching number of graphs under consideration
remains unchanged.

.......

.....

⎫
⎬
⎭

m− 1

Fig. 4. The graph T̂n,m.

Lemma 5. Let T be a tree in Tn,m. Then T has at most n −m pendent
edges.

Proof. Let M = {u1v1, · · · , uivi, · · · , umvm} be a maximum matching in
T . So T has n − 2m vertices different from ui, vi(i = 1, · · · , m). Connecting
each of these n − 2m vertices to u1, and also connecting u1 to each vi. Now,
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T has the largest possible number of pendent edges, which is equal to (n −
2m) + m = n−m. This completes the proof. �

Theorem 1. Among all trees in Tn,m, n ≥ 2m, and f ∈ F, T̂n,m is the
unique tree with the minimum f−value.

Proof. Let T be a tree in Tn,m such that T has the minimum f−value.

We shall prove that T ∼= T̂n,m.

By contradiction, suppose that T � T̂n,m. By Lemma 5, T has at most
n − m pendent edges. If T has fewer than n − m pendent edges, in other
words, it contains greater than m−1 non-pendent cut edges. Thus, we can use
grafting transformation I on T and get a new tree, say T̂ , in Tn,m. Obviously,

P (T̂ ) = P (T ) + 1, where P (G) denote the number of pendent edges in G.
After a series of grafting transformation I on T , we finally get a new tree, say
T̃ , in Tn,m with exactly n −m pendent edges. By Lemma 2, f(T ) > f(T̃ ), a

contradiction. So T has exactly n −m pendent edges. If T � T̂n,m, then by

using grafting transformations II and III on T , we will arrive at T̂n,m in the
end, since grafting transformations II and III do not change the number of
pendent edges in T . Now, by Lemmas 3 and 4, we know that f(T ) > f(T̂n,m),
a contradiction once again. This completes the proof. �

By setting n = 2m in Theorem 1, we obtain the conjugated tree with the
minimum f−value.

Corollary 1. Among all trees in T2m,m, f ∈ F, T̂2m,m is the unique tree
with minimum f−value.

Lemma 6. For n ≥ 2m, we have f(T̂n,m) > f(T̂n,m−1).

Proof. Let uv be an edge in T̂n,m with d(u) = n −m and d(u) = 2. We

contract the uv edge in T̂n,m and attach one additional pendent edge uv to the

vertex u. Then we obtain T̂n,m−1. Obviously, we have

nu(e, T̂n,m)nv(e, T̂n,m) = 2(n− 2)

> 1 · (n− 1)

= nu(e, T̂n,m−1)nv(e, T̂n,m−1)

and

mu(e, T̂n,m)mv(e, T̂n,m) = 1 · (n− 3)

> 0 = mu(e, T̂n,m−1)mv(e, T̂n,m−1).

Also, for each edge e = xy different from uv in T̂n,m, we have

nx(e, T̂n,m)ny(e, T̂n,m) = nx(e, T̂n,m−1)ny(e, T̂n,m−1)

and

mx(e, T̂n,m)my(e, T̂n,m) = mx(e, T̂n,m−1)my(e, T̂n,m−1).
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Thus, f(T̂n,m) > f(T̂n,m−1). �

By repeatedly using of Lemma 6, we obtain

f(T̂n,m) > f(T̂n,m−1) > f(T̂n,m−2) > · · · > f(T̂n,1).

Thus, for any tree T in Tn,m with a given m ≥ 1, we have

f(T ) > f(T̂n,m) > f(T̂n,m−1) > f(T̂n,m−2) > · · · > f(T̂n,1) = f(Sn).

So, we arrive at

Corollary 2. Among all trees of n vertices, f ∈ F, Sn is the unique tree
with the minimum f−value.

Remark 3. In [2], Fath-Tabar et al. proved that the star Sn is the
unique tree with minimum GA2 index and in [3], Zhou et al. proved that the
star Sn has the minimum GA3 index within all trees of n vertices. So, by
setting f = GA2 or GA3 in Corollary 2, we obtain the results in [2] and [3],
respectively.
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