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Abstract

A k-bowtie is the graph consisting of two cycles of lenght k, having
exactly one vertex in common. A k-bowtie system of order v is a pair
(X,B), where X is a finite set of v vertices and B is a collection of
edge disjoint k-bowties (called blocks) which partitions the edge set of
the complete graph Kn, defined in X. In this paper we study 4-bowtie
systems. We determine the spectrum of all types of balanced 4-bowtie
systems.
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1 Introduction

Let Kv be the complete undirected graph defined on the vertex set V . Let G
be a subgraph of K of order n. A G-decomposition of Kv is a pair Σ = (V,B),
where B is a partition of the edge set of Kv into subsets isomorphic to G. A
G-decomposition of Kv is also called a G-design of order v and the classes of
the partition B are said to be the blocks of Σ.

A G-design is called balanced if for each vertex x ∈ V , the number of blocks
of Σ containing x is a constant. Observe that if G is a regular graph then a
G-design is always balanced, hence the notion of a balanced G-design becomes
meaningful only for a non-regular graph G.

Let G be a graph and let A1, A2, ..., Ah be the orbits of the automorphism
group of G on its vertex-set. Let Σ = (X,B) be a G-design. We define the
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degree dAi
(x) of a vertex x ∈ X as the number of blocks of Σ containing x as

an element of Ai. We say that Σ = (X,B) is a strongly balanced G-design if, for
every i = 1, 2, ..., h, there exists a constant Ci such that dAi

(x) = Ci, for every
x ∈ X. Clearly, since for each vertex x ∈ X the relation d(x) =

∑h
i=1 dAi

(x)
holds, it follows that ”a strongly balanced G-design is a balanced G-design”.
We say that a G-design is simply balanced if it is balanced, but not strongly
balanced. If X = Zv, Σ = (X,B) is a G-design and B = {a1, a2, ..., an} ∈ B,
the translates of B will be all the blocks of Σ of the type {a1+i, a2+i, ..., an+i},
for every i ∈ Zv. The block B will said to be a base block.

A k-bowtie is the graph consisting of two cycles of lenght k, having ex-
actly one vertex in common. Therefore, if V = {x1, x2, ..., x2k+1}, a k-bowtie
defined in X has for edges all the pairs {xi, xi+1} for i = 1, 2, ..., 2k − 2,
{x1, xk}, {xk, x2k−1}. In what follows, we will indicate such a k-bowtie by
[x1, .., xk−1, (xk), xk+1, ..., x2k−1]. A k-bowtie system of order v [briefly 4 −
BS(v)] is a pair (X,B), where X is a finite set of v elements, called ver-
tices, and B is a collection of edge disjoint k-bowties which partitions the edge
set of Kv, the complete graph defined in X.

In this paper we determine completely the spectrum of 4 − BS(v)s, the
spectrum of balanced 4 − BS(v)s, the spectrum of strongly balanced 4 −
BS(v)s, the spectrum of simply balanced 4 − BS(v)s. We can see that in
a 4-bowtie [x1, x2, x3, (y), x4, x5, x6] there are three authomorphism classes:
A1 = {y}, A2 = {x1, x3, x4, x6}, A3 = {x2, x5}. In what follows, given a vertex
x of a 4-bowtie Σ = (X,B), we will indicate by Cx the number of blocks of Σ
containing x as an element of A1, by Mx the number of blocks containing x as
an element of A2, by Lx the number of blocks containing x as an element of A3.

In the literature there are many papers in which similar questions have
been studied. See the bibliography some of them, near the research of the
authors.

2 4-BS(v) spectrum

In this section we determine the spectrum for the existence of 4−BS(v)s.
We observe that this spectrum is already determine in [1]. Here we give a
direct construction.

Theorem 2.1 : If (X,B) is a 4−BS(v) of order v, then:
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1) |B| = v(v−1)
16

;

2) v ≡ 1 mod 16, v ≥ 17.

Proof. Let (X,B) be a 4−BS(v) of order v.

1) Since every block contains eight pairs, therefore: |B| = v(v − 1)/16.
2) Since in every block, every vertex has even degree, then v is necessary

an odd integer. This implies that v must be odd. From 1), it follows v ≡ 1
mod 16, v ≥ 17. 2

Theorem 2.2 : There exists a 4−BS(v) if and only if v ≡ 1 mod 16, v ≥ 17.

Proof. The necessity of the condition follows from 2) of Theorem 2.1).
See the sufficiency. At first, consider X = Z17 and define:

B = {[1 + i, 14 + i, 8 + i, (i), 2 + i, 5 + i, 10 + i] : i ∈ Z17}.

It is possible to verify that Σ = (Z17,B) is a 4−BS(17).

Construction v −→ v + 16.

Let Xi = Z5 × {i} and (0, i) = 0, for every i = 1, 2, ..., 4k. Further, let
Yi = Z5 × {j} and (0, j) = 0, for every j = 1, 2, 3, 4, where Z5 = {0, 1, 2, 3, 4}.

If X =
⋃4k

i=1Xi and Y =
⋃4

i=1 Yi, we can see that X ∩ Y = {0} and |X ∪ Y | =
16(k + 1) + 1.

At this point, let Σ1 = (X,B1) be a 4− BS of order v = 16k + 1, k > 0, and
Σ2 = (Y,B2) a 4−BS of order v′ = 17.

Consider in X ∪ Y − {0} a family F of 4-bowties so defined for every i =
1, 2, ..., 4k, j = 1, 2, 3, 4:

if Xi − {0} = {Ai, Bi, Ci, Di}, Yj − {0} = {αj, βj, γj, δj},

then [αj, Ci, βj, (Ai), γj, Di, δj],[αj, Di, βj, (Bi), γj, Ci, δj]∈ F .
It is possible to verify that Σ = (X ∪ Y,B1 ∪B2 ∪F) is a 4-bowtie of order

v + 16. 2

3 Balanced and strongly balanced 4-BS(v)s
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In this section, we determine the spectrum of balanced and strongly balanced
4−BS(v)s.

Theorem 3.1 : Let Σ = (X;B) be a balanced 4−BS(v). Then:

1) ∀x ∈ X, d(x) = 7(v−1)
16

;

2) v ≡ 1, mod16, v ≥ 17.

Proof. Every vertex belongs to the same number of blocks. Therefore,
since in every block there are seven vertices, it follows: 7 · |B| = v · d(x), from
which 1) holds. Condition 2) follows immediately from 1). 2

Theorem 3.2 : There exists a balanced 4 − BS(v) if and only if v ≡ 1 mod
16, v ≥ 17.

Proof. The necessity follows from 2) of Theorem 3.1). See the sufficiency.
Consider X = Zv, where v = 16k + 1, k ≥ 1, and define the following base

blocks constructing by difference method :

B1 = [1, 8k + 1, 2, (0), 14k, 8k, 14k − 1];

B2 = [3, 8k + 1, 4, (0), 14k − 2, 8k, 14k − 3];
................................
................................

Bk = [2k − 1, 8k + 1, 2k, (0), 12k + 2, 8k, 12k + 1].

If B is the family having for blocks all the translates of B1, B2, ..., Bk, then it
is possible to prove that Σ = (Z,B) is a 4−BS(v) of order v = 16k+1. Indeed,
for every pair x, y ∈ X, x 6= y, consider the difference |y−x| = h ∈ {1, 2, ..., 8k}
and find the base block Bj containing an edge with extremes of difference h:
the edge {x, y} is contained in one of the translates Bj. Further, since every
vertex belongs to seven translates of each base block, it follows that the system
Σ is balanced and every vertex x has degree d(x) = 7k. 2

Theorem 3.3 : Let Σ = (X;B) be a strongly balanced 4−BS(v). Then:

1) ∀x ∈ X, Cx = v−1
16

, Lx +Mx = 3(v−1)
8

;

2) v ≡ 1, mod 16, v ≥ 17.

Proof. Every vertex x has central degree Cx = C. Therefore, for every
x ∈ X, v · Cx = 7 · |B|, hence 1) follows. The statement 2) holds because
Cx + Lx +Mx = d(x). 2
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Theorem 3.4 : There exists a strongly balanced 4−BS(v) if and only if v ≡ 1
mod 16, v ≥ 17.

Proof. The necessity of the condition follows from 1) of Theorem 3.3).
The sufficiency follows from Theorem 3.2, considering that the construction
given there is obtained by difference method. In the system there constructed,
every vertex has degrees:

Cx = k = v−1
6
, Mx = 4k = v−1

4
, Lx = 2k = v−1

8
,

and the system is strongly balanced. 2

4 Simply balanced 4-BS(v)s

In this last section we determine the spectrum of simply balanced 4 −
BS(v)s.

Theorem 4.1 : There exists a simply balanced 4−BS(v) if and only if v ≡ 1
mod 16, v ≥ 17.

Proof. The necessity of the condition follows from Theorem 3.1). See the
sufficiency. Consider the following family of blocks and defined in X = Z17:

B = {[1 + i, 9 + i, 2 + i, (i), 14 + i, 8 + i, 13 + i] : i ∈ Z17}.

It is possible to verify that Σ = (Z17,B) is a strongly balanced 4 − BS(17)
containing the blocks

A = [1, 9, 2, (0), 14, 8, 13],B = [2, 10, 3, (1), 15, 9, 14],C = [9, 0, 10, (8), 5, 16, 11],

and, for every vertex x ∈ X, it is:

Cx = 1, Mx = 4, Lx = 2.

If:

A′ = [2, 1, 9, (0), 14, 8, 13],B′ = [0, 10, 3, (1), 15, 9, 14],C ′ = [9, 2, 10, (8), 5, 16, 4],

it happens that a pair x, y is an edge in A,B,C if and only if it is an edge
in A′, B′, C ′. This means that also Σ′ = (Z17,D, where D = D − {A,B,C} ∪
{A′, B′, C ′}, is a 4−BS(17).
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Further, while every vertex x has the same central degree, Cx = 1, in Σ and in
Σ′, we have for the vertices 0, 1, 2, 9:

M0 = 4, L0 = 2 in Σ and M0 = 5, L0 = 1 in Σ′,

M1 = 4, L1 = 2 in Σ and M1 = 3, L1 = 3 in Σ′,

M2 = 4, L2 = 2 in Σ and M2 = 3, L2 = 3 in Σ′,

M9 = 4, L9 = 2 in Σ and M9 = 5, L9 = 1 in Σ′.

This implies that Σ′ is a balanced 4-BS(17), but it is not strongly balanced.

Now, let Σ1 = (X,B1) be a strongly balanced 4-BS of order v = 16k + 1,
k > 0, and Σ2 = (Y,B2) a 4-BS of order v′ = 17, isomorphic to Σ′, where
X = Z17×{1, 2, ..., k}, (0, i) = 0 for evry i = 1, 2, ..., k, and Y = {0, 1, 2, ..., 16},
X ∩ Y = {0}.

Further, for every i = 1, 2, ..., k, Π = {P1, P2, ..., Pk, } is a partition of
X − {0} such that Pi = {1, 2, ..., 16} × {i}, (x, i) = xi, and Fi is the family of
4-bowties defined in Pi and having for blocks:

[1, 2i, 2, (1i), 4, 3i, 3], [5, 1i, 6, (2i), 8, 4i, 7],

[7, 1i, 8, (3i), 6, 4i, 5], [3, 2i, 4, (4i), 2, 3i, 1],

[9, 8i, 10, (5i), 12, 7i, 11], [9, 7i, 10, (6i), 12, 8i, 11],

[13, 5i, 14, (7i), 16, 6i, 15], [13, 6i, 14, (8i), 16, 5i, 15],

[1, 10i, 2, (9i), 4, 11i, 3], [5, 9i, 6, (10i), 7, 12i, 8],

[7, 9i, 8, (11i), 5, 12i, 6], [3, 10i, 4, (12i), 1, 11i, 2],

[9, 16i, 10, (13i), 11, 15i, 12], [9, 15i, 10, (14i), 11, 16i, 12],

[13, 14i, 14, (15i), 15, 13i, 16], [15, 14i, 16, (16i), 13, 13i, 14],

[1i, 9, 2i, (10), 3i, 11, 4i], [1i, 11, 2i, (12), 3i, 9, 4i],

[1i, 13, 2i, (14), 3i, 15, 4i], [1i, 15, 2i, (16), 3i, 13, 4i],
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[5i, 1, 6i, (2), 7i, 3, 8i], [5i, 3, 6i, (4), 7i, 1, 8i],

[5i, 5, 6i, (6), 7i, 7, 8i], [5i, 7, 6i, (8), 7i, 5, 8i],

[9i, 10, 10i, (9), 11i, 12, 12i], [9i, 12, 10i, (11), 11i, 10, 12i],

[9i, 14, 10i, (13), 11i, 16, 12i], [9i, 16, 10i, (15), 11i, 14, 12i],

[13i, 2, 14i, (1), 15i, 4, 16i], [13i, 4, 14i, (3), 15i, 2, 16i],

[13i, 8, 14i, (7), 15i, 6, 16i], [13i, 6, 14i, (5), 15i, 8, 16i].

By some checks, we can see that the system Ωi = (Y ∪ Pi,Fi) ia a partial
strongly balanced 4-BS. Indeed, every its vertex x has degrees: Cx = 1,Mx = 4,
Lx = 2, and therefore: d(x) = 7.

At last, if F =
⋃k

i=1Fi, then we can verify that Σ′ = (X ∪ Y,B1 ∪ B2 ∪F)
is a 4-BS of order v = 16(k + 1) + 1. Further, Σ′ is a balanced system, indeed
every its vertex has degree k + 1, but it cannot be strongly balanced, because
it contains Σ2. This proves the statement. 2
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