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Abstract

In this paper, we investigate the traveling wave solutions for some
new fifth-order partial differential equations introduced by Wazwaz in
[1]. We use the G′/G expansion method to determine soliton solutions
of these equations. Also, a periodic solutions to these equations are
investigated by means of rational sine or cosine ansatze methods. The
conditions of existence and uniqueness of such solutions are also pre-
sented.
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1 Introduction

Exact solutions to nonlinear partial differential equations (NPDEs) play an
important role in nonlinear theory, since they can provide much information
and more insight into the aspects of the problem and thus lead to further
applications. In the literature, many significant methods have been proposed
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for obtaining exact solutions of nonlinear partial differential equations such as
the tanh method, trigonometric and hyperbolic function methods, the ratio-
nal sine-cosine method, the extended tanh-function method, the Exp-function
method, the Hirota’s method, Hirota bilinear forms, the tanh-sech method, the
first integral method and so on [4]-[23]. The main aim of this paper is to ap-
ply the G′/G-expansion method [24]-[30] and the rational sine-cosine method
with the help of symbolic computation to obtain soliton and periodic solu-
tions of some new fifth order PDEs being addressed and derived by Wazwaz
[2, 3]. The equations are (1+1)-dimensional and (2+1)-dimensional, respec-
tively, given by:

uttt − utxxxx − utxx − α(uxut)xx − β(uxuxt)x = 0, (1)

and
uttt − utyyyy − utxx − α(uyuyt)y = 0. (2)

The simplified form of the Hirota’s direct method is used to derive multiple
kink solutions for the first (1+1)-dimensional equation, and only two soliton
solutions for the second (2+1)-dimensional equation have been investigated by
Wazwaz in [1] for the cases α = β = 4 in (1) and α = 4 in (2).

The paper is organized as follows. In section 2, a brief background and con-
struction of the G′/G expansion method is given. Section 3, is divided into
two subsections; the first one is using the G′/G method to obtain soliton solu-
tions and the second subsection is using rational sine-cosine ansatz method to
obtain periodic solutions. In section 4, the new extended (2+1)-dimensional
fifth-order is introduced and discussed. Section 5 is devoted to the conclusion.

2 Construction of the G′/G method

Consider the following nonlinear partial differential equation:

P (u, ut, ux, utt, uxt, ...) = 0, (3)

where u = u(x, t) is an unknown function, P is a polynomial in u = u(x, t)
and its various partial derivatives, in which the highest order derivatives and
nonlinear terms are involved. By the wave variable ζ = x− ct the PDE (3) is
then transformed to the ordinary differential equation (ODE)

P (u,−cu′, u′, c2u′′,−cu′′, u′′, ...) = 0, (4)

where u = u(ζ). Suppose that the solution of ODE (4) can be expressed by a
polynomial in G′/G as follows

u(ζ) = αm(
G′

G
)m + ..., (5)
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where G = G(ζ) satisfies the second order differential equation in the form

G′′ + λG′ + µG = 0, (6)

α0, α1, ..., αm, λ and µ are constants to be determined later, provided that
αm 6= 0. The positive integer m can be determined by considering the ho-
mogeneous balance between the highest order derivatives and nonlinear terms
appearing in the ODE (4).

Now, if we let

Y = Y (ζ) =
G′

G
, (7)

then by the help of (6) we get

Y ′ =
GG′′ −G′2

G2
=
G(−λG′ − µG)−G′2

G2
= −λY − µ− Y 2. (8)

Or, equivalently
Y ′ = −Y 2 − λY − µ. (9)

By result (9) and implicit differentiation, one can derive the following two
formulas

Y ′′ = 2Y 3 + 3λY 2 + (2µ+ λ2)Y + λµ, (10)

Y ′′′ = −6Y 4 − 12λY 3 − (7λ2 + 8µ)Y 2 − (λ3 + 8λµ)Y − (λ2µ+ 2µ2).(11)

Combining equations (5), (7) and (9-11), then it results in a polynomial of
powers of Y . Then, collecting all terms of same order of Y and equating to
zero, yields a set of algebraic equations for α0, α1, ..., αm, λ, and µ.

It is known that the solution of equation (6) is a linear combination of sinh
and cosh or of sine and cosine, respectively, if 4 = λ2 − 4µ > 0 or 4 < 0.
Without lost of generality, we consider the first case and therefore

G(ζ) = e−
λζ
2

(
A sinh(

√
λ2 − 4µ ζ

2
) +B cosh(

√
λ2 − 4µ ζ

2
)

)
, (12)

where A and B are any constants.

3 The first extended (1+1)-dimensional fifth-

order PDE

In this section we will study the following new extended (1+1)-dimensional
fifth-order nonlinear equation that reads

uttt − utxxxx − utxx − α(uxut)xx − β(uxuxt)x = 0, (13)
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where α and β are real constants. By the wave variable ζ = x− ct, the above
PDE is transformed into the ODE

u′′′ + (α +
β

2
)u′2 + (1− c2)u′ = 0. (14)

3.1 Kink and singular soliton solutions

Assume the solution of (14) is

u(ζ) = am(
G′

G
)m + ... (15)

Then, by using formula (6) and (7), one can derive

u′2(ζ) = m2a2m(
G′

G
)2(m+1) + ..., (16)

and

u′′′(ζ) = m(m+ 1)(m+ 2)am(
G′

G
)m+3 + ... (17)

Balancing the orders in (16) and (17), we require that 2(m+1) = m+3. Thus,
m = 1, and therefore (15) can be rewritten as

u(ζ) = a1(
G′

G
) + a0 = a1Y + a0. (18)

Now, we substitute equations (9) and (11) in (14) to get the following algebraic
system:

0 = −µ+ c2µ− λ2µ− 2µ2 + αµ2 +
β

2
µ2,

0 = −λ+ c2λ− λ3 − 8λµ+ 2αλµ+ βλµ,

0 = −1 + c2 − 7λ2 +
β

2
λ2 − 8µ+ 2αµ+ βµ,

0 = −12λ+ 2αλ+ βλ,

0 = −6 + α +
β

2
. (19)

Solving the above system yields the following cases:

µ =
1− c2 + λ2

4
, α =

12− β
2

, (20)

or

µ = 0, λ = ±
√
c2 − 1, α =

12− β
2

, (21)
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or

µ =
1− c2

4
, α =

12− β
2

, λ = 0. (22)

The above obtained cases yield the same 4 which is 4 = c2− 1 and therefore
the solutions of equation (13) are

u1(x, t) = a0+a1

(
(A
√
c2 − 1−Bλ) + (B

√
c2 − 1− Aλ) tanh(1

2

√
c2 − 1(x− ct))

)
2
(
B + A tanh(1

2

√
c2 − 1(x− ct))

) ,

(23)
for the case in (20), provided that |c| > 1 and A 6= ±B. Or

u2(x, t) = a0 + a1(A−B)
√
c2 − 1

(
1− tanh(1

2

√
c2 − 1(x− ct))

)(
B + A tanh(1

2

√
c2 − 1(x− ct))

) , (24)

for the case in (21) with λ > 0. Or

u3(x, t) = a0 + a1(A+B)
√
c2 − 1

(
1 + tanh(1

2

√
c2 − 1(x− ct))

)(
B + A tanh(1

2

√
c2 − 1(x− ct))

) , (25)

for the case in (21) with λ < 0, provided that |c| > 1 and A 6= ±B. Or

u4(x, t) = a0 + a1
√
c2 − 1

(
A+B tanh(1

2

√
c2 − 1(x− ct))

)(
B + A tanh(1

2

√
c2 − 1(x− ct))

) , (26)

for the case in (22), provided that |c| > 1 and A 6= ±B. The above obtained
solutions are of types kink or singular soliton depend on the choices of A and
B. See figure 1. We should mention here that the proposed G′/G method
provided us with solutions to the nonlinear equation (13) for all values of α
and β within the relation 2α+β = 12. Wazwaz in [1] studied the same equation
for the case α = 4 and β = 4.

3.2 Periodic solutions

The purpose of this part is to seek for periodic solutions of the nonlinear
equation (13) via the rational sine or rational cosine method which admits the
use of the ansatz [9]

u(x, y, t) =
1 + A sin(µζ)

B + C sin(µζ)
, sin(µζ) 6= −B

C
, (27)

or

u(x, y, t) =
1 + A cos(µζ)

B + C cos(µζ)
, cos(µζ) 6= −B

C
, (28)
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Figure 1: Plots of the forth obtained solutions of the first extended (1+1)-
dimensional nonlinear equation: On the left we choose A = 0, B = 1 and on
the right A = 1, B = 0 where a0 = a1 = λ = 1 and c = 2.

where A, B, C and µ are parameters that will be determined later.

Now, substituting ansatz (27) in (14) gives the following algebraic system

0 = 2B2 − 2B2c2 + C2 − c2C2 − 2B2µ2 + 11C2µ2 + C2(−1 + c2 + µ2),

0 = −2C2(−1 + c2 + µ2),

0 = 4BC − 4Bc2C + 8BCµ2,

0 = 2α + β. (29)

Solving the above system yields

α = −β
2
, µ = ±

√
1− c2, C = 0. (30)

Therefore, a periodic solution of (13) is given by

u5(x, t) =
1∓ A sin(

√
1− c2(x− ct))
B

, (31)

where A, B are free real parameters and |c| < 1. The above equation admits
this periodic solution if the coefficients α, β obey the relation 2α+β = 0. Using
ansatz (28) gives the same system (29) and thus, another periodic solution is
obtained and given by

u5(x, t) =
1 + A cos(

√
1− c2(x− ct))
B

. (32)
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4 The second extended (2+1)-dimensional fifth-

order PDE

In this section we study the following new extended (2+1)-dimensional fifth-
order nonlinear equation that reads

uttt − utyyyy − utxx − α(uyuyt)y = 0, (33)

where α is real constant. For this (2+1)-dimensional equation, we use the wave
variable ζ = ax+ by − ct, which reduces the above PDE into the ODE

b4u′′′ +
αb3

2
u′2 + (a2 − c2)u′ = 0. (34)

Proceeding as before, the G′/G method yields the following system

0 = −a2µ+ c2µ− b4λ2µ− 2b4µ2 +
1

2
b3αµ2,

0 = −a2λ+ c2λ− b4λ3 − 8b4λµ+ b3αλµ,

0 = −a2 + c2 − 7b4λ2 +
1

2
b3αλ2 − 8b4µ+ b3αµ,

0 = −12b4λ+ b3αλ,

0 = −6b4 +
1

2
b3α. (35)

Solving the above system yields the following two cases:

a = ±
√
c2 − b4λ2 + 4b4µ, α = 12b, (36)

or
a = ±

√
c2 + 4b4µ, α = 12b, λ = 0. (37)

Therefore, the solutions of (33) are

u1(x, y, t) = a0 + a1

(
(A
√
k −Bλ) + (B

√
k − Aλ) tanh(1

2

√
k(ax+ by − ct))

)
2
(
B + A tanh(1

2

√
k(ax+ by − ct))

) ,

(38)
or

u2(x, y, t) = a0 + a1
√
−µ

(
A+B tanh(

√
−µ(±

√
c2 + 4b4µx+ by − ct))

)
(
B + A tanh(

√
−µ(±

√
c2 + 4b4µx+ by − ct))

) ,
(39)

where k = λ2−4µ. The above two solutions are exist if α = 12b. For example,
in equation (39) if we choose a0 = a1 = b = c = A = µ = 1 and B = 0, then
u(x, y, t) = − cot(t −

√
5x − y) is a solution to the nonlinear equation (33) if

α = 12.
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5 Conclusion

In summary, the G′/G expansion method and the rational sine and cosine
ansatze methods with symbolic computation are conducted for a reliable treat-
ment of two new extended (1+1) and (2+1)-dimensional fifth-order nonlinear
equations. For the first extended (1+1)-dimensional fifth-order (1), it admits
kink and singular soliton solutions if the the relation α + β

2
− 6 = 0 is hold

and it admits a periodic solution if the relation 2α + β = 0 is hold. For the
second extended (2+1)-dimensional fifth order (2), the G′/G method extracted
soliton solutions if the relation α = 12b is hold. The paper shows that the pro-
posed methods; G′/G expansion method and the rational sine-cosine method,
are effective and can be used for many other nonlinear PDEs in mathematical
physics.
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