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Abstract

Exact heteroclinic breather-wave solutions for the coupled Schrödinger

Boussinesq equation are obtained using the Hirota’s method and the

ansätz function technique. One case with specific values of the involved

parameters are plotted for the heteroclinic breather-wave solution. The

result shows a new type of two-wave solution and enriches the dynamical

behavior of (1+1)-dimensional nonlinear wave fields.
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1 Introduction

In recent years homoclinic and heteroclinic wave have been triggered

extensive interest in various physical areas [1-2]. The technique to construct

homoclonic and heteroclinic wave are well -developed and have been used to

obtain the explicit expression of homoclinic and heteroclinic wave solutions for

1Supported by the YNSF Grant No. 2013FZ113.
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some nonlinear evolutionary equations[4-6].

We would, in this paper, like to apply the Hirota’s method and ansätz

function technique to a coupled Schrödinger Boussinesq (CSB) equation and

we obtain the heteroclinic breather-wave solution which is a new type of soli-

ton solutions.

The coupled Schrödinger Boussinesq equation is a special model for the

coupled nonlinear hybrid magnetic acoustical waves transmitting steadily in

the magnetic plasma in the magnetohydrodynamics. There are a pair of cou-

pled equations with one for complex function and with another for the real

function, respectively, which read as [7]iEt + Exx + β1E = NE,

3Ntt −Nxxxx + 3(N2)xx + β2Nxx = (|E|2)xx,
(1.1)

where E(x, t) : Rx × R+
t → C and N(x, t) : Rx × R+

t → R, β1, β2 are real

constants.

This system (1.1) is known to describe the nonlinear propagation of cou-

pled Langmuir and dust-acoustec wave in a multicomponent dusty plasma [8]

and it has took extremely interesting by mathematical and physical authors

in the past decades, especially in the problem of the exact solutions obtained.

Single solitary wave and N solitary-wave solutions were obtained [9]. Homo-

clinic solution of (1.1) has been presented by Hu etc. by employing Hirota’s

method[10]. In this work, exact heteroclinic breather-wave solutions are con-

structed for (1.1) by employing Hirota’s method and the generalized method.

2 Heteroclinic breather-wave to the CSB equation

We now consider the coupled Schrödinger Boussinesq(CSB) system

(1.1). Taking

E(x, t) = e−iωtu(x, t); N(x, t) = v0 + v(x, t), (2.1)

and substituting it into system (1.1), we can getiut + uxx + (ω + β1 − v0)u = uv,

3vtt + (6v0 + β2)vxx − vxxxx + 3(v2)xx = (|u|2)xx
(2.2)
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where ω and u0 are arbitrary constants.

Then by the dependent variable transformation

u(x, t) =
g(x, t)

f(x, t)
; v(x, t) = −2(ln f(x, t))xx, (2.3)

with g(x, t) being a complex and f(x, t) being a real, we have the bilinear form

of system (2.2) as follows(iDt +D2
x)gf = 0,

(3D2
t + (6v0 + β2)D2

x −D4
x − λ)ff = −gg∗,

(2.4)

where g∗ is conjugate function of g(x, t), ω + β1 − v0 = 0 and λ is an integral

constant and the Hirota bilinear operators Dm
x D

n
t are defined by

Dm
x D

n
t f(x, t)g(x, t) = (

∂

∂x
− ∂

∂x′
)m(

∂

∂t
− ∂

∂t′
)n[f(x, t)g(x′, t′)]|x=x′,t=t′ .

We now suppose that the complex function g(x, t) and the real function

f(x, t) have the following ansätz, respectively:g(x, t) = e−Ω(x+αt) + b1 cos[p(x− αt)] + b2e
Ω(x+αt),

f(x, t) = e−Ω(x+αt) + b3 cos[p(x− αt)] + b4e
Ω(x+αt),

(2.5)

where p, Ω, γ, b3, b4 are real and b1, b2 are complex.

Substituting (2.5) into (2.4), and equating all the coefficients of ejΩ(x+αt) cos[p(x−
αt)], ejΩ(x+αt) sin[p(x − αt)] and e±2Ω(x+αt)(j = 0,±1) to zero yields a set of

algebraic equations. Then we can have the following solution to the result

algebraic system with Mathematica:
λ = 1, p = ±

√
3Ω, Ω = ±1

2

√
α2 +

√
2 + 4α4, v0 = 1

6
[(2α2 − β2)−

√
2 + 4α4],

b1 = (α−2iΩ)b3
α+2iΩ

,

b2 = −3(α−2iΩ)4

8
b2

3,

b4 = −3
8
(2α2 +

√
2 + 4α4)2b2

3,

(2.6)

Substituting (2.6) into (2.5) and taking positive and negative signs in (2.6)

yield the solutions of (1.1) as follows, respectively,E(x, t) = e−iωt e
iθ1 cos[

√
3Ω(x−αt)]∓2r2eiθ2 sinh[Ω(x+αt)+iθ2+r1]

cos[
√

3Ω(x−αt)]∓r sinh[Ω(x+αt)+ln r]
,

N(x, t) = v0 + B(A±2
√

3r cosh[Ω(x+αt)+ln r] sin[
√

3Ω(x−αt)]∓2r cos[
√

3Ω(x−αt)] sinh[Ω(x+αt)+ln r])

2(cos[
√

3Ω(x−αt)]∓r sinh[Ω(x+αt)+ln r])2
,
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(2.7)

whereeiθ1 = a−2iΩ
a+2iΩ

, r2
2e

2iθ2 = 3
8
(a− 2iΩ)4,

r1 = ln(r2b3), r = 1
4

√
6(2α2 +

√
2 + 4α4)b3, B = α2 +

√
2 + 4α4, A = 3 + r2,

(2.8)

and Ω, v0, b3 are defined by (2.6) and all the other involved constants are

arbitrary.

Note that CSB (1.1) is invariant under the transformation x → −x, we

have heteroclinic breather-wave solutions for (1.1) as follows as wellE1(x, t) = e−i(v0−β1)t e
iθ1 cos[

√
3Ω(x−αt)]−2r2eiθ2 sinh[Ω(x+αt)+iθ2+r1]

cos[
√

3Ω(x−αt)]−r sinh[Ω(x+αt)+ln r]
,

N1(x, t) = v0 + B(A+2
√

3r cosh[Ω(x+αt)+ln r] sin[
√

3Ω(x−αt)]−2r cos[
√

3Ω(x−αt)] sinh[Ω(x+αt)+ln r])

2(cos[
√

3Ω(x−αt)]−r sinh[Ω(x+αt)+ln r])2
,

(2.9)

andE2(x, t) = e−i(v0−β1)t e
iθ1 cos[

√
3Ω(x−αt)]+2r2eiθ2 sinh[Ω(x+αt)+iθ2+r1]

cos[
√

3Ω(x−αt)]−r sinh[Ω(x+αt)+ln r]
,

N2(x, t) = v0 + B(A−2
√

3r cosh[Ω(x+αt)+ln r] sin[
√

3Ω(x−αt)]+2r cos[
√

3Ω(x−αt)] sinh[Ω(x+αt)+ln r])

2(cos[
√

3Ω(x−αt)]+r sinh[Ω(x+αt)+ln r])2
,

(2.10)

where all the involved constants are defined by (2.6) and (2.8) and α, b3 are

arbitrary constants.

The solution given by (2.9)((2.10) respectively) represents a heteroclinic

wave. In fact, we know

(E1, N1)→ (e−i(v0−β1)t2r1r2Exp(2iθ2)

r2
, v0), as t→ +∞,

(E1, N1)→ (e−i(v0−β1)t2r1r2

r2
, v0), as t→ −∞,

where θ2 is a phase shift and θ2 = arctan 4αΩ
4Ω2−α2 .

Solution (2.9) shows a new type of two-wave, heteroclinic breather-

wave, which is a heteroclinic wave heteroclinic to two different fixed point

(e−i(v0−β1)t 2r1r2Exp(2iθ2)
r2

, v0) and e−i(v0−β1)t(2r1r2
r2

, v0) of (1.1) when t → ±∞,

and meanwhile is a periodic wave whose amplitude periodically oscillates with

the evolution of time.(See Fig1).
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Figure 1: (b). mechanical feature of |E1| : α = 10, β2 = −2, b3 = 10; (a).

mechanical feature of N1 : α = 1, β = −2, b3 = 1.

3 Conclusion.

By means of Hirota’ method and ansätz function technique we stud-

ied the exact solutions of the coupled Schrödinger Boussinesq equation. We

obtain a new type of heteroclinic breather-wave solution. The results shows

the complexity of dynamical behavior of CSB system.
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