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Abstract

Our aim in this paper is to improve the unique condition of a limit
cycle for the classical Liénard system: ẋ = y − λF (x), ẏ = −g(x)
including the Duff and Levinson system, where λ is a positive parameter.
It shall be shown that the existence of some invariant curve plays an
important role for the purpose. The uniqueness of a limit cycle for the
Duff and Levinson system will be investigated as an application.
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1 Introduction

Consider a classical Liénard system including a positive parameter λ:{
ẋ = y − λF (x)
ẏ = −g(x),

(Lλ)

where F (x) and g(x) are continuous on an open interval I which contains the
origin. The functions F (x) and g(x) satisfy smoothness conditions for the
uniqueness of solutions of initial value problems.

Throughout this paper we assume the following conditions for System (Lλ):

[C1] g(x)/x > 0,
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[C2] ∃a1 < 0 and ∃a2 > 0 such that x(x− a1)(x− a2)F (x) > 0
for x 6= a1, 0, a2,

[C3] lim
x→±∞

[F (x)±G(x)] = ±∞.

Then we note from the conditions [C1] and [C2] that the origin is only one
equilibrium point of System (Lλ) and it is unstable. Moreover, it is well-known
that all solutions of the system are uniformly bounded. See [2].

In 1964, Duff and Levinson([1]) was proposed a system in the following
form: {

ẋ = y − λ
( 64

35π
x7 − 112

5π
x5 +

196

3π
x3 +

C

2
x2 − 36

π
x
)

ẏ = −x
(DL)

This is a system included to System (Lλ). They proved that System (DL) has
at least three limit cycles if C is large enough and λ is small(for instance see
[7;pp.227-228]). It was shown in [3] or [4] that the conditions for the parameter
λ and the amplitude of F (x) on [a1, a2] will be necessary to guarantee the
uniqueness of a limit cycle of System (DL).

One of our purpose in this paper is to give an improved condition for λ in
order that Duff and Levinson-type system (Lλ) has a unique limit cycle. The
author([4]) in 2006 gave a result matched to the mentioned purpose above for
System (DL):

Proposition([4]). Let C = 47. Then System (DL) has a unique limit cycle
for all λ ≥ 2.2331.

We will improve the range of λ in order that of System (DL) has a unique
limit cycle by using the new method in the next section.

2 Tools

Let G(x) =
∫ x
0
g(ξ)dξ and G(a2) ≤ G(a1) (the discussion for the case G(a1) <

G(a2) is essentially the same). Moreover, let a∗ ∈ [a1, 0] be a number satisfying

the equation G(a2) = G(a∗) and p = min
x∈(a1,0)

{
x | F ′(x) = 0, F

′′
(x) 6= 0

}
.

Consider a function ϕ(x) with the condition

[C4] ϕ ∈ C1, ϕ(a∗) = 0 and ϕ
′
(x) < 0 for all x ∈ [p, a∗].

Our main results are the following

Theorem 2.1 Let p < a∗. Assume that the conditions [C1], [C2], [C3],
[C4] and besides

[C5] ∃ϕ(x) such that g(x) ≥ ϕ
′
(x){λF (x)− ϕ(x)} for all x ∈ [p, a∗],

[C6] F (x) is monotone increasing for x ≤ p and x ≥ a2
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hold. Then System (Lλ) has exactly one limit cycle crossing the lines x = p
and x = a2 for all λ ≥ λ1, where

λ1 = max
x∈[p,a∗]

g(x) + ϕ(x)ϕ
′
(x)

F (x)ϕ′(x)
.

Also, the limit cycle is attracting and hyperbolic.

The proof will be given in the next section.

Remark 1. If the condition [C5] holds, then we see from the conditions
[C1], [C2] and [C4] that λF (x) > ϕ(x) for all λ ≥ λ1.

Theorem 2.2 Let p ≥ a∗. Assume that the conditions [C1], [C2], [C3] and
besides

[C7] F (x) is monotone increasing for x ≤ a∗ and x ≥ a2

hold. Then System (Lλ) has exactly one limit cycle crossing the lines x = a∗

and x = a2 for all λ > 0, and the limit cycle is attracting and hyperbolic.

This fact will be seen by using Theorem 2.2 in [5]. So we omit the details.

3 Proof of Theorem 2.1

The only equilibrium point (0, 0) of System (Lλ) is an unstable focus and all
solutions of the system are uniformly bounded. So the following is given by
Poincaré-Bendixson’s theorem.

Lemma 3.1 Under the conditions [C1], [C2] and [C3] System (Lλ) has at
least one limit cycle.

Let Ω be the domain surrounded by the closed curve V (x, y) = (1/2)y2 +
G(x) = G(a2). Note that Ω includes the origin.

Lemma 3.2 Ω is a positive invariant domain of System (Lλ).

In facts, let (x(t), y(t)) be a solution of System (Lλ). Then we easily see
from the conditions [C1] and [C2] that dV (x(t), y(t))/dt = −λg(x(t))F (x(t)) ≥
0 at the vector field for each point on ∂Ω.

Lemma 3.3 A limit cycle of System (Lλ) cannot exist inside Ω.

For the proof see [3]. Thus, we conclude from the above lemmas that a
limit cycle of System (Lλ) cannot exist inside Ω and must exsit outside Ω.
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Lemma 3.4 Let p < a∗. Under the conditions [C1], [C2], [C4] and [C5]
solution orbits of System (Lλ) starting from the point outside Ω cannot intersect
with the curve y = ϕ(x) defined on x ∈ [p, a∗].

In facts, by the condition [C5], since

ϕ
′
(x) ≤ dy

dx
=

g(x)

λF (x)− y
(< 0)

on the curve y = ϕ(x), we see that solution orbits cannot intersect with the
curve y = ϕ(x) on x ∈ [p, a∗].

Fom the mentioned lemmas above a limit cycle of System (Lλ) must inter-
sect with both the lines x = p and x = a2. Thus, by Theorem 1 in [5], the
limit cycle must be unique under the condition [C6].

4 An application to System (DL)

We shall apply our results to System (DL). The proposition in Section 1 is
improved as follows.

Theorem 4.1 Let C = 47. Then System (DL) has a unique limit cycle for
all λ ≥ 0.07648327.@

The above result is a large improvement of [4].
Since System (DL) with C = 47 has a1 ; −3.18941 < p ; −2.69967 <

a∗ ; −0.37315 < a2 ; 0.37315 and

F (x) = λ
( 64

35π
x7 − 112

5π
x5 +

196

3π
x3 +

47

2
x2 − 36

π
x
)
,

we can check easily that the system satisfies the conditions [C1], [C2] and [C3].
By p < a∗, we shall use Theorem 2.1. Let ϕ(x) = m(x− a∗) for m < 0. From
the condition [C5], the constant m must satisfy the inequality

(a∗ − x)m2 + λF (x)m− x ≤ 0

for all x ∈ [p, a∗]. Since

λ2F (x)2 − 4x(x− a∗) = 0

for all x ∈ [p, a∗], we can take

λ1 =

√
max
x∈[p,a∗]

4x(x− a∗)
F (x)2

; 0.076483267
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for x ; −0.980748 by using the software as the Mathematica. Thus we can
choose m ∈ (−1.2714,−1.26957), where the range of a negative number m is
given by the inequality

(a∗ + 0.980748)m2 + λ1F (−0.980748)m+ 0.980748 ≤ 0.

Therefore, from the choice of the mentioned above ϕ(x), the claim of Theorem
4.1 is completed now.

We shall consider how to the choice of C in the function

F (x) = λ
( 64

35π
x7 − 112

5π
x5 +

196

3π
x3 +

C

2
x2 − 36

π
x
)
.

We see from the numerical calculus that the line y = L(x) = −Cx+36/π with
C ; 38.3759 is a tangent for the curve

y = K(x) =
64

5π
x6 − 112

π
x4 +

196

π
x2.

Thus, if C > 38.3759, then the two curves y = K(x) and y = L(x) intersect
with exactly two points x = α = p < 0 and x = β > 0. This means that the
function F (x) has the maximum value at x = α and the minimum value at
x = β. Thus, the equation F (x) = 0 has exactly two solutions x = a1 and a2.
Moreover, since K(x) > L(x) for x < p and x > a2, the function F (x) satisfies
the condition [C6].

Therefore, if p ≥ a∗, we have from Theorem 2.2 that System (DL) has a
unique limit cycle for all λ > 0. If p < a∗ and there exists the function ϕ(x)
satisfying the conditions [C4] and [C5], then we conclude from Theorem 2.1
that System (DL) has a unique limit cycle for all λ ≥ λ1.

For instance, let C = 40 in System (DL). Then we have a1 ; −3.154884757 <
p ; −2.680045665 < a∗ ; −0.4089184237 < a2 ; 0.4089184237 and the func-
tion F (x) with C = 40 satisfies the condition [C6]. By the same discussion as
that of C = 47, letting ϕ(x) = m(x − a∗) for m ∈ (−1.27737,−1.27509), we
can take λ1 ; 0.0897305 for x ; −1.05927. Thus, we conclude that System
(DL) with C = 40 has a unique limit cycle for all λ ≥ 0.0897305.

5 A Remark

In the paper [6] of Huang and Sun the system in the following form including
one parameter λ has been considered.{

ẋ =
1

λ
y − x(x− 1)(x+ 1.1)

ẏ = −x3
(HS)
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We shall give the result for the following system generalized System (HS).{
ẋ =

1

λ
y − F (x)

ẏ = −g(x)
(HS1)

We assume that System (HS1) satisfies the conditions [C1], [C2] and [C3].
Setting y = λz, System (HS1) is transformed into the system{

ẋ = z − F (x)

ż = −1

λ
g(x).

(HS2)

By applying Theorem 2.1 to the above system, we have the following

Theorem 5.1 Let p < a∗. If System (HS2) has the conditions [C4], [C6]
and besides

[C8] ∃ϕ(x) such that g(x) ≥ λϕ
′
(x){F (x)− ϕ(x)} for all x ∈ [p, a∗],

then it has exactly one limit cycle crossing the lines x = p and x = a2 for all
λ ≥ λ1, where

λ1 = max
x∈[p,a∗]

g(x)

ϕ′(x)(F (x)− ϕ′(x))
> 0.

Also, the limit cycle is attracting and hyperbolic.

Theorem 5.2 Let p ≥ a∗. If System (HS2) has the condition [C7], then it
has exactly one limit cycle crossing the lines x = a∗ and x = a2 for all λ > 0,
and the limit cycle is attracting and hyperbolic.

The proofs of these theorems are same as those of the theorems in Section 2.
So we omit the details.

We shall apply the above result to System (HS). System (HS) satisfies
the conditons [C1], [C2], [C3] and [C7]. In facts, we have a∗ = −1 < p ;
−0.6397802 and a2 = 1. By Theorem 5.2, we see that System (HS) has exactly
one limit cycle for all λ > 0, and it is attracting and hyperbolic.
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