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Abstract

An optimal control problem for the second-order Sobolev type equa-
tion with a relatively polynomially bounded operator pencil is consider-
ed. The existence and uniqueness of a strong solution to the Showalter
– Sidorov problem for this equation are proved. Necessary and suffi-
cient conditions for the existence and uniqueness of an optimal control
of such solutions are obtained. The Showalter – Sidorov – Dirichlet
problem for the Boussinesq – Love equation is studied. The existence
and uniqueness of a local solution to the Showalter – Sidorov problem
for the Boussinesq – Love equation are obtained.
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1 Introduction

Let Ω be a bounded domain in Rn, n ∈ N with C∞-boundary. The Boussinesq
– Love mathematical model of longitudinal vibrations in an elastic rod with
inertia taken into account can be represented by the following initial-boundary
value problem:

(λ−∆)ẍ = α(∆− λ′)ẋ+ β(∆− λ′′)x+ ∆f(x) + u, (1)

x(s, t) = 0, (s, t) ∈ ∂Ω× R, (2)

P (x(s, 0)− x0(s)) = 0, P (ẋ(s, 0)− x1(s)) = 0. (3)

Function x(s, t) characterizes a longitudinal deformation of rod elements, para-
meters α, β, λ, λ′, λ′′ depend on properties of rod material, such as density,
Young’s modulus, Poisson ratio and the coefficient of elasticity, u(s, t) is an
external force (control) [6]. The aim of control for the mathematical model
of longitudinal vibrations in an elastic rod is, for instance, in minimization
of energy needed to bring the waves inside the rod to the desired state. It
should be noted that this is not the only interpretation of problem (1)–(3).
Let f(x) = x3, then equation (1) is called damped IMBq equation [1]. In this
case, mathematical model (1)–(3) describes a propagation of damped waves
in the theory of shallow water, where α is the coefficient of hydrodynamic
resistance of the media.

Moreover, the propagation of ion-acoustic waves in a strong magnetic field
can be described by the mathematical model (1)–(3). If the effect of external
magnetic field is negligible, then the term α(∆ − λ′)u̇ can be omitted. The
aim of this work is to study the global (for linear case) and local (for nonlinear
case) solvability of mathematical model (1)–(3) without control (u ≡ 0) and
to investigate the optimal control problem for linear model (1)–(3) provided
that f ≡ 0.

The mathematical model (1)–(3) can be reduced to the Showalter – Sidorov
problem [7, 5]

P (x(0)− x0) = 0, P (ẋ(0)− x1) = 0 (4)

for the semilinear Sobolev type equation

Aẍ = B1ẋ+B0x+N(x) + Cu, (5)

where A,B1, B0 ∈ L(X;Y), C ∈ L(U;Y), function u : [0, τ) ⊂ R+ → U.
This problem is investigated using methods of relatively polynomially bounded
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pencils of operators. Moreover results can be used for study of some technical
problems [4].

2 Theory of relatively polynomially bounded

pencils

Let X and Y be Hilbert spaces, operators A,B1, B0 ∈ L(X;Y) (linear and

bounded). By ~B denote the pencil formed by the operators B1, B0.

Definition 2.1 An operator pencil ~B is said to be polynomially bounded
with respect to operator A (or simply polynomially A-bounded) if

∃ a ∈ R+ : ∀ µ ∈ C (|µ| > a) ⇒ (RA
µ ( ~B) ∈ L(Y;X)).

Take γ = {µ ∈ C : |µ| = r > a} and introduce the additional condition∫
γ

RA
µ ( ~B)dµ ≡ O. (A)

Lemma 2.2 [9] Let the pencil ~B be polynomially A-bounded, the condition
(A) be fulfilled. Then the operators

P =
1

2πi

∫
γ

RA
µ ( ~B)µAdµ, Q =

1

2πi

∫
γ

µARA
µ ( ~B)dµ

are projectors in the spaces X and Y, respectively.

Set X0 = kerP, Y0 = kerQ, X1 = im P, Y1 = im Q. It follows from lemma
2.2 that X = X0 ⊕ X1, Y = Y0 ⊕ Y1. By Ak (respectively, Bk

l ) denote the
restriction of operator A (respectively, Bl) to Xk, k = 0, 1; l = 0, 1.

Theorem 2.3 [9] Let the pencil ~B be polynomially A-bounded, the condi-
tion (A) be fulfilled. Then

(i) Ak ∈ L(Xk;Yk), k = 0, 1;
(ii) Bk

l ∈ L(Xk;Yk), k = 0, 1, l = 0, 1;
(iii) there exists an operator (A1)−1 ∈ L(Y1;X1);
(iv) there exists an operator (B0

0)−1 ∈ L(Y0;X0).

Construct the operators H0 = (B0
0)−1A0 ∈ L(X0) and H1 = (B0

0)−1B0
1 ∈

L(X0).

Definition 2.4 If the pencil ~B is polynomially A-bounded and ∞ is a pole

of order p ∈ {0} ∪N of A-resolvent of
→
B, then the operator pencil ~B is said to

be (A, p)-bounded.
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3 Main Results

Consider the Showalter – Sidorov problem (4) for equation (5) with P defined
in lemma 2.2.

Theorem 3.1 Let the pencil ~B be (A, p)-bounded and the condition (A) be
fulfilled. Then for any x0, x1 ∈ X and vector-function u ∈ Cp+2((−T, T );U),
there exists a unique solution x ∈ C2((−T, T );X) of problem (4) for linear
equation (5), of the form

x(t) = −
p∑
q=0

K2
q (B0

0)−1 d
q

dtq
(I−Q)y(t) +M(t)Px0 +N(t)Px1+

+
t∫
0

N(t− s)(A1)−1QCu(s)ds,
(6)

where M(t), N(t) are the degenerate M,N-functions of the equation (5) [10].

Definition 3.2 The vector-function x ∈ H2(X) = {x ∈ L2(0, τ ;X) : ẍ ∈
L2(0, τ ;X)} is called a strong solution of (5), if it satisfies (5) almost every-
where on interval (0, τ). The strong solution x = x(t) of (5) is called a strong
solution of the problem (4), (5), if it satisfies the condition (4).

The optimal control problem consists in finding of a couple (x̂, û), where x̂ is
a solution of (4), (5), and û ∈ Uad is a control, such that

J(x̂, û) = min(x,u)∈X×Uad
J(x, u). (7)

Here

J(x, u) = µ

2∑
q=0

∫ τ

0

||x(q) − x̃(q)||2Xdt+ ν

p+2∑
q=0

∫ τ

0

〈
Nqu

(q), u(q)
〉
U
dt, (8)

where µ, ν > 0, µ + ν = 1, Nq ∈ L(U), q = 0, 1, . . ., p + 2 are self-adjoint
and positively defined operators, x̃(t) is a desired state of the system, Uad is a
closed and convex set in a control space.

Construct the control space

Hp+2(U) = {v ∈ L2(0, τ ;U) : v(p+2) ∈ L2(0, τ ;U), p ∈ {0} ∪ N}.

Theorem 3.3 Let the pencil ~B be (A, p)-bounded, p ∈ {0}∪N, the condition
(A) be fulfilled. Then for arbitrary τ ∈ R+, x0, x1 ∈ X there exists a unique
optimal control û ∈ Hp+2(U) for the problem (4), (5), satisfying (7).
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To reduce the problem (1), (2) to the equation (5), set

X = {x ∈ W l+2
2 (Ω) : x(s) = 0, s ∈ ∂Ω}, Y = W l

2(Ω),

where W l
2(Ω) is the Sobolev space. Operators A, B1 and B0 define by the

formulas A = λ − ∆ , B1 = α(∆ − λ′), B0 = β(∆ − λ′′), C = I. For any
l ∈ {0} ∪ N operators A,B1, B0 ∈ L(X;Y).

By {λk}(= σ(∆)) denote the eigenvalues of the Dirichlet problem for the
Laplace operator ∆, numbered in nonincreasing order with regard of multiplici-
ties, and by {ϕk} denote the corresponding eigenfunctions orthonormal in
L2(Ω). The Showalter – Sidorov condition (4) can be represented in form∑

λk 6=λ

< x(s, 0)− x0(s), ϕk(s) > ϕk(s) = 0,

∑
λk 6=λ

< ẋ(s, 0)− x1(s), ϕk(s) > ϕk(s) = 0.

Lemma 3.4 [8] Let one of the following conditions be fulfilled:
(i) λ 6∈ σ(∆);
(ii) (λ ∈ σ(∆)) ∧ (λ 6= λ′);
(iii) (λ ∈ σ(∆)) ∧ (λ = λ′) ∧ (λ 6= λ′′).

Then the pencil ~B is polynomially A-bounded.

In case (i) or (iii) of lemma 3.4 the condition (A) is fulfilled. In case (ii)
of lemma 3.4 the condition (A) fails, therefore we exclude it.

Theorem 3.5 [10] Let α, β ∈ R\ {0} and λ, λ′, λ′′ ∈ R such that the condi-
tion (i) or (iii) of lemma 3.4 be fulfilled. Then for arbitrary x0, x1 ∈ X there
exists a unique strong solution of the problem (1)–(3).

Theorem 3.6 For arbitrary α, β ∈ R\ {0}, λ, λ′, λ′′ ∈ R such that the
condition (i) or (iii) of lemma 3.4 is fulfilled, τ ∈ R+, x0, x1 ∈ X there exists a
unique solution of the optimal control problem (x̂, û) for the Boussinesq – Love
equation (1) with the conditions (2) and (3), minimizing the functional (8).

Proof. Due to lemma 3.4 the operator pencil ~B is polynomially A-bounded
and the condition (A) is fulfilled, therefore theorem 3.3 is true and the state-
ment takes place. .

Turn to the investigation of the Showalter – Sidorov problem for the semi-
linear Sobolev type equation (5) without an external force (u ≡ 0). Firstly,
consider the Cauchy problem

x(0) = x0, ẋ(0) = x1. (9)
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Due to theorem 2.3 equation (1) we can be reduced to the equivalent system{
0 = (I−Q)(B0 +N)(x0 + x1),
ẍ1 = A−11 QB1(ẋ

0 + ẋ1) + A−11 Q(B0 +N)(x0 + x1),
(10)

where x1 = Px, x0 = (I− P )x.
Introduce the condition

(I−Q)(B0 +N ′x0) : X0 → Y0 is a toplinear isomorphism. (11)

Consider the set M = {x ∈ X : (I− Q)(B0x + N(x)) = 0}. The following
theorem takes place

Theorem 3.7 Let the pencil ~B be (A, 0)-bounded, operator N ∈ C∞(X;Y)
and the condition (11) be fulfilled. Then for any (x0, x1) ∈ TM there exists a
unique local solution of the problem (5), (9).

Proof. According to the implicit function theorem [3] there exist neighbor-
hoods O0 ⊂ X0 and O1 ⊂ X1 of points u00 = (I − P )x0 and x10 = Pu0 respec-
tively, and the operator B ∈ C∞(O1; O0) such that u00 = B(u10). Construct
the operator δ = I+B : O1 →M, δ(u10) = u0. The operator δ−1 together with
the set O1 makes a map of M and is a restriction of P on δ[O1] = O ⊂M.

Act with the Frechet derivative of the second order δ′′
(x11,x

1
0)

on second equa-

tion from system (10). Then since

δ′′(x11,x10)
ẍ1 =

d2

dt2
(
δ(x1)

)
δ(x1) = x,

we obtain the equation of form

ẍ = F (x, ẋ),

where

F (x, ẋ) = δ′′(x11,x10)
A−11 QB1ẋ+ δ′′(x11,x10)

A−11 (B0 +N)(x).

Due to the theorem of existence and uniqueness of a solution for a nonde-
generate equation given on Banach manifolds [2] the statement takes place.
.

Now consider the Showalter – Sidorov problem (4) for equation (5), where
u ≡ 0.

Choose arbitrarily x ∈ X. Since Px = x1, by acting with a restriction of
operator P−1 = δ on x1 we find x̃ ∈ M. Since x1 − x̃ ∈ kerP and the kernel
of P coincides with the kernel of A, the initial data lies in the phase space of
given equation. The following statement takes place.
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Theorem 3.8 Let the pencil ~B be (A, 0)-bounded, the operator N ∈ C∞(X,Y)
and the condition (11) be fulfilled. For arbitrary x0, x1 ∈ X there exists a unique
local solution of the problem (4), (5).

Due to the previous theorem and the reduction we have

Theorem 3.9 Let m > n/2− 2, λ 6∈ σ(∆) or ((λ ∈ σ(∆))∧ (λ = λ′ 6= λ′′))
and (11) be fulfilled. Then for arbitrary x0, x1 ∈ X and u ≡ 0 there exists a
unique local solution of the problem (1)-(3).
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