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Abstract

This article extends binary relations from the set of relevant alter-
natives to the set of pairs of relevant alternatives. The classification
is based on a combination of four principles of ordering binary rela-
tions. The properties of each class of binary relations are described
axiomatically by taking into account the informal meaning of the rele-
vant principle of ordering.
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Extension of Binary Relations from the Set of Feasible
Alternatives to the Set of Pairs of Admissible Alterna-
tives

In the works we have mentioned above, the study on the ordering of subsets of
some set of admissible alternatives usually assumes that some binary relation
R is given on this set, and then, depending on which of the individual elements
of these subsets belong to it, synthesizes the desired binary relation. In spite of
the topological similarity of subsets and binary relations on the set of feasible
alternatives, the ordering of the latter involves two potential problems.
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One problem is that the very setting of the ordering of binary relations on
some set of admissible alternatives implies their multiplicity. As a result, the
setting, such as there is some binary relation R, becomes unacceptable, and
the definition of this binary relation must have some conceptual meaning and
becomes a peculiar ”reference” for the binary relations to be ordered. Note that
the thesis of existence of the ”reference” derived from heuristic considerations
by extending the ordering of subsets to the case of binary relations is confirmed
(also in a rigorous mathematical manner) throughout this work.

The other problem is that the subsets of the set of admissible alternatives
are usually ordered by investigating the relations among individual elements
of these subsets. In the transition to binary relations, the comparison of their
elements in the sense of relation R is no longer possible, which generates the
problem of extension of this binary relation from the set of feasible alternatives
to the set of pairs of admissible alternatives, that is, the problem of synthesis
of some binary relation R. Conceptually, we may distinguish two approaches
to its construction.

The first approach is applicable if on the set ỹ× ỹ there is a relative utility
function ν(y1, y2) : ỹ× ỹ 7→ E1

+ (the relevant sufficient conditions can be found,
e.g., in [1,3,4,5]). In this case, the relative utility function specifies on the set
ỹ × ỹ a binary relation R of the form:

((y1, y2), (y3, y4)) ∈ R⇔ ν(y1, y2) ≥ ν(y3, y4). (1)

We may also show (see, e.g., [2]) that under certain conditions the function
ν(y1, y2), given on the convex set ỹ× ỹ is unique up to a positive constant. The
advantages of this method may include the fact that the relative utility func-
tion, and hence the binary relation R, can be constructed without specifying
any reference binary relation.

The second approach is more interesting in that either there is no relative
utility function or its construction is essentially complicated. In this case,
to specify the binary relation R, we need to construct a mapping V(y1, y2) :
ỹ × ỹ 7→ ỹ such that:

((y1, y2), (y3, y4)) ∈ R⇔ (V(y1, y2),V(y3, y4)) ∈ R0. (2)

The possibilities to construct the functions ν(y1, y2) and V(y1, y2) are very
wide. The following list, provides only some of them on the understanding
that ỹ is multidimensional Euclidean space:
• ν(y1, y2) = (y1 · y2) — the scalar product of feasible alternatives;
• ν(y1, y2) = ρ(y1, y2) — the ”distance” between feasible elements;
• V(y1, y2) = [y1 × y2] — the vector product of feasible elements;
• V(y1, y2) = y1 ± y2 — the sum (difference) of feasible elements;
• V(y1, y2) = max{y1, y2} — the per coordinate maximum;
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• V(y1, y2) = min{y1, y2} — th per coordinate minimum;
• V(y1, y2) = y1, (y1, y2) ∈ R0 — the more ”preferable” element;
• V(y1, y2) = y2, (y1, y2) ∈ R0 — the less ”preferable” element.
The choice of a function in each problem depends on the DMs’ interests and

preferences and specific ”rules of a game” that are generally given axiomat-
ically. Mathematically and conceptually, the problems of choosing specific
representations for the functions ν(y1, y2) and V(y1, y2) and the problems of
synthesizing their hierarchical structure are special cases of the problems of
ordering binary relations (as some subsets) that are investigated in the follow-
ing subsections of this work. Therefore, this subsection places no emphasis on
the questions we have mentioned above, and the assumption is made wherever
necessary that the specific functions ν(y1, y2) and V(y1, y2), and hence the
binary relation R, have been constructed.

Principles of Ordering Binary Relations and Their
Axiomatic Specification

We will consider the GMP problem characterized by the binary relation R0.
In the following, where this may cause no misunderstanding, we drop for sim-
plification of notation the index of binary relation R0. Thus, let R1, R2, ... be
arbitrary binary relations in the GMP problem.

Now let R denote some binary relation in the space of binary relations:
R ⊆ 2ỹ×ỹ×2ỹ×ỹ. Also, let P = R−1 be its strict component, and J = R∩R−1

the associated indifference relation.
AA1.1 (nonemptiness). If R1 6= �, then (R1,�) ∈ P .
AA2.1 (nontriviality). If R1 6= ỹ × ỹ, then (R1, ỹ × ỹ) ∈ P .
The requirement of Axiom AA2.1 is that

CB(ỹ× ỹ, f0, R1) = �. Suppose that the relation R also satisfies the following
axioms.

AO1.1 (transitivity). If (R1, R2) ∈ R, (R2, R3) ∈ R, then
(R1, R3) ∈ R.

AO2.1 (completeness). There is always either (R1, R2) ∈ R, or
(R2, R1) ∈ R.

We isolate special classes of binary relations with individual properties.
Classification will be based on introduction of four principles of ordering binary
relations, where the notions in formulations of these principles, such as ”highest
degree”, ”wider”, ”more informative”, and ”smaller distance”, are conditional
in that in each specific case they depend on the type of binary relations under
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consideration (finite, countable, uncountable) and on the specific features of
the ordering algorithms we have chosen.

We shall describe axiomatically the properties of each class of binary rela-
tions by allowing for the conceptual meaning of the relevant ordering principle
and by proceeding from the following considerations. Axioms must postulate
preservation of a particular relationship between binary relations when various
set-theoretic operations are performed over one relation or both relations. But
we know from mathematical logic that the set of operations over the sets that
is composed of union and negation operations (U,¬), is always complete in
that the other operations over the sets can be represented as a combination of
these two operations.

Conceptually, however, the axioms with a union operation can be inter-
preted as the problem of synthesizing binary relations because they permit
the extension of the comparison procedures for simple constructions to the
constructions having a more complicated structure. In contrast, the axioms
with the negation operation solve the problem of analyzing binary relations.
To compare some binary relations R1 and R2, they find a binary relation R3

(which may be called the reference relation) such that the compliments of ini-
tial binary relations can be compared up to the binary relation R3. We may
pose the problem for finding a reference relation that simplifies as far as pos-
sible the procedures for a priori investigation of decision models. In a number
of cases, the reference relation can also be taken to be the entire feasible set:
R3 = ỹ × ỹ.

The matching principle. Of the two binary relations R1 and R2 on the
set of admissible alternatives ỹ we need to choose the relation that preserves as
far as possible the relationship R between the elements of these binary relations.

Intuitively, the matching principle is the natural generalization of the re-
quirement under which if each of the binary relations being studied contains
one element, then we must, have the same relationship between these binary
relations as that between their generating elements. The system of axioms for
this principle can be represented as:

AC1.1. If (R1, R2) ∈ R, (z3, z4) ∈ R, R1 ∪ {z3} 6= ỹ × ỹ, then
(R1 ∪ {z3}, R2 ∪ {z4}) ∈ R.

AC1.2. If (R1, R2) ∈ R, (z3, z4) ∈ P, R1 ∪ {z3} 6= ỹ × ỹ,
R1 ∪ {z3} 6= R2 ∪ {z4}, then (R1 ∪ {z3}, R2 ∪ {z4}) ∈ P .

AC2.1. If (R1∪{z3}, R2∪{z4}) ∈ R, (z3, z4) ∈ R, R1 6= �, then (R1, R2) ∈
R.

AC2.2. If (R1 ∪ {z3}, R2 ∪ {z4}) ∈ R, (z3, z4) ∈ P, R1 6= �, R1 6= R2,
then (R1, R2) ∈ P .

AC3.1. If (R1, R2) ∈ R, ∀z3 ∈ R3\(R1 ∪ R2), ∀z4 ∈ R3\(R1 ∪ R2) :
(z3, z4) ∈ I, R3\R2 6= �, then(R3\R2, R3\R1) ∈ R.

AC3.2. If (R1, R2) ∈ P , ∀z3 ∈ R3\(R1 ∪ R2), ∀z4 ∈ R3\(R1 ∪ R2) :
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(z3, z4) ∈ I, R3\R2 6= �, R3\R1 6= R3\R2, then (R3\R2, R3\R1) ∈ P .
Here, as in the systems of axioms defining the further principles used in

formulations, expressions of the form R1 6= � and R1 ∪ {z3} 6= ỹ × ỹ are the
result of the requirements made by the axioms of nonemptiness AA1.1 and
nontriviality AA2.1, respectively. Relationships of the form
R1 ∪ {z3} 6= R2 ∪ {z4} in the definition of an exact component P , however,
may eliminate the cases where the binary relations being compared are equal.

The extension principle (E). Of the two binary relations R1 and R2 on
the set of admissible alternatives ỹ we should choose the relation that is ”more
extensive”.

The extension principle is based on the natural tendency to make the opti-
mal decision set as narrow as possible, which directly agrees with the sequential
optimization process, where at some stage of decision making the binary rela-
tion is given on the optimal set of the previous stage. The best way to perform
this procedure is to obtain at some stage the optimal decision set from the
only element. Implementation of the inverse relationship for binary relations
required by the extension principle, however, is a generalization of the following
proposition.

Lemma 1. If R1
0 ⊆ R2

0, then CB(X̃, f0, R
1
0) ⊇ CB(X̃, f0, R

2
0).

Proof. Let x0 ∈ CB(X̃, f0, R
2
0), then (f0(x

0), f0(x)) ∈ R0
2 for ∀x ∈ X̃,

f0(x) 6= f0(x
0). But then (f0(x

0), f0(x)) ∈ R0
1 for ∀x ∈ X̃, f0(x) 6= f0(x

0), and

hence x0 ∈ CB(X̃, f0, R
1
0).

We now axiomaticaly define the extension principle.
AP1.1. If (R1, R3) ∈ R, R1 ∪R2 6= ỹ × ỹ, then (R1 ∪R2, R3) ∈ R.
AP1.2. If (R1, R3) ∈ P , R1 ∪R2 6= ỹ × ỹ, R1 ∪R2 6= R3, then

(R1 ∪R2, R3) ∈ P .
AP2.1. If (R1, R2) ∈ R, (R3, R4) ∈ R, R1 ∪R3 6= ỹ × ỹ, then

(R1 ∪R3, R2 ∪R4) ∈ R.
AP2.2. If (R1, R2) ∈ P , (R3, R4) ∈ R, R1∪R3 6= ỹ× ỹ, R1∪R3 6= R2∪R4,

then (R1 ∪R3, R2 ∪R4) ∈ P .
AP3.1. If (R1 ∪R3, R2 ∪R3) ∈ R, R1 6= �, then (R1, R2) ∈ R.
AP3.2. If (R1 ∪R3, R2 ∪R3) ∈ P , R1 6= �, R1 6= R2, then (R1, R2) ∈ P .
AP4.1. If (R1, R2) ∈ R, R3\R2 6= �, then (R3\R2, R3\R1) ∈ R.
AP4.2. If (R1, R2) ∈ P , R3\R2 6= �, R3\R1 6= R3\R2, then

(R3\R2, R3\R1) ∈ P .
Among the axioms there is no natural requirement for extension of binary

relations such as ”if R1 ∪ R3 6= ỹ × ỹ, then (R1 ∪ R2, R1) ∈ R”, because this
axiom is a special case of axiom AP1.1 subject to the completeness axiom
AO2.1 and assumption: R3 = R1. Also, this collection provides no inverse
relations for axioms AP3.1 and AP3.2 such as ”if (R1, R2) ∈ R,
R1∪R3 6= ỹ× ỹ, then (R1∪R3, R2∪R3) ∈ R”, because they are the implication
of axioms AP2.1 and AP2.2 where R4 is replaced by R3.
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The saturation principle (S). Of the two binary relations R1 and R2 on
the set of admissible alternatives we should choose the relation that is ”more
informative”.

The saturation principle is a generalization of the extension principle. Here
the following physical analogy is appropriate. If two binary relations have an
equal ”volume”, that is, they are indifferent in the sense of the extension
principle, then of the two binary relations we should choose the relation that
has the highest ”density”. Saturation can also be interpreted in the sense
of concentration of some ”characteristics” of binary relation on its individual
”most representative” elements.

We shall specify the saturation principle, as based on the axioms defining
the extension principle, by additionally incorporating into them the indiffer-
ence condition for the comparable relations in the sense of this principle and
by denoting the relevant binary relation as JCP . As a result, the first two
axioms are no longer conceptual for the saturation principle, because, e.g., the
relationships (R1, R3) ∈ R and (R1 ∪ R2, R3) ∈ R with µ(R1) = µ(R3) and
µ(R1 ∪R2) = µ(R3) imply that R1 ⊇ R2 or R1 ∪R2 = R1.

AH1.1. If (R1, R2) ∈ R, (R3, R4) ∈ R, (R1, R2) ∈ JCP , (R3, R4) ∈ JCP ,
R1 ∪R3 6= ỹ × ỹ, then (R1 ∪R3, R2 ∪R4) ∈ R.

AH1.2. If (R1, R2) ∈ P , (R3, R4) ∈ R, (R1, R2) ∈ JCP , (R3, R4) ∈ JCP ,
R1 ∪R3 6= ỹ × ỹ, R1 ∪R3 6= R2 ∪R4, then (R1 ∪R3, R2 ∪R4) ∈ P .

AH2.1. If (R1 ∪ R3, R2 ∪ R3) ∈ R, (R1 ∪ R3, R2 ∪ R3) ∈ JCP , R
1 6= �,

then (R1, R2) ∈ R.
AH2.2. If (R1 ∪ R3, R2 ∪ R3) ∈ P , (R1 ∪ R3, R2 ∪ R3) ∈ JCP , R

1 6= �,
R1 6= R2, then (R1, R2) ∈ P .

AH3.1. If (R1, R2) ∈ R, (R1, R2) ∈ JCP , R
3\R2 6= �, then

(R3\R2, R3\R1) ∈ R.
AH3.2. If (R1, R2) ∈ P , (R1, R2) ∈ JCP , R

3\R2 6= �, R3\R1 6= R3\R2,
then (R3\R2, R3\R1) ∈ P .

The proximity principle (P). Of the two binary relations R1 and R2 on
the set of admissible alternatives ỹ we should choose the relation located at a
”shorter distance” from the reference binary relation � 6= R0 ⊂ ỹ × ỹ.

The reference binary relation in the proximity principle can be broadly in-
terpreted. For example, it can be the binary relation that is some ”median” in
the group choice problem and coordinates in a sense the binary relations of all
participants. The reference can also be interpreted as the analytically speci-
fied binary relation that satisfies some previously given properties but cannot
be constructed according to some circumstances (e.g., because of insufficient
initial information) in the applied problem. Of interest is also the case where
the reference binary relation is not specified explicitly, but is characterized by
some system of axioms only.

Binary relations should be ordered in the sequence in which the above
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ordering principles are presented, that is:

(C) 7→ (P ) 7→ (H) 7→ (B). (3)

The proximity principle is at the bottom level in the hierarchy of the or-
dering principles for binary relations primarily because of the theorem on the
generalizing nature of this principle over the other ordering principles of binary
relations.
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