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Abstract
In the field of secure communication, chaos and its synchronization

are the key problems. In this paper, we focus on designing an efficient
synchronization controller to synchronize two Chua’s chaotic circuits
with nonsmooth nonlinear term x|x|. A master-slave synchronization
controller based on master-slave scheme is designed for the underlying
Chua’s circuits. Based on this scheme, some sufficient criteria for global
synchronization are proved. The controller contains a free parameter
and we use numerical optimization to optimize it. The effectiveness of
the obtained criteria is illustrated by numerical simulations.
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1 Introduction

In 1983, Leon O. Chua first proposed a simple circuit which was later
named after his name Chua and can be regarded as one of the most important
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Fig1. Chua’s circuit diagram

circuits in many areas [1]: Since the pioneering work by Pecora and Carroll,
who originally proposed the master Cslave (also called drive-response) concept
for achieving the synchronization of chaotic systems [2], [3], researchers have
proposed a variety of schemes for ensuring the control and synchronization
of such systems due to its potential applications for image processing, secure
communication, information science, and harmonic oscillation generation [4]-
[6]. Among these studies, the Chua’s chaotic system has attracted lots of
attention duo to its representation and importance in many areas [7]-[10].

It is known long that many nonlinear functions (or say maps) can generate
chaos, such as the smooth quadratic functions (e.g. Lorenz system with the
Henon map), the piecewise linear functions (e.g. Chua’s circuit with the Lozi
map) and the cubic function (e.g., the Duffing oscillator). It is therefore very
natural to ask: if a piecewise quadratic function such as x|x| can play the
same role as a chaos generator. In [11], the authors presented a positive an-
swer for this issue with a rigorous mathematical verification of the generated
chaos (by means of proving the existence of the Smale horseshoes), thereby
providing a more complete scenario of chaos generation via lower-order poly-
nomial nonlinearities. The circuit implementation and bifurcation analysis of
the modified Chua’s circuit with x|x| function was reported in [12]. The syn-
chronization problem of two coupled Chua’s chaotic systems with nonsmooth
nonlinear term x—x— has also been studied by some researchers in recent
years [13] and [14]. In these papers, the authors utilize the nonlinear feedback
control strategy to synchronize the drive and the response systems.

The goal of this paper is to present a more efficient synchronization con-
troller to synchronize the two Chua’s chaotic circuits with nonsmooth nonlin-
ear term x|x|. The controller consists of a master-slave synchronizing scheme
and a simple linear feedback control. The usage of proposed linear feedback
control strategy ensues that the presented synchronization controller is simple
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and easy to use, compared to the nonlinear feedback control. The synchro-
nization criterion for global synchronization is presented by using Lyapunov
exponential stability principle. The synchronization controller proposed here
contains a free parameter which can be used to maximize the synchronization
rate. Through numerical optimization we show that by properly choosing the
parameter, the synchronization rate can be significantly improved. Finally, a
couple of numerical results are given to validate the effectiveness of the pro-
posed synchronization controller.

2 THE MODEL CIRCUIT AND THE SYN-

CHRONIZATION CONTROLLER

Our model circuit studied in this paper is
x′(t) = α(y(t) + ax(t)− bx(t)|x(t)|),
y′(t) = x(t)− y(t) + z(t),

z′(t) = −βy(t),

(1)

where α, β, a, b are positive constants. We regard (1) as the drive system and
the response system is defined by

x̃′(t) = α(ỹ(t) + ax̃(t)− bx̃(t)|x̃(t)|),
ỹ′(t) = x̃(t)− ỹ(t) + z̃(t),

z̃′(t) = −βỹ(t).

(2)

To synchronize the drive and the response systems, we must impose some
control strategy to the response system (2). Here, we consider the following
feedback control strategy

x̃′(t) = α(ỹ(t) + ax̃(t)− bx̃(t)|x̃(t)|) + C1(t),

ỹ′(t) = x̃(t)− ỹ(t) + z̃(t) + C2(t),

z̃′(t) = −βỹ(t) + C3(t).

(3)

where the control bariables Cj(t) are defined by
C1(t) = γex(t),

C2(t) = γex(t) + ez(t),

C3(t) = −βey(t) + γez(t),

(4)

where ex(t) = x(t) − x̃(t)(and similarly ey(t) = y(t) − ỹ(t) and ez(t) =
z(t) − z̃(t)). The parameter γ involved in (4) is free and can be optimized
the synchronization rate. In the sequel, we focus on optimizing γ by maximiz-
ing the synchronization rate.
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3 THEORETICAL ANALYSIS

In this section, we analyze the synchronization controller presented in (4).
We focus on proving the global exponential synchronization of the drive system
(1) and the response system (3). The following lemma is necessary to realize
this goal.
Lemma 1([14]): Define ex = x− x̃ and

F (ex) = x|x| − x̃|x̃|. (5)

We have exf(ex) ≥ 0 and ‘=’ holds if and only if ex = 0.

Proof: The function F is the standard feedback function of the Lurie
control system. The proof of this lemma can be found in [14]. Based on the
aforementioned lemma, we now present the main result of this paper.

Theorem 1: Suppose the parameter γ satisfies

min
j=1,2,3

λj(Ā) > 0. (6)

where Ā =

2(γ − αa) γ − 1− α 0
γ − 1− α 2 0

0 0 2γ

 and λj(Ā) denotes the j−th eigen-

value of the matrix Ā. Then for any initial values (x(0), y(0), z(0))T and
(x̃(0), ỹ(0), z̃(0))T , the drive and the response systems (1) and (3) can be expo-
nentially synchronized. In particular, the error vector E(t) = (ex(t), ey(t), ez(t))

T

satisfies

‖E(t)‖2 ≤ ‖E(0)‖2e−θt, (7)

where k is the so-called synchronization rate, which is defined by

θ =
minj=1,2,3λj(Ā)

2
. (8)

Proof: We first note that the error functions between the drive and the
response systems satisfy


e
′

x(t) = α[et(t) + aex(t)− bF (ex(t))]− γex(t),
e
′

y(t) = ex(t)− ey(t)− γex(t),
e
′

z(t) = −γez(t).
(9)
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Let V (t) = eκt‖E(t)‖22 and it holds

dV (t)

dt
= κeκt‖E(t)‖22 + 2eκtET (t)E ′(t)

= eκt(κ‖E(t)‖22 + 2ex(t)[αey(t) + (αa− γ)ex(t)

− 2αbex(t)F (ex(t))− 2e2y(t) + 2(1− γ)ex(t)ey(t)− 2γe2x(t))

≤ eκt(κ‖E(t)‖22 + 2(αa− γ)e2x(t)− 2e2y(t)

− 2γe2z(t) + 2(α + 1− γ)ex(t)ey(t)), (10)

where we have used Lemma 1 and the fact that α, b > 0. The inequality (10)
can be rewritten concisely as

E ′(t) = eκtET (t)AE(t), (11)

where A =

κ− 2(γ − αa) α + 1− γ 0
α + 1− γ κ− 2 0

0 0 κ− 2γ

 = κI − Ā.

Clearly, Ā is a real symmetrical matrix and therefore all its eigenvalues
are real numbers. Under the condition that Ā is positive definite, i.e., all its
eigenvalues are positive, we can select some κ such that

0 < κ ≤ min
j=1,2,3

λj(Ā). (12)

Under this condition, it is easy to know that the matrix A is semi-negative
definite. Hence, we get V ′(t) ≤ 0 and this implies that V (t) ≤ V (0)). We
therefore arrive at

‖E(t)‖2 ≤ e−θt‖E(0)‖,

and the largest θ is defined by (8).

Since γ is a free parameter, the maximal synchronization rate is defined by
the following max-min problem

θmax = max
γ

min
j
λj(Ā). (13)

Completely solving the max-min problem (13) is difficult and obviorsly
beyonds the scope of this paper. In the sequel, we give some results based on
numerical optimization. In Figure 2, we plot maxj λj(Ā) as a function of γ
for a given circuit parameters (α, β, a, b) = (5.982, 6065, 0.0516432, 1.5×10−4),
where we can see that there exists a optimal choice of the free parameter γopt =
6.975 and under this choice the maximal synchronization rate is θmax = 1.
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Fig2. maxj λj(Ā) as a function of γ.

Fig3. Without synchronization control, the phase figure of
the drive system (top) and the response system (bottom).

4 NUMERICAL SIMULATIONS

In this section, we provide numerical results to validate the efficiency of
the synchronization controller (4). Let (x(0), y(0), x(0))T = (0.3,−0.1, 0.3)T ,
(x̃(0), ỹ(0), x̃(0))T = (0.7, 0.3, 0.2)T and α, β, a, b) = (5.982, 6.65, 0.0516432, 1.5×
10−4) and then we plot in Figure 3 the phase figure of the drive and response
system without control. we see clearly in this figure that drive system and the
response system (without control) behave differently.

We now impose the synchronization controller (4) to the response system
and with three different choices of γ (the optimal choice of γ is 6.975). Then,
we plot in Figures 4-6 the dynamical behavior of the derive system and the
response system with three choices of the parameter γ. By comparing the
results plotted in these three figures, one can see clearly that synchronization
effect with γ = 6 and γ = 13 has only slight difference and both are poor
compared to the optimal choice γ = 6.975 is the optimal choice. We now
measure the synchronization rate of the drive and the response systems under
the three choices of γ used in the above experiments. To this end, we plot
in figure 7 the error ‖E(t)‖2 between the drive and the response systems as
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Fig4. Time dynamical behavior of the solution component
x1(t)(derive system) and y1(t) (response system).

Fig5. Time dynamical behavior of the solution component
x2(t)(derive system) and y2(t) (response system).

Fig6. Time dynamical behavior of the solution component
x3(t)(derive system) and y3(t) (response system).

Fig7. Synchronization rate under three different choices of the free parameter γ.
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a function of t. It is clear that the choice γ = 6.975 is much more advisable,
compared to the other two choices of γ : γ = 3 and γ = 11. In particular,
to achieve synchronization effect 10−12, the optimal synchronization controller
with γ = 6.975 only needs 7 seconds, while the other ones need about 14
seconds. Again, this observation coincides with the results given in Figure 2.

5 CONCLUSION

We have designed a new synchronization controller which only linear feed-
back control for the Chua’s chaotic circuits with unsmooth nonlinear term
x | x |. Global exponential synchronization is investigated from theoretical
analysis and numerical optimization aspects. It is shown that, by properly
chosen the free parameter involved in the controller, the synchronization con-
troller results in much faster synchronization rate. Numerical simulations are
provided to support out conclusion and it is shown that the numerical opti-
mization really gives more efficient parameter γ involved in the synchronization
controller. Further work including solve the max-min problem at theoretical
level and generalize the current work to more complex and large scale system
of IDE’s.

Acknowledgments. This work was supported by the NSF of Sichuan Univer-
sity of Science and Engineering (2012RC24), NSF of China (11301362), Sichuan
Province University Key Laboratory of Bridge Non-destruction Detecting and
Engineering Computing (2013QZY01, 2013QYY01) and Key Fund Project of
Sichuan Provincial Department of Education (12ZB288).

References

[1] L. O. Chua, The genesis of Chua’s circuit, Archiv Fur Elektronik and
Ubertragungstechnic, 1992,46(1992), pp. 250-257.

[2] L. M. Pecora, T. L. Carroll. Synchronization in chaotic systems, Phys.
Rec. Lett.,64(1990). pp. 821-823.

[3] T. L. Carroll, L. M. Pecora, Synchronizing chaotic systems, IEEE Trans.
Circuits Syst. I:Fundam. Theory Appl., 38(1991), pp. 453-456.

[4] U. Kocarev, L. Parlitz, General approach for chaotic synchronization with
applications to communication, Phys. Rev. Lett., 74(1995), pp. 5028-5031.

[5] K. Z. Li, M. C. Zhao, X. C. Fu, Projective synchronization of driving re-
sponse systems and its application to secure communication, IEEE Trans.
CircuitsSyst. I:Regul. Pap., 56(2009), pp. 2280-2291.



Synchronization of unsmooth Chua chaotic circuits 5259

[6] L. M. Juan, M. Rafael, A. L. Ricardo, A. I. Carlos, A chaotic system
in synchronization and secure communications, Commun. Nonlinear Sci.
Numer. Simul., 17(2012), pp. 1706-1713.

[7] L. O. Chua, K. Ljupco, E. Kevin, Experimental chaos synchronization in
Chua’s circuit, International Journal of Bifurcation and Chaos, 2(1992),
pp. 705-708.

[8] M. T. Yassen, Adaptive control and synchronization of a modified Chua’s
circuit system, Appl. Math. Comput., 135(2003), pp. 113-128.

[9] Y. Chen, M. Y. Lian, Z. F. Cheng, Global anti-synchronization of master-
slave chaotic modified Chua’s circuits coupled by linear feedback control,
Math. Comput. Modelling, 52(2010), pp. 567-573.

[10] S. S. Qiu, Z. Z. Li, Simulation and experimental investigation on multi-
scroll hyper-chaotic circuits and its synchronization, J. Circuits and Sys-
tems, 9(2004), pp. 50-52.

[11] K. Tang, K. Man, G. Zhong, G. Chen. Generating chaos via x|x|. IEEE
Trans. Circ. Syst. I:Fundamental The. Appl., 48(2001), 636-641.

[12] K. Tang, K. Man, G. Zhong, G. Chen. Modified Chua’s Circuit with x|x|.
Control Theory & Its Applications, 20(2003), pp. 223-227.

[13] T. Fang, W. Ling. Synchronization of Modified Chua’s Circuit with x|x|.
Function. Commun. Theor. Phys., 44(2005), pp. 303-306.

[14] F. Zhou, Z. Y. Wang, G. P. Zhou, F. X. Zhen, Synchronization of Two
Unsmooth Chua’s Circuits, Mathematica Applicata, 25(2012), pp. 382-
388.

Received: May 9, 2014


