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Abstract

In a certain number of applicative situations, the control of a pro-
cess with a random component consists in selecting one among different
evolutions. Using the simplified model problem of choosing the line in a
traffic jam, we set up this class of problems in the framework of stochas-
tic hybrid optimal control, derive the dynamic programming equation
and study an approximation scheme. Numerical tests are included to
support the whole procedure.
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1 Introduction

In recent years, the notion of hybrid system [3, 4] has proved to be a useful
general framework for treating control systems of heterogeneous nature, in
which “controlling” may have the meaning of either applying a conventional
input, or changing the driving dynamics, or even performing discontinuous
jumps to a new state.

Without aiming at a rigorous and completely self-contained exposition, we
briefly review the case of a stochastic hybrid system. In this case, the state
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evolution is governed by one of Nq different controlled dynamics of the form{
dX = f(X,Q, α) dt+ σ(X,Q, α) dWt

X(0) = x,
(1)

where dWt is the differential of a standard Brownian process, and the index
Q(t) ∈ {1, 2, . . . , Nq} denotes the active dynamics, with Q(0) = q. Moreover,
two switching sets Sa and Sc are given, so that:

• As the point (X(t), Q(t)) hits Sa (the autonomuos switching set) the
controller is forced to switch to another state;

• For (X(t), Q(t)) inside Sc (the controlled switching set) the controller can
either switch to another state, or continue without switching.

In both cases, the switching cost is given by

C(X(t−i ), X(t+i ), Q(t−i ), Q(t+i )), (2)

where ti denotes the switching time (the time at which the state hits the set Sa,
or an optional time when the state is in the set Sc). In what follows, the final
goal is to minimize an infinite horizon payoff functional taking into account
both the cost of the continuous evolution (driven by the control α) and the
cost of switching, i.e., a functional of the form

J(x, q, θ) = E
{∫ ∞

0

g(X(t), Q(t), α(t))e−λt dt

+
∑
i

C(X(t−i ), X(t+i ), Q(t−i ), Q(t+i ))e−λti
}
, (3)

in which E is the probabilistic expectation and θ denotes the whole control
strategy in terms of continuous control, optional switching times and positions
after the switches.

This setting lends itself, in particular, to the treatment of stochastic sys-
tems in which the controller works by simply choosing the dynamics to be
activated. While more serious examples (e.g., in financial mathematics) could
be given, we illustrate the basic ideas with the following situation.

Let a car be trapped in a traffic jam, on a two-line road. Each of the lines
has the same average positive speed, but the relative positions of the two lines
show random, zero-mean fluctuations with respect to one another. The car
tries to go through the traffic jam as soon as possible, the only way to improve
its position being to change the line.1

1We acknowledge that this is not a correct practice for a driver. It has been taken as an
intuitive example and should not be seen as a model of correct behaviour.
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The optimal strategy will result in this paper from the use of dynamic
programming techniques. Once defined the value function of the problem,

v(x, q) := inf
θ
J(x, q, θ), (4)

we will review its characterization as the solution of a quasi-variational in-
equality (QVI), which in turn allows to extract the information on the optimal
switching as a function of the current state.

The outline of the paper is the following. Section 2 shows the construction
of the model and of the QVI characterizing the value function, Section 3 treats
the numerical approximation and Section 4 presents some numerical tests.

2 Model Problem and Analytical Setting

Although the problem could be formulated in a more general form, we will as-
sume that one of the lines has the role of a reference line, i.e., that all positions
are measured with respect to its origin. This means that the constant average
velocity of the two lines is removed, and we only focus on the improvements
with respect to this velocity. We also assume that the displacement of the
moving line with respect to the reference one is brownian, and that the cost of
line changing is constant. This framework is expressed in the following basic
set of assumptions:

• The two state variables X1 and X2 stand respectively for the position of
the car and the position of the moving line, in either case with respect
to the reference line. The two dynamics are in the form

dX = σ(Q) dWt (5)

in which Q ∈ {1, 2} denotes respectively the reference or the moving line,
Wt is a scalar process and σ(Q) is a 2× 1 matrix. No continuous control
α appears, the only control on the system being the switching.

• When the car is in the reference line, the two state variables evolve
according to the dynamics (5), with

σ(1) =

(
0
ν

)
(6)

(this means that the car remains in the same position, while the moving
line evolves following the Brownian motion νWt).
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• When the car is in the moving line, the state evolves according to (5),
with

σ(2) =

(
ν
ν

)
(7)

(this means that both the car and the moving line evolve following the
Brownian motion νWt).

• The running cost for both lines urges the car to move forward as much
as possible. For example, this can be done by defining (for a > 0)

g(x, 1) = g(x, 2) =

{−a if x1 > a
−x1 if −a ≤ x1 ≤ a
a if x1 ≤ −a

(8)

• The switching cost from one line to the other is set to a constant value
c > 0 while the position remains unchanged, that is,

C(x, x′, q, q′) =

{
c if x′1 = x1 and q′ 6= q
+∞ otherwise.

(9)

In order to write down the dynamic programming equation as a QVI, we
define the switch operator (see [3, 2]) for the problem under consideration:

Mφ(x, q) = inf
x′,q′
{φ(x′, q′) + C(x, x′, q, q′)}

= φ(x, q̄) + c (10)

in which we have used the actual form (9) for the switching cost and denoted
by q̄ the only possible index q̄ 6= q. In this specific case, in which no continuous
control appears, the operator related to uncontrolled evolution (see [2]) reads

Hφ(x, q) =
1

2λ
tr
[
σ(x, q)σt(x, q)D2φ(x, q))

]
+
g(x, q)

λ
(11)

=


ν2

2λ
φx2x2(x, q)−

x1
λ

if q = 1

ν2

2λ
[φx1x1(x, q) + 2φx1x2(x, q) + φx2x2(x, q)]−

x1
λ

if q = 2.

Finally, taking into account that the set of optional switching coincides with
the whole 2-d space, we can write the dynamic programming equation for the
problem under consideration as the quasi-variational inequality

v(x, q) = min{Hv(x, q),Mv(x, q)}, (12)

where v is the value function defined by (4), H is given by (11), M is given
by (10), and (x, q) ∈ R2 × {1, 2}. It is well-known (see [2, 4]) that the value
function solves (12) in the viscosity sense.
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Note that, at the level of feedback control synthesis, a switching at the
time t̄ from the dynamics q to the other one is indicated by the fact that, for
(x, q) = (X(t̄), Q(t̄)), it happens that

min{Hv(x, q),Mv(x, q)} =Mv(x, q). (13)

Thus, the set in which (13) is satisfied represents the switching set for the
dynamics q.

3 Numerical Approximation

The numerical approximation of (12) will be performed in iterative form, on the
basis of a standard centered difference scheme for the second-order terms. Let
a doubly infinite space grid of constant space step h with nodes xij = (ih, jh)
be fixed, and let vrij, v

m
ij denote the approximations of respectively v(xij, 1) and

v(xij, 2) (here and in what follows, we will use the mnemonic notation r = 1
and m = 2 to denote respectively the reference and the moving line). Given
the expression (10) for the switch operator M, the most relevant part is the
treatment of the operator H, which can be approximated as:

Hv(xij, q) ≈


ν2

2λh2
(
vri,j−1 − 2vrij + vri,j+1

)
− ih

λ
if q = r

ν2

2λh2
(
vmi−1,j−1 − 2vmij + vmi+1,j+1

)
− ih

λ
if q = m.

(14)

Note that, as it is easy to check, the (degenerate) second-order operator turns
out to be a second directional derivative in the direction spanned by σ, and is
discretized accordingly. By solving (14) with respect to the values vqij, we have

vqij = Hq
ij(v

q) :=


ν2

2λh2 + 2ν2
(
vri,j−1 + vri,j+1

)
− ih3

λh2 + ν2
if q = r

ν2

2λh2 + 2ν2
(
vmi−1,j−1 + vmi+1,j+1

)
− ih3

λh2 + ν2
if q = m,

(15)
where vq denotes the whole set of samples vqij of the numerical solution. Intro-
ducing the operator M, selecting two initial solutions vq,0 and setting up the
algorithm in a relaxation/projection form (see [6]), we obtain at last:

v
q,k+1/2
ij = Hq

ij(v
q,k) (q = r,m) (16)

vr,k+1
ij = min

{
v
r,k+1/2
ij , vm,kij + c

}
(17)

vm,k+1
ij = min

{
v
m,k+1/2
ij , vr,kij + c

}
. (18)
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Figure 1: Approximate value function and optimal feedback

Following the arguments in [5], it is easy to verify that the iteration operator
in (16)–(18) is a contraction, and therefore the sequences vr,k, vm,k converge
to a unique fixed point. Moreover, the operator is also monotone, and hence
a convergence analysis could be carried out by the Barles–Souganidis theory
(see [1]). Note that, in parallel with (13), by recording which value achieves
the minimum in (17)–(18), a numerical equivalent of the stopping set can be
constructed.

4 Numerical Results

We present in this section some numerical test on the model and approximation
scheme discussed in the paper. In a first phase, we compute the approximate
solution of (12) via (16)–(18) – during the computation, the (approximate)
stopping set is detected using (17) and (18). In the second phase, the behaviour
of the system is simulated with a synthetic Brownian process, and the system
is controlled according to the computed optimal strategy.

Figure 1 shows the approximations of value function and optimal feedback,
computed (for ν = 1, λ = 0.1 and c = 0.05) on a 200 × 200 space grid on
the square domain [−10, 10]2 (note that the solution plotted is vr, but with
this scaling the value function vm would not be practically distinguishable).
Artificial homogeneous Dirichlet conditions have been imposed on the bound-
ary, and the occurrence of boundary layers is clearly visible, although it only
affects a small neighbourhood of the boundary. In the right graph, the opti-
mal switching strategy is plotted so that the black region corresponds to the
“r → m” switching set, the white region to the “m → r” switching set, and
the grey region to the “no switching” set.

Figure 2 shows the result of some simulation in which the system (starting
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Figure 2: Sample trajectories for the optimally controlled system
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from the initial state x = (0, 0) and q = 1) is driven by a discrete-time Brow-
nian motion, and controlled according to the optimal switching computed in
the first phase. Here, the lighter line plots the trajectory of state variable X2,
whereas the darkest line plots X1, i.e., the relative position of the car, in which
the constant regions appear when the car is in the reference line (Q(t) = r). If
this trajectory takes positive values, it means that there has been a gain with
respect to the original position, whereas if it stands above the lighter plot, it
means that there has been a gain with respect to the evolution of the original
position on the other line. It can be easily seen that, in the plots of Fig. 2,
this is always the case.

It should be recalled, however, that a performance index like (3) is opti-
mized only as an expected value: this entails that, for a single trajectory of the
Brownian process, the computed strategy could be far from optimal, although
this situation tends to occur with a small probability.
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