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Abstract 
 
Fractal dimension is a mathematical concept used to measure the geometrical 
complexity of fractal set. It is defined for fractal geometric images, and 
considered as global features for them. There are many methods to estimate the 
fractal dimension of an object. The box counting dimension is an easier and a 
widely used one, while the escape time dimension is another method used to 
estimate the dimension of fractals generated using escape time algorithm. These 
methods are used to calculate the dimension for monochrome images (2D-
images). The necessity to generalize these concepts to be applicable for real world 
application ( e.g. gray scale image, or colored images) has motivating us to 
introducing the concepts of fuzzy sets. Fuzzy fractal dimension is proposed as the 
fractal feature for n-dimensional image. In this paper, a new approach to 
determine fractal dimension is proposed and a new local fuzzy fractal dimension 
based on this approach is proposed also. It will help to extend this feature to be 
used in many real world applications that cannot be served based on traditional 
fractal dimension. By this new approach, the FD is estimated with a reduced 
number of computational processes. This will helps to improve the complexity of 
the escape time algorithm that is considered as an NP-Hard problem, and with 
high precision results.  
 
Keywords: Fractal dimension (FD), attractor, escape time algorithm, fuzzy set, 
fuzzy fractal dimension (FFD) 
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1 Introduction 

The fractal theory is a new discipline that offers a new method to research the 
self similarity objects and irregular phenomena. It is an active branch of nonlinear 
science starting from the 1970s. It has proven to be suitable in many fields and 
particularly interesting in various applications. Some phenomena which cannot be 
explained with Euclidean geometry could be interpreted with fractal geometry. 
Fractal theory and its methodology provide people a new view and new ideas to 
know the world, and it made our way of thinking enter into the nonlinear stage.  
First important advances are due to M. F. Barnsley [1], who introduced for the 
first time the term “Iterated Function Systems (IFS)” based on the self-similarity 
of fractal sets. The self similarity is regarded as a measure of complexity of an 
image. Regarding to Barnsley, many objects can be closely approximated by self-
similarity objects that is generated by using IFS transformations [2].  

To obtain information from image, image features play an important rule. 
Common image features is an important issues in many image processing 
applications. Therefore, the analysis and study of these features has been widely 
used and considered as a basic task in many applications such as texture analysis, 
object modeling, medical image processing, etc. [3]. Fractal dimension is used to 
improve the performance of image processing methods, and serves as an 
important feature of images. The FD is a non integer value that can be used as an 
indicator of the complexity of the images. It can help to improve the performance 
of traditional image processing methods.  

There are two basic general algorithms to generate fractal image, one is the 
escape time algorithm, and the other is the iterated function system (IFS). The 
former is used and serves as a universal algorithm to create fractal images of 
complex initial functions. It uses maximum iteration number and thresholds to 
draw iteration trajectory. In escape-time algorithm a point is taken as an argument 
to a discrete function to be iterates until the iteration satisfy a stopping condition, 
or the variable is less than some arbitrary distance. The algorithm might iterate 
endlessly with starting ‘fixed point’ unless an ending condition is specified. The 
iterations and distance conditions, initial values, and color map, are parameters 
that control the appearance of the graphic image [4].  

In fractal geometry, there are various approaches to compute the fractal 
dimension of an object. These approaches can be classified as, either belonging to 
the Hausdorff-Besicovitch dimension (box counting dimension, and dividers 
methods), or to the Bouligand-Minkowski dimension (Minkowski fractal 
dimension method) [5]. A. Jassim [6] in her thesis was proposed a new method to 
find the dimension of some fractals based on escape time principle, using the 
method of spreading of the points inside a specific window with I=[-1,1]. 

Box counting dimension is used for totally bounded sets by means of pixel 
covering method for 2D monochrome images. Using this method for gray-scale 
images required that binaries these images in order to be estimated using pixel  
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covering method, this may cause loss of information, which is not acceptable in 
many image processing applications. To overcome this problem, the concept of 
fuzzy fractal is introduced. Many fuzzy fractal dimensions have been proposed 
based on box counting method [7-10]. In this paper the local fuzzy fractal 
dimension is proposed based on escape time dimension in [6], but using a new 
approach with I=[0,1], to serves as an important characteristic that provides 
information for different gray scale images. 

The material of this paper is arranged into 6 sections. Section 2 deals with the 
theoretical background of fractal dimension. Section 3 is devoted to present the 
concept of box counting dimension with the new proposed algorithm. The escape 
time algorithm with the escape time dimension is presented in section 4, whereas, 
the method that extends the concept of escape time dimension to fuzzy escape 
time dimension is proposed in section 5. Finally, some conclusions are 
summarized in section 6. 

 

2 Theoretical Background 

Theory of fractal sets is a modern domain of research.  The complexity of fractal 
set can be reflected using fractal dimension.  In this section an overview of the 
major concepts and results that helps to understand the fractal dimension and their 
counting methods is presented. A more detailed review of the topics in this section 
are as in [1,11,12].  

Definition 1. Let (X, d) be a metric space, a non-empty subset Y, φ≠Y⊆X is 

bounded if there exist M>0, such that d(x,y)<M for all x, y∈Y.   

In a metric space (X, d), a subset Y is called totally bounded (or precompact) if 
and only if for each ε> 0, there exists a finite set of 
points{xi}i∈Jm={x1,x2,…,xm}⊆Y, such that, the collection of closed balls 
�����, �� 	 
� ∈ �: ���, ��� � �� with center at xj and radius ε, is cover Y. If Y is 
totally bounded, then ����� 	 min	
|J|:�	 ⊆ ⋃ ���∈� (��, ��� 	 min	
�: � ⊆
⋃ ���∈�� (�� , ���, is the minimum number of points that cover the subset Y. It is 
clear that every totally bounded is bounded. 

Definition 2.  The set Y⊆X is compact if for each collection of open balls 
B��� , �� 	 
� ∈ �: ���, ��� � ��⊆� with center at xj and radius ε cover Y (i.e. 

� ⊆ ⋃ ��∈�� (�� , ��� has a finite subcover. So, there exist Jm⊆J, such that 
�	 ⊆ ⋃ ��∈��⊆� (��, ����. 
Definition 3. The metric space (X,d)  is complete, if every Cauchy sequence in X 
converges in X. 

Definition 4. Given a complete metric space (X,d), the space of all nonempty 
compact subset of X is called the Hausdorff space H(X).  
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Definition 5. Let (Rm,d) be a metric space with the usual metric, and Y∈H(Rm). 
Then Y is closed and totally bounded, and for each ε> 0, there exists a finite 
number of closed balls such that � ⊆ ⋃ ���∈� (�� , ��. Define, Nε(Y) as the 
minimum number of points such that, 

   ����� 	 min	
|J|:�	 ⊆ ⋃ ���∈� (�� , ��� 	 min	
�: � ⊆ ⋃ ���∈�� (�� , ���        (1) 

Definition 6. For any two metric spaces (X,dX) and (Y,dY), a transformation f:X→Y 
is said to be a contraction if and only if there exists a real number s, 0≤s<1, such 
that,  

dY(f(x),f(y))< sdX(x,y), for each x,y∈X ,                                                     (2)                               

where s is the contractivity factor for f.  

Definition 7. A dynamical system is a transformation f: Rm → Rm on a metric 
space (Rm,d), where f=(f1,f2,…,fm), such that fj:R→R for each j=1,2,…,m. Define 
f
n=(f1

n,f2
n,…,fm

n), then the orbit of a point x∈X is the sequence 
!°#����#$%& 	 where 
f 
◦(x)=x for all x∈X, and fn+m=f

n
◦f

m   
Definition 8. An (hyperbolic) iterated function system is a couple (X,F), where 

F:H(X)→H(X), is defined by U
n

i
i AfAF

1
)()(

=

=  for any   A∈H(X ), and fi:X→X  is a 

contractions of contractivity factors si∈[1,0) with respect to the metric d.  

It is easily shown that F is a contraction, with contractivity factor s=max1≤n≤N sn. It 
follows from the contraction mapping theorem that, if (X,d) is complete, then 
there exists a unique non-empty compact set A∈H(X) which is the invariant 

attractor of the IFS, such that, U
n

i
i AfAFA

1
)()(

=

== . Hence, (H(X),F) is a dynamical 

system.To define the locally bounded subset, we have to know what we means by 
equivalent metric space. 

Definition 9.  Let (X,d), and (Y,D), be a metric spaces. If there exist a 
homeomorphism ϕ: X→�, and there exist a positive real number M, such that 
D(ϕ(x),ϕ(y))≤Md(x,y) for each x,y∈X, then (X,d), and (Y,D) is called an equivalent 

metric spaces, and denoted as (X,d)∼ (Y,D). 

As a special case, (X,d)∼(X,D), means ϕ= I:X→X is the identity mapping, and if 
M>1, then for each x,y∈X, we have (1/M) d(x,y)≤D(x,y)≤Md(x,y). 

Definition 10.  If (X,d)∼ (X,D), and Y is bounded subset in (X,D), then D(x,y)≤M, 
for all x,y∈Y. We use the metric d, where d(x,y)≤1, for all x,y∈Y, in the metric 
space (X,d).  Hence, Y⊆I

m=[0,1]m, is called locally bounded subset.  
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3 Box Counting Dimension 

 
For computer application the data is usually discretized. The pixel covering 
method is proposed to estimate the FD of fractal binarized images whose points is 
represented by 1, while the background is represented by 0 [9]. The image Y is 
divided into squares with width ε. Nε(Y) represent the minimum number of sets 
with radius less than or equal ε that covers Y. Hence, a group of data (-log δi, log 

Nδi(Y)) is obtained, and the FD is estimated by changing the value of δ,  it is the 
slop of the line derived  from these data using the least squares linear regression. 

It is not easy to calculate the box dimension of a locally bounded subset 

Y⊆I
m, where δ�(#� 	 lim#→∞

+,-�./�0
�1�

,+,	�2� . Therefore, we can estimate the value of δ 

using box counting dimension.   This estimation method is considered as an NP-
hard problem. Hence, we proposed in this section a new estimation method to 
calculate  δ, which is presented as follows. 

3.1 The proposed algorithm to estimate FD 

For a sufficiently large integer n∈N, let Sn={0,1,2,…,2n-1}, and 3# 	

 %20 ,

4
20 , … ,

2064
20 �, where pn⊆I=[0,1] with |sn|=|pn|=2n.  

Let �� 	 42 �1 8
�64�9.
2 8 �64�

9/

2 8⋯8 �64�
90

2 �, where ji∈{0,1}. Then 

j=j1+2j2+…+2n
jn, is  permutation of sn, and  �� 	 ��4�. , �2�/ , … , ��� �∈I

m is a 
permutation of pn. 

Then ;<� 	 =�� 	 ��4�. , �2�/ , … , ��� �: >?	is	a	permutation	of	3#I, then we 
have |;<�| 	 2#� pixels, and these pixels will form partition of Im as a small box 
region whose vertices are these pixels. 

Let �L={x
j∈Y} be the set of pixels in Y∈H(Im), since 

��4/2�0N.���	 min
�:⋃ �L�∈� ���� , O
4
2P
#Q4
	�⊇�� 	 ��4/2�0N.��L�. Therefore, 

RS 	 -�.//�0N.
�1�

# +,2 	 -�.//�0N.
�1L�

#T#2  is an approximate box dimension of Y∈H(Im). The 

number of pixels in �Lcan be calculated through the scanning way to all of these 
pixels in a given space, and as follows. 

For each �� ∈ ;S� , factorize �� 	 ��4�. , �2�/ , … , ��� � into m collections of 
pixels, each has 2n pixels that represents the value of x=(x1,x2,…,xm). This can be 
performed using the recursive sequence of points ti-1=2n

ti+ki, and xi=(ki/2
n)∈[0,1] 

that scans all ;S� pixels. Hence, it is easy to counts the number of pixels �#��L� in 

�L . Then RS 	 -0�1L�#T#2   that represents the box dimension of the set Y∈H(Im), as in the 

following algorithm. 
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Algorithm 1 

Input m,n∈N, where  n is a large positive integer 
p=2n, q=p

m-1 
Input t0∈Zq 

Input Y 
Factor (t0)=(k1,k2,…km)∈Zq

m 
    For t0=0 : 2nm-1 
       For i=1: m 
          ti-1=tip+ki 

           xi=ki/p 
       End i 
          If x=(x1,x2,…,xm) ∈Y, then No=No+1  
    End t0 
Output (x1,x2,…,xm)∈I

m 

Output  RS 	 +,-U#T#2  

Then RS is box dimension of Y, and if Y is a fractal, then RS  is called box dimension 
of the fractal Y. 

Example 2 
Let m=2, n=6, let Y is the given set as follows, where 
Dim(Y)=0.6813. 
Y={(0.15625,0),(0.03125,0.03125),(0.125,0.5),(0,0.75),(0.5
,0.03125), (0.28125,0.0635), (0.25,0.25), (0.96875,0.0625), 
(0.78125,0.09375), (0.5,0.125)(0.375,0.25), (0.25,0.3125), 
(0.25,0.4375),(0.375,0.5635), 
(0.875,0.625),(0.125,0.953125), (0.859357,0.156625) }. 

For n=2 , RS 	 T#2
2T#2 	 0.5       For n=3, RS 	 T#X

YT#2=0.8617 

For n=4, RS 	 T#Z
[T#2 =0.7925      For n=5, RS 	 T#4\\T#2= 0.7814 

Then for large n, RS 	 0.6813 
 
 

Figure 1. A given 
set Y in I2 

4 Escape Time Dimension (ETD) 

 

In this section, we introduce fractals generated by “escape time algorithm”. The 
fractals are generated by repeatedly applying a transformation to a given point in 
the plane. Using an initial point the resulted series of the transformed points is 
called the orbit of this point. The orbit is called diverges when its points grow 
further apart without bounds. A fractal can be defined as, “the set of points whose 
orbit does not diverge”. 
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The fractal is generated by calculating the orbit for each point in the plane 
(i.e. pixel on the screen) to check whether it diverges or not. A black-and-white 
image of the fractal is generated as follows; coloring a pixel white, if its orbit 
diverges, and black otherwise. The color of the pixel corresponds to the number of 
transformations required to make the orbit diverge.  

4.1 Fractal generated by ETA (Strange attractor) 

Let (X,d) be a metric space, for f:X→X,  f 0(x)=x, and fn(x)=f(fn-1(x)), for all x∈X. 
The sequence 
�#�#$%&  in X is generated as; x1=f(x0), x2=f(x1),…,xn=f(xn-1), where 
xn=f

n(x0), for all n∈N, and x0∈X. 

 The convergence of the sequence {xn} in X is called the attractor of f in X, 
where {x=lim#→& �# ∈ �� 	 � 	 
� ∈ �: !��� 	 ��⊆�. 

 

 

4.2 Escape Time Dimension (ETD) 

Let X=R
m with the usual metric, where (Rm

,D) is a complete metric space and 
Y∈H(Rm). Hence, Y is closed and totally bounded (i.e there exist M>0, such that 
D(x,y)≤M, for all x,y∈Y). Now if M>1, then the dimension of the attractor Y can 

be calculated by R 	 lim`→% R��� 	 lim`→% T#-a�1�T#4/`  , where Y⊆I
m=[0,1]m⊆R

m, and 

d(x,y)=(1/M) D(x,y)≤1. Hence δ is the ETD of the attractor in the set Y and it can 
be calculated using the same proposed algorithm, and as follows. 

Algorithm 2 

Input m,n∈N, where  n is a large positive integer 
p=2n, q=p

m-1 
Input t0∈Zq, S∈N 
Factor (t0)=(k1,k2,…km)∈Zq

m 
    For t0=0 : 2nm-1 
       For I=1: m 
          ti-1=tip+ki 

           xi=ki/p 
       End I 
         For  j=0: S  
           If  fj(x) ∈I

m  
         End j 
         If j>S, then  x=  (x1,x2,…,xm)∈Y, and No=No+1  
      End t0 

Output Y,  RS 	 +,-U#T#2  

Then RS is the escape time dimension of Y, and if Y is a fractal (strange 
attractor), then RS  is called escape time dimension of the fractal Y. 
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Example 3 
The Julia and Mandelbrot sets are example of the fractal generated using the 
escape time algorithm and both of them uses the same complex quadratic 
polynomial in (3), where z and c are complex numbers of the form z = x + iy with 
imaginary number i. 

zn+1 = zn
2 + c                                                                                             (3) 

Mandelbrot sets Figure 2-A, is a mathematical set of points in the complex plane, 
the boundary of which forms a fractal. It is the set of complex values of c for 
which the orbit of 0 under iteration of (11) remains bounded.  In other words, a 
complex number, c, is in the Mandelbrot set if when starting with z0 = 0 and 
applying the iteration repeatedly, the absolute value of zn never exceeds a certain 
number.  

Julia sets Figure 2-B, have a specific form that depends on the value of the 
complex constant c. Many values of c just produce a potato or a cloud, but certain 
ranges produce interesting fractal-geometric figures.  Julia set ( z =z

2+c,  z0 = 
x+iy) on complex plane showing unit circle, positive real (horizontal) and 
complex axis [11]. For c=-1, see Figure 2-B 

 

 
Figure 2-A      Mandelbrot set  

(z=z2+c) 
FD= 2 

 
 

Figure 2-B  Julia set  (z=z2-1) 
FD= 1.2683 

 
Figure 2 (A, B) Mandelbrot and Julia sets 

 

5 Fuzzy Fractal Dimension 
 

 

5.1 Local fuzzy set 

In this section the mathematical concepts of fractal dimension are generalized 
based on the concepts of fuzzy set. A multi values bounded fuzzy set �	b is 
introduces as a generalization of the set Y, whereas the fuzzy fractal dimension is 
proposed as the fractal feature of n-dimensional multi value sets.  
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Definition 6.1: Let X be a nonempty set, and σ:X→I=[0,1] be a fuzzy subset of X. 

Then {
�
2\X :j=0,1,2,…,256} be a partition of the set I=[0,1], where t=j/256, for 

each t∈(
�64
20 ,

�
20c, and j∈J256. 

Definition 6.2: The local fuzzy set  �� is defined as follows, for X=I
m, then Y= 

{x∈I
m:σ(x)>1}which is called the local fuzzy set. 

 
5.2 Fuzzy box dimension 

Let Y∈H(X) with σ:X→[0,1]. The fractal dimension of Y can be estimated by 
pixel covering method using our proposed approach that is presented in the 
previous sections for monochrome images. The pixels in �L  are black, and the 
pixels in ;S/�L  are white.  

This can be extended to gray-level σd , which is the fuzzy subset of  ;S�.  Let 

X=R
m, for 	�e⊆;S�⊆R

m, we have       σd : ;S�→f0,1c such that g 	 4
2\X h�256�g���i, 

and h(i=min{n∈N:n≥r} for r∈R. Now to generate all pixels of ;S�,  this can be 
done by calculating the number of pixels in �L  with gray level j∈J256. Hence, the 
fuzzy fractal dimension is calculated as,  RS 	 max=RS4, RS2, … , RS2\XI 	
max=RS�: > ∈ k2\XI,	where Rle 	 T#-0

9 �1L�
#T#2 .		It is an approximate dimension of the fuzzy 

fractal (Y,σ), and it can be calculated by the following algorithm. 

Algorithm 3 

Input m,n∈N, where n is a large positive integer 
p=2n, q=p

m-1 
Input t0∈Zq, and σ:Im→[0,1] 
Factor (t0)=(k1,k2,…km)∈Zq

m 
   For t0=0 : 2nm-1 
       For i=1: m 
          ti-1=tip+ki 

           xi=ki/p 
       End i 
         x(t0)=(x1,x2,…,xm) 
         Find σ(x(t0)) 
           > 	 h�256�g���m%��i	 
          gn���m%�� 	 	 > 256o  

           N(j)=N(j)+1 
           s=s+1 
    End t0 

For k=1:s 

 RS-�p� 	 +,-�p�#T#2  
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End k 
Output  RS 	 max	
RS-�p�: q ∈ k2\X} 
 
 This output is called fuzzy box dimension of (Y,σ) .  
 

To define the local fuzzy fractal set we have to define the discrete dynamical 
system (Im

,f,σ) with the attractor  �L  where  σ:Im→I=[0,1] is a fuzzy subset of Im.  
 

5.3 Fuzzy Fractal (Fuzzy attractor) 

For an image of 256 gray scale levels, each pixel p is calculated as p/256. This 
value is an indication to its level of belonging to the whole set. The local fuzzy 
fractal dimension is defined as the dimension of a small neighboring area around 
the point p. As we have seen in the previous sections that for the dynamical 
system (X,f) the attractor dimension is usually estimated by pixel covering 
method. Those ideas can be extended to gray-level σd which is the fuzzy subset of 
;S�. The fuzzy fractal is generated by investigating all the point of the fuzzy set to 
determine the attractor points. This have been performed by using s-iteration for 
xj=f(xj-1), where j∈Js to insure that these points are not escape out of  ;S�.		In the 
following is the algorithm to find the fuzzy fractal (strange attractor) with its 
dimension. 

If !p��� ∈ ;�, for all k∈Jn, and for each j∈J256, then δ is calculated using 
algorithm 4 to be the local fuzzy escape dimension of the strange attractor Y. If   �L  
is a fractal, then δ is called local fuzzy fractal dimension, and it is calculated using 
the following algorithm. 

Algorithm 4 

Input m,n∈N, where  n is a large positive integer 
p=2n, q=p

m-1 
Input t0∈Zq, σ:Im→[0,1], and f:Rm→R

m, where f=(f1,f2,…,fm) 
Input s (the number of iteration) 
Factorize (t0)=(k1,k2,…,km)∈Zq

m 
  For t0=0 : 2nm-1 
         For I=1: m 
          ti-1=tip+ki 

           xi=ki/p 
         End I 
         x(t0)=(x1,x2,…,xm) 
         For  r=1:s 
           x(t0)

r=f(x(t0)
r-1) 

          if x(t0)
r∉ ;S� then End r 

        End r 
       If r>s , then x(t0)∈�L  
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        Find σ(x(t0)) 
           > 	 h�256�g���m%��i	 
           gn���m%�� 	 	 > 256o  

           N(j)=N(j)+1 
          h=h+1 
 End t0 
   For k=1:h 

         RS-�p� 	 +,-�p�#T#2  

    End k 
Output  RS 	 max	
RS-�p�: q ∈ k2\X} 

            If gn��� 	 	 > 256o ,	, then NJ=NJ+1  

    End t0 

 RS-r 	
+,-r
#T#2 

End J 

Output:  the attractor �L  and the attractor dimension	Re 	 max	
RS�: k ∈ k2\X} which 
is called escape fuzzy fractal dimension.   
 

5.4 Software Implementation 

The FFD algorithms with their graphic user interface, Figure 3, are carried out 
using Visual Basic. The results have been obtained using a computer with the 
specifications; 2.4 GHz Intel COR i3 CPU and 4 GB RAM. 

Example 4: Percolation threshold is simplified lattice models of random systems 
or networks (graphs). 
 
 
                 Table 1. The FFD for different values of  n  

n Dim  RS Time in ms  

 
 Percolation threshold 

5 2.392 200 
30 2.415 3450 
55 2.485 8527 
70 2.503 13480 
85 2.512 225678 
100 2.517 4320055 
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Figure 3. User interface for calculating ETFFD 

 

 

6 Conclusion 
 
Fractal dimension plays as an essential concept in fractal geometry, which 

motivates the scientist to proposing various approaches to compute it. One of 
these approaches is based on escape time principle that is considered as the 
universal algorithm when we create fractal figures of complex initial functions. A 
new approach used to estimate the escape time dimension is proposed in this 
paper. This new method and the classical ETD are used to compute the FD for 
monochrome (2D) images. Therefore, with this restriction, they should be 
improved in order to be applicable to various real word applications that based on 
gray scale levels. Hence, it motivates us to propose a novel gray fractal dimension 
approach by combining the fuzzy set theory and based on escape time principle 
and pixel covering method. The proposed approach has the ability to estimate 
fractal dimension for any given set, and perform better in term of precision. This 
will helps to improve the complexity and the accuracy of the traditional fractal 
dimension methods which is considered as an NP-hard problem. The proposed 
method could be considered as an important feature of edge detection area of a 
medical image and textures.   
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