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Abstract

In this paper, the analytical solution of normalized apparent resistiv-
ity from DC source located on a two layered earth model is formulated.
The conductivity of overburden is denoted by σover (z) = σ0e

−b(z−l)2/2,
0 ≤ z ≤ d, where b and l are positive constants and l is used to locate the
peak of the bulge, d is the thickness of overburden and σ0 is a positive
constant. The conductivity of host medium, z > d, is denoted by a con-
stant and is given by σhost(z) = σ0. The Hankel transforms and power
series method are used to solve the partial differential equation to find
the potential functions. The expression for the Wenner configuration is
introduced to formulate the normalized apparent resistivity. In order to
determine the normalized apparent resistivity, numerical solutions are
computed to show the behavior of the curves by using Chave’s algorithm
while some parameters are given. The curves of computation results of
normalized apparent resistivity are plotted against electrode spacing.
The curves could be able to predict the depth of the underground water
that could damage to the foundation of old building.
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Introduction

The resistivity methods is introduced to investigate the ground structure of
ancient city at Prapathom Chadee, Nakhon Pathom, for geo-informatic data
through point electrodes. The procedure is to measure potentials at other
electrodes in the vicinity of the current flow. Because the current is measured,
it is possible to determine an apparent resistivity of the subsurface [9]. The
mathematical models for the preparation of curves for the normalized apparent
resistivity response from the earth’s surface layer are considered. The earth
structure usually can be denoted by horizontally stratified earth [2], where
each layer having homogeneous and isotropic electrical properties. In this
paper, two layered earth model is considered. The conductivity of overburden
is denoted by σover (z) = σ0e

−b(z−l)2/2, 0 ≤ z ≤ d, where b and l are positive
constants and l is used to locate the peak of the bulge, d is the thickness of
overburden and σ0 is a positive constant. This bulge conductivity profile could
be used to inform the subsurface that rich with water table according to the
canal, pond and river nearby [11]. The conductivity of host medium, z > d, is
denoted by a constant and is given by σhost(z) = σ0. The curves of normalized
apparent resistivity against electrode spacing can be used to predict the depth
of the underground water that could damage to the foundation of old building.

Formulation of the problem

We now consider an essentially Direct-Current sounding methods. We may
represent the electric field as the gradient of a scalar potential [8] as

~E = −∇ψ, (1)

where ~E is the vector electric field, ∇ is the vector gradient operator, and ψ
is the scalar potential.

The divergence of the current density is zero, and we can express this in terms
of the electric field, using Ohm’s law, ~J = σ ~E. Thus, the governing equation
can be denoted by

∇ · ~J = 0,

∇ · σ∇ψ = 0, (2)

where ~J is the current density in Ampere per square meters (A/m2), σ is the
electrical conductivity of the medium in Siemens per meter (S/m) which is
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assumed to be a function of z only. Using vector calculus, the equation (2)
can be rewritten as

σ∇ · ∇ψ + (∇ψ) · (∇σ) = 0. (3)

For simply, we denote σ as a function of z only, thus, the above equation
becomes

σ∇2ψ +
∂ψ

∂z

∂σ

∂z
= 0. (4)

In cylindrical coordinate system (ρ, φ, z), the probe is used and located on the
ground surface. The potential around the probe is symmetry and independent
of φ. Thus, we can rewrite the equation (4) as

∂2ψ

∂ρ2
+

1

ρ

∂ψ

∂ρ
+
∂2ψ

∂z2
+

1

σ

∂ψ

∂z

∂σ

∂z
= 0. (5)

We shall use the Hankel transforms [1] defined by

f (λ, z) =

∞∫
0

λρψ (ρ, z) J0 (λρ) dρ, (6)

and the inverse Hankel transforms of f (λ, z) which is defined as

ψ (ρ, z) =

∞∫
0

f (λ, z) J0 (λρ) dλ, (7)

where J0 is the Bessel function of the first kind of order zero. After taking the
Hankel transforms, the equation (5) becomes

∂2f

∂z2
+

1

σ

∂σ

∂z

∂f

∂z
− λ2f = 0. (8)

Apparent resistivity of two-layered earth

We now consider the two-layered earth model denoted by overburden and host
medium. For the first layer, the conductivity of overburden is denoted by
σover (z) = σ0e

−b(z−l)2/2 and for the host medium, the conductivity is defined
by σhost(z) = σ0 where σ0, l and b are positive constants.
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Figure 1. Configuration of electrode array over an overburden of thickness d.

As shown in Figure 1, the electrodes 1 and 4 are used for direct current in-
jection of Wenner array configuration while the electrodes 2 and 3 are used
for potential measurement. a is the electrode spacing. We have to deter-
mine the potential functions in the overburden (f = f1, 0 ≤ z ≤ d) and
in the host medium (f = f2, z > d). These can be found by substituting
σover (z) = σ0e

−b(z−l)2/2 and σhost(z) = σ0 into the equation (8), respectively.
The power series method [4],[6],[10] is used to solve the partial differential
equation to find the potential functions f1 and f2, as

f1 = a0

(
1 +

λ2z2

2

)
+ a1

(
z − blz2

2

)
, 0 ≤ z ≤ d, (9)

and

f2 = a3e
−λz, z > d, (10)

where a0, a1 and a3 can be determined by using the boundary conditions at
the interfaces [5],[7],[8],[12]. The first boundary condition is denoted by the
continuity of normal current density at the ground surface

−σ0e−
bl2

2
∂ψ1

∂z
|z=0 =

Iδ (ρ)

2πρ
, (11)

where I is the current at the probe on the ground surface, and δ(ρ) is the Dirac

Delta function denoted by δ(ρ) =

{
0, if ρ 6= 0

1, if ρ = 0
.

The second boundary condition is denoted by the continuity of normal current
density at z = d as

σ0e
− b(d−l)2

2
∂ψ1

∂z
|z=d = σ0

∂ψ2

∂z
|z=d . (12)
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The third boundary condition is the continuity of potential across the interface
layer at z = d as

ψ1 |z=d = ψ2 |z=d . (13)

From the first boundary condition as equation (11), we obtain

lim
z→0

−σ0e− bl2

2

∞∫
0

(
a0λ

2z + a1 − a1blz
)
J0(λρ) dλ

 =
Iδ (ρ)

2πρ
. (14)

Since

∞∫
0

λJ0(λρ) dλ =
δ (ρ)

ρ
, then the equation (14) becomes

∞∫
0

(
−σ0e−

bl2

2 a1

)
J0(λρ) dλ =

∞∫
0

I

2π
λJ0(λρ) dλ. (15)

From equations (7) and (15), we now have

a1 = − Iλ

2πσ0e
− bl2

2

. (16)

Using the boundary condition in equations (12) and (13), we now have

e−
b(d−l)2

2

(
a0λ

2d+ a1 − a1bld
)

= −λa3e−λd (17)

and

a0

(
1 +

λ2d2

2

)
+ a1

(
d− bld2

2

)
= a3e

−λd, (18)

respectively. Simultaneous solution of the equations (17) and (18) yields,

a0 =
a1

(
2e−

b(d−l)2

2 (bld− 1)− 2λd+ blλd2
)

λ3d2 + 2λ2de−
b(d−l)2

2 + 2λ
. (19)

Therefore, substituting equation (16) into equation (19), we obtain

a0 = − Iλ

2πσ0e
− bl2

2

[
2e−

b(d−l)2

2 (bld− 1)− 2λd+ blλd2

λ3d2 + 2λ2de−
b(d−l)2

2 + 2λ

]
. (20)

The surface potential is then

ψ(ρ, 0) =
I

2πσ0e
− bl2

2

∞∫
0

(
2e−

b(d−l)2

2 (1− bld) + 2λd− blλd2

λ2d2 + 2λde−
b(d−l)2

2 + 2

)
J0(λρ) dλ. (21)
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Normalized apparent resistivity

Although the knowledge of the potential function allows to compute the appar-
ent resistivity for any electrode configuration, we will present here the expres-
sion for the Wenner array configuration. For the Wenner array formulation [8]
which is denoted by

(∇V )W = 2[ψ(a)− ψ(2a)] (22)

where (∇V )W is the Wenner’s potential function and ψ(a) is the scalar poten-
tial function. The apparent resistivity [8] can be computed from

(ρa)W =

(
2πa

I

)
(∇V )W . (23)

Using equations (21), (22) and (23) we obtain

(ρa)W =
2a

σ0e
− bl2

2

∞∫
0

(
2e−

b(d−l)2

2 (1− bld) + 2λd− blλd2

λ2d2 + 2λde−
b(d−l)2

2 + 2

)
(J0(λa)− J0(2λa)) dλ.

(24)
Equation (24) can be rewritten as the normalized apparent resistivity

(
ρa
ρ1

)
W

= 2a

∞∫
0

(
2e−

b(d−l)2

2 (1− bld) + 2λd− blλd2

λ2d2 + 2λde−
b(d−l)2

2 + 2

)
(J0(λa)− J0(2λa)) dλ

(25)

where ρ1 =
1

σ0e
− bl2

2

is the resistivity at the ground surface.
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Sounding Curves and Discussions

Figure 2. The curve of normalized apparent resistivity against electrode spac-
ing, d = 5m; b = 0.01 and 0.03m−2 and l = 1, 2, 3, 4 and 5m.

Figure 3. The curve of normalized apparent resistivity against electrode spac-
ing, d = 10m; b = 0.003 and 0.005m−2 and l = 2, 4, 6, 8 and 10m.

Figure 4. The curve of normalized apparent resistivity against electrode spac-
ing, d = 20m; b = 0.0005 and 0.001m−2 and l = 4, 8, 12, 16 and 20m.
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Figure 5. The curve of normalized apparent resistivity against electrode spac-
ing, d = 5m, 10m; l = 1m and b = 0.01, 0.02, ..., 0.05m−2.

Figure 6. The curve of normalized apparent resistivity against electrode spac-
ing, b = 0.01 and 0.03m−2; l = 1m and d = 1, 2, ..., 5m.

In our calculation section, the equation (25) is used to compute the value
of normalized apparent resistivity against electrode spacing by using Chave’s
algorithm [3]. Fortran programming is introduced under PC computer, In-
tel(R)Core(TM)2 Duo CPU P8600 @2.40GHz and 4GB of RAM. With the
use of electric current 1 Ampere, σ0 = 2 S/m, the results can be determined
with the time used less than a second. The results are plotted to show some
significants advantage in ground exploration.

The figures 2,3,4,5 and 6 perform the normalized apparent resistivity against
electrode spacing. Each of those figures show 5 curves of normalized apparent
resistivity while the value of d, l and b are adjusted. The thickness of overbur-
den used in our computation are 1, 2, 3, 4, 5, 10 and 20 meters. For small
value of l and small value of b, all of our curves perform very large response in
normalized apparent resistivity whereas for large value of l, the curves perform
smaller response in normalized apparent resistivity. This support the reason
for the peak of conductive ground locate near the ground surface, so it will
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reflex stronger response than the case of large l from the ground surface ac-
cording to the inverse square law of the distance between conductive source
and ground surface. The top of the peaks of normalized apparent resistivity
show a good relationship to the value of l. In Figure 5, the small value of d
perform large response in normalized apparent resistivity while the value of l
and b are fixed. It can be explained that as d is large the average conductive
of overburden is lower than host. In Figure 6, as b is large, the conductive
of overburden is low, thus, the response curves will be small. It can be said
that the curve of normalized apparent resistivity could be able to predict the
vertical location of conductivity profile of the ground structure.

Conclusions

In our study, the normalized apparent resistivities of the earth having the
electrical conductivity σover (z) = σ0e

−b(z−l)2/2 for the depth 0 ≤ z ≤ d, and
σhost(z) = σ0 for the depth z > d, are considered. This is represented to the
location of Prapathom Chadee, Nakhon Pathom which is surrounded by pond
and canal. The integral expressions are derived and computed to determine
the potential due to a point of direct current source on the ground surface.
The value of potential will be used to determine the normalized apparent
resistivity. The curves of normalized apparent resistivity against electrode
spacing are plotted and shown the advantage in the ground exploration.
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