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Abstract

Influenza viruses which are often used for a study in Indonesia are
H1N1-p, which is able to adapt without both hemaglutine and amino
acids, and the H5N1 as a virus with 170 variants, consisting of 3 types
whose spread varies widely. This paper considers the construction of a
model of pre-coalition between influenza virus H1N1-p and one of H5N1
strains that attack poultry and humans. The reduction on the model
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is conducted based on the transition and genetic changes on individ-
ual population, via order the analysis of the co-existence of both virus
transmissions.

Keywords: H1N1-p and H5N1 strain, pre-Coalition model, virus trans-
mission

1 Introduction

In Indonesia, the H1N1-p virus adapts to humans. Meanwhile, the avian flu
(H5N1) adapts to both animals and humans. It means that the dynamic
mobility of individual population can expand the spreading area, so that there
are chances of a pandemic from the coalition between H5N1 virus with the
H1N1-p virus [2], [7], [10]. Model of pre-coalition is a mathematical model
built from the spread of the H1N1-p influenza virus and H5N1 virus in poultry
and humans, from which the new virus are expected to emerge. This model is
a form of model development from previous studies [1], [3], [5], [8], [12]. The
reduction of the model is performed based on the transition and the change
in individual population, as a result of transmission and recovery. This model
can be used to investigate the effect of each virus on the system, with the
assumption that each virus is at steady state. It can also be used to investigate
the effect of the two viruses to the system [6], [13].

2 Derivation Model

Let Ω1 and Ω2 denote the set of location 1 and 2, 2 of respectively, in which
Ω1, Ω2 ⊂ R for n ≥ 1 with Ω1 = [0.L1], Ω2 = [0.L2] [3]. If X is the set of indi-
vidual population engaged in Ω1 and Ω2 , the density of each of the location
will change. Based on the reference [3], global diffusion occurs in susceptible
subpopulations and it is infected while the spread of the virus is constructed
through a linear transmission function in the form of f(S, I) = αSI. In this
paper, infected individual population is isolated so that the individual popula-
tion engaged only in susceptible and exposed individuals. Virus transmission
is therefor only local.
The mathematical model is in the form of a diffusion reaction system with
some parameters α, β, β∗, d, b, δ and γ. Those parameters are: α is the trans-
mission rate of H1N1-p virus in humans, β is the transmission rate of H5N1
virus in poultry, β∗ is the transmission rate of H5N1 in human, d and b is
the fertility and mortality rate respectively, δ is the recovery rate, γ is the
transmission rate for exposed individual. The reduction of the model further
is done based on the genetic evolution of the virus. It causes the individual
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changes in the subpopulations. For example, αS11mI11m is the transmission
of H1N-p influenza virus on human as susceptible individual after a contact
with infected individuals and t = τ is the fixed time when the infection signs
of the susceptible individual start. Hence for t > τ , there is a transition in
susceptible individuals who become infected individuals and the process occurs
continuously as long as the virus spreads at any time of t = τ . Therefore, at
∀t ∈ R there exists a susceptible individual infected or an individual who is
newly infected by H1N1-p influenza virus. Thus, αI11mS11m for t ∈ R+ has
2 reduction forms, namely αI11mS11m = rS1m meaning infected susceptible
individuals where r as the rate of transition and αI11mS11m = kE11m as newly
infected individuals with k as the rate of change. The exposed population
can also experience transition and change into infected population individual
who can transmit virus namely γE1jm = αIjm with α as the rate of change
and δE1jm = q1Sjm as a newly susceptible individual with δE1jm = q1Sjm as
the rate of change. Using the same way, the observations on transition and
change on other subpopulations can also be carried out. The construction of
the reduction of the model is as follows:

∂Sjm

∂t
= DS

j

∂2Sjm

∂x2
− mSjm − rSjm − dSjm + bSjm + μSkm − μSjm + oSjm

+ q1Sjm + q2Sjm

∂E1jm

∂t
= DE

1j

∂2E1jm

∂x2
+ kE1jm − lE1jm − dE1jm − bE1jm + μσE1km − μE1jm

− nE1jm (1)

∂Ijm

∂t
= (DI

1j + DI
2j)

∂2Ijm

∂x2
+ aIjm + pIjm − dIjm − bIjm − uI2jm − vI1jm

∂S2ju

∂t
= DS

2j

∂2S2ju

∂x2
− gS2ju − bS2ju + μS2ku − μS2ju

With initial conditions:

Sijm(x, 0) = σ, Iijm(x, 0) = Iijm0, Eijm(x, 0) = Eijm0,

S2JU(x, 0) = SU0 and I2JU(x, 0) = IUO (2)

and boundary condition:

∂Sijm

∂x
(0) =

∂Sijm

∂x
(L) =

∂S2jU

∂x
(0) =

∂S2jU

∂x
(L) = 0,

∂E1jm

∂x
(0) =

∂E1jm

∂x
(L) = 0, (3)

∂Iijm

∂x
(0) =

∂Iijm

∂x
(L) = 0,

∂2Iijm

∂x
(L) > 0,

∂I2jU

∂x
(0) =

∂I2jU

∂x
(L) = 0,

∂2I2jU

∂x2
(L) > 0
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In addition, total population as follows:
Njm(t) = Sjm(t)+E1jm(t)+ I1jm(t)+ I2jm(t) and N2JU(t) = S2JU(t)+ I2JU (t).
Index i = 1, 2 states the spread of influenza virus with i = 1 for H1N1-p
influenza virus and i = 2 for H5N1 influenza virus. However, j = 1, 2 states
the location with j = 1 for location 1 and j = 2 for location 2. Meanwhile
index m states the spread of influenza virus on human and index u states the
spread of H5N1 influenza virus in poultry. Index k = 1 if j = 2 and k = 2 if
j = 1 state global diffusion.

3 Persistence and R0

The construction of the model (1) with the assumption that H5N1 influenza
virus has high virulence. While, H1N1-p is able to adapt to human so that
persistence analysis on influenza virus is expected to know the influence of the
virus on the built on the system, see the model construction on (1) and (2). It is
defined that F ; C(Ω1, R) → C(Ω1, R) or F ; C(Ω2, R) → C(Ω2, R) and continu-
ous flow G = (C, R, π) on C(Ω1, R) or C(Ω2, R) is the activity from individual
population φ can be explisitly stated as the mapping π : C(Ω, R)xR → C(Ω, R)
so that for all φ ∈ C(Ω, R) and for all real numbers s and t, the following equa-
tions apply π(φ, 0) and π(π(s, ø), t) = π(φ, t + s).
To show the persistence of the virus on the system, a definition if ε0 > 0 is
used so that for all lim

t→∞ sup d(π(x, t), ∂C) > ε0. Therefore, the flow G is called

weakly uniformly persistent, it is however called strongly uniformly persistent
if ε0 > 0 so that for all x ∈ Ω lim

t→∞ inf d(π(x, t), ∂C) > ε0 [13].

Let S11m(x, t) = π(x, t), I11m(y, t) ∈ ∂C and ∀x, y ∈ Ω then d(π(x, t), ∂C) =

d(S11m(x, t), I11m(y, t)) =
∫
Ω
|S11m(x, t) − I11m(y, t)|dx.

Metric d can be explained as an original Norm that in this study has a mean-
ing as connectivity or individual contact on the same location. The metric
intepretation is therefore always related to virus transmission.

Definition 3.1 Metric d is a contact between susceptible individuals and
infected individuals so that virus transmission occurs.

Considering the definition mention above, it can be said that neighborhood
area is an area with the highest transmission level. It means that for dmin,
there are susceptible individuals who are the most infected and for dmax there
axists susceptible individuals who are least infected. The persistent analysis
on H1N1-p influenza virus will be conducted with the assumption that H5N1
influenza virus is at steady state by applying system model construction (1)
and (2). For j = 1 by using Fourier cosine transformation, the solution is



Construction of a model of pre-coaliton 4903

obtained as follows:

S11m(x, t) =

√
2

π
exp{−(2μ + 2r + d − b − 2q)t}S11m(x, 0)

− 1√
2π

exp{−(r + d − b − 2q)}S(x, 0)

E11m(x, t) =

√
2

π
exp{−(−k + l + d + b + μσ + μ + n)t}E11m(x, 0)

+
1

μσ

√
2

π
exp{−(−k + l + d + b − μσ + μ + n)t}E(x, 0)

I11m(x, t) =

√
2

π
I11m(x, 0) exp{−(−a + (d + b + v))t}

where R0 =
ka

(d + b + n)(d + b + v)
, when the mortality and fertility rate is

the same, i.e denoted by d = b and the proportion of recovery occurence on
exposed individual population and on infected individual population is the sim-

ilar, in which it is denoted by n = v = q, (k)max, (a)min then R0 =
ka

(d + b + q)2

3.1 Persistent Analysis on H1N1-p and H5N1 influenza

virus

Given d(S11m(x, t), I11m(y, t)) =
∫
Ω
|S11m(x, t)− I11m(y, t)|dx and |S11m(x, t)−

I11m(y, t)| =
2√
2π

|(exp(−(2μ+r)t)− M1

2
) exp(−(r+d−b−25q)t)S11m(x, 0)−

exp(−(−a + (d + b + v))t)I11m(y, t)|∀x, y ∈ Ω with M1 > 1, if S11m(x, t) ≥
I11m(x, t) and S11m(x, 0) > S12m(x, 0) then d(S11m(x, t), I11m(y, t)) =

2√
2π

[(exp

(−(2μ + r)t) − M1

2
) exp(−(r + d − b − 2q)t)S11m(0) − exp(−(−a + (d + b +

v))t)I11m(0)]; and if exp(−(2μ+ r)t)max = 1 and (exp(−(2μ+ r)t)− M1

2
) =

P

Q

then sup{d(S11m(x, t), I11m(y, t))} =
2√
2π

[exp(−(r + d− b− 2q)t)
P

Q
S11m(0)−

exp(−(−a+(d+b+v))t)I11m(0)], exp(−(r+d−b−2q)t) is monotonic increas-
ing function and S11m(x, t) limited for t → ∞ so that lim

t→∞ sup(d(S11m(x, t),

I11m(y, t))) =
2N1√

2π

P

Q
S11m(0), with N2 is the maximum value limit.

Hence, there is a constant ε0 =
N2√
2π

so that lim
t→∞ sup(d(S11m(x, t), I11m(y, t))) >

ε0 and it results in a weakly uniformly persistence H1N1-p influenza virus sys-
tem at R0 < 1.
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Persistent analysis on influenza virus H5N1 model can be conducted with the
assumption that influenza virus H1N1-p at steady state [11], the results of the
analysis is the following theorem:

Theorem 3.2 If R0 > 1, S21m(x, 0) = S22m(x0) and exp(−(2μ+m)t)max =
1, H5N1 influenza virus is strongly unformly persistence on system.
Proof.

Given d(S21m(x, t), I21m(y, t)) =
∫
Ω
|S21m(x, t) − I21m(y, t)|dx and the assump-

tion that for R0 > 1 there exists S21m(x, t) < I21m(x, t) and S21m(x, 0) =

S22m(x, 0) so that d(S21m(x, t), I21m(y, t)) =
2√
2π

[exp(−(−p+d(d+b+u))t)I21m

(0) − exp(−(m + d − b − o)t)(exp(−(2μ + m)t) − 1)S21m(0)].

If exp(−(−p+(d+b+u))t)max = 1 then inf(d(S21m(x, t), I21m(y, t))) =
2√
2π

[exp

(−(−p+(d+ b+u))t)I21m(0), exp(−(−p+(d+ b+u))t)] is monotonic increas-
ing function and I21m(y, t) limited for t → ∞ so that lim

t→∞ inf(d(S21m(x, t),

I21m(y, t))) =
2N1√

2π
I21m(0) with N1 is maximum value limit exp(−(−p+(d+b+

u))t) for t → ∞. Hence, there is constant ε0 =
N1√
2π

so that lim
t→∞ inf(d(S21m(x, t),

I21m(y, t))) > ε0 and it results in a strongly uniformly persistence H5N1 in-
fluenza virus system at R0 > 1 with S21m(x, t) < I21m(x, t), S21m(x, 0) =
S22m(x, 0) and exp(−(2μ + m)t)max = 1.

Persistent analysis on H5N1 and H1N1-p influenza virus and the results of the
analysis is the following theorem:

Theorem 3.3 If R0 > 1, I11m(x, t) > I21m(x, t), the based reproduction
number of H1N1-p influenza virus is more than 1 and H5N1 less than 1 and
exp(−(−p+(d+b+u))t)max = 1. H5N1 and H1N1-p influenza virus is strongly
uniformly persistence on system.
Proof.
Given R01 and R02 is based reproduction number of H1N1-p and H5N1 in-
fluenza virus, R0 as based reproduction number global on location 1 related
with a both R01 and R02 for R01 > 1, R02 < 1 and I11m(x, t) > I21m(x, t)

there exists d(I11m(x, t), I21m(y, t)) =

√
2

π
(I11m(0) exp(−(−a + (d + b + v))t)−

I21m(0) exp(−(−p + (d + b + u))t). If exp(−(−p + (d + b + u))t)max = 1 then

inf(d(I11m(x, t), I21m(y, t))) =

√
2

π
{I11m(0) exp(−(a + (d + b + v))t)− I21m(0)}

and lim
t→∞ inf(d(I11m(x, t), I21m(y, t))) =

2N1

P
√

2π
{I11m(0) − I21m(0)} with N1 is

maximum value limit exp(−(−a + (d + b + v))t) for t → ∞. Hence, there
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is a constant ε0 =
N1

P
√

2π
so that lim

t→∞ inf(d(I11m(x, t), I21m(y, t))) > ε0 and it

results in a strongly uniformly persistence H5N1 and H1N1-p influenza virus
on system at R0 > 1 with I11m(x, t) > I21m(x, t).

The spread of both H5N1 and H1N1-p influenza virus on the two location will
result in the population consisting of infected individuals and transmission
can also occur as a result from a contact among individuals in population who
are infected by different viruses namely individuals infected by H5N1 influenza
virus and infected individuals who are able to transmit H1N1-p influenza virus
so that there exists a co-infection population both by H1N1-p and H5N1. The
result of the analysis shows that for R0 > 1 H5N1 and H1N1-p influenza
virus are strongly uniformly persistence without depending on the difference
of magnitude among population density of each virus at the same location.
It means that the changes occur on the system are significantly influenced by
both pathogenicity of virus and the mobility of individual population.
Hence, the existence of co-infection is determined by the density of population
infected by both viruses in the form of exponential from transmission rate
which is a monotonic increasing function.

4 Conclusion

This paper discusses the development of mathematical model of the spread
of the virus which has the form of multi strain-multi species by constructing
global diffusion only on susceptible and exposed population of both human and
poultry hosts. The reduction of model is conducted based on transition and
change experiences by every individual population. It therefore the approach
performed emphasizing more on epidemiological aspect rather than mathemat-
ical aspect. Therefore the obtained model construction is more realistic. It
can be concluded from the analysis on the influence of the virus on the system
below that:

1. On unstable condition of R0 > 1, H1N1-p influenza virus does not in-
fluence the change of the system if the density magnitude of susceptible
population is bigger than the density of infected population and the co-
efficient of minimum global diffusion.

2. On a stable condition of R0 < 1, H5N1 influenza virus still influences
the change of the system although the influence is little if the density
magnitude of susceptible population is the same as the density of infected
population with μmin.



4906 Hariyanto, Basuki Widodo, I Nyoman Budiantara, C.A. Nidom

3. Co-existence from co-infection on H1N1-p and H5N1 virus can occur
almost at the same time with the occurrence of the spread of each of
H1N1-p and H5N1 virus.
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