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Abstract

In this paper, reproducing kernel Hilbert space method is applied
to approximate the solution of two-point boundary value problems for
fourth-order Fredholm integro-differential equations. The analytical so-
lution is represented in the form of series in the space W 5

2 [0, 1]. The
n-term approximation is obtained and proved to converge to the ana-
lytical solution. Numerical experiments are displayed to illustrate the
validity, accuracy, efficiency and applicability of the proposed method.
Results indicates that our technique is simple, straightforward and ef-
fective.

Keywords: Two-point boundary value problem, Fredholm integro differ-
ential equation, Reproducing kernel space

1 Introduction

In recent years much attention has been given to solve fourth-order bound-
ary value problem, which arise in several branches of physical phenomena and
applied sciences including fluid dynamics, biological models, and chemical ki-
netics; for more details see [3, 28] and the references cited therein.
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The purpose of this paper is to extend the application of the reproducing
kernel Hilbert space method to provide approximate solution of a class of two-
point boundary value problems for fourth-order integro-differential equation of
the following Fredholm type⎧⎪⎨

⎪⎩
u(iv) (x) = f1(x, u, u

′, u′′, u′′′) +
1∫
0

k(x, s)f2(u, u
′)ds, x ∈ [0, 1] ,

u (0) = α0, u
′ (0) = α1, u (1) = α2, u

′ (1) = α3,

(1)

where αi, i = 0, 1, 2, 3 are real finite constants, k (x, s) is continuous function
on [0, 1] × [0, 1], f1(x, y, z, w1, w2) and f2 (y, z) are continuous functions term
in W 1

2 [0, 1] as y = y (x) , z = z(x), w1 = w1(x), w2 = w2(x) ∈ W 5
2 [a, b] for

0 ≤ x ≤ 1, −∞ < y, z, w1, w2 <∞ and is depending on the problem discussed,
u ∈ W 5

2 [0, 1] is an unknown function to be determined, and W 1
2 [0, 1], W 5

2 [0, 1]
are reproducing kernel spaces. The existence and uniqueness of the solution of
Eq. (1.1) are guaranteed according to a comprehensive analysis by Agrawal’s
book [1], thought no numerical methods are contained therein for solving such
problems.

Since it is usually impossible to obtain the closed-form solutions to fourth-
order Fredholm IDEs met in practice, these problems must be attacked by
various approximate and numerical methods. In literature, there exist numeri-
cal and semi analytical-numerical techniques such as Adomian’s decomposition
method [29], homotopy perturbation and analysis method [4, 21], variational
iteration method [24], differential transform method [1], and others [2, 18-
22, 25-27]. However, none of them propose a methodical way to solve these
equations. Moreover, previous studies require more effort to achieve the re-
sults, they are not accurate and usually they are developed for special types
of IDEs.

The rest of the paper is organized as follows. In the next section, two re-
producing kernel spaces and a linear operator are described. In section 3, a
complete normal orthogonal basis and some essential results are introduced.
Moreover, the algorithm for solving fourth-order boundary value problems of
integro-differential equation of Fredholm type based on reproducing kernel
space is proposed. In section 4, numerical examples are presented to demon-
strate the computation efficiency of the presented method. The conclusions of
this paper are introduced in the last section.

2 Reproducing Kernel Functions

Definition 2.1. [7] Let Ω be a nonempty abstract set. A function F : Ω×Ω →
C is a reproducing kernel of the Hilbert space H iff

1. ∀x ∈ E, F (·, x) ∈ H .
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2. ∀x ∈ E, ∀ψ ∈ H , (ψ, F (·, x)) = ψ (x).

Definition 2.2. A Hilbert spaces H of functions on a set Ω is called a repro-
ducing kernel Hilbert spaces if there exists a reproducing kernel F of H.

It is known that the reproducing kernel of a Hilbert space is unique, and
that existence of a reproducing kernel is due to the Riesz representation theo-
rem. The reproducing kernel F of a Hilbert space H completely determines the
space H. Every sequence of functions f1, f2, ..., fn, ... which converges strongly
to a function f in H, converges also in the pointwise sense. Indeed, this con-
vergence is uniform on every subset on Ω on which x→ F (x, x) is bounded.

Definition 2.3. [5] W 5
2 [0, 1] = {u (x) | u(4)(x) is absolutely continuous func-

tions on [0, 1], u(5)(x) ∈ L2 [0, 1], and u (0) = u′ (0) = u (1) = u′ (1) = 0}. The
inner product and the norm in W 5

2 [0, 1] are given by

〈u, w〉W 5
2

=
2∑

i=0

u(i) (0)w(i) (0) +
1∑

i=0

u(i) (1)w(i) (1) +

∫ 1

0

u(5)(s)w(5)(s)ds

and ||u||W 5
2

=
√

〈u, u〉W 5
2
, respectively, where u, w ∈W 5

2 [0, 1].

Definition 2.4. W 1
2 [0, 1] = {u(x) : u is absolutely continuous real valued func-

tion, u′ ∈ L2[0, 1]}. The inner product and the norm in W 1
2 [0, 1] are given

by

〈u, w〉W 1
2

= u (0)w (0) +

∫ 1

0

u′ (s)w′ (s) ds.

and ‖u‖W 1
2

=
√

〈u, u〉W 1
2
, where u, w ∈W 1

2 [0, 1].

Remark. The Hilbert space Wm
2 [0, 1] is called a complete reproducing kernel

if ∀x ∈ [0, 1] and any u (y) ∈Wm
2 [0, 1], there exist F (x, y) ∈Wm

2 [0, 1] , simply
Fx (y), and y ∈ [0, 1] such that 〈u (y) , Fx (y)〉W m

2
= u (x).

Remark. In [10], it has been proved that the space W 1
2 [0, 1] is a complete

reproducing kernel space and its reproducing kernel is

Kx (y) =

{
1 + y
1 + x

y ≤ x,
y > x.

. (2)

Theorem 2.1. The space W 5
2 [0, 1] is a complete reproducing kernel space and

the reproducing kernel function Kx (y) is given by

Rx (y) =

⎧⎪⎪⎨
⎪⎪⎩

9∑
i=0

ci(x)y
i, y ≤ x;

9∑
i=0

di(x)y
i, y > x.

(3)
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The method of obtaining coefficients of the reproducing kernel Rx (y) and the
proof of Theorem 2.1 are given in Theorem 5 in [19]. However, by using Math-
ematica 7.0 software package, the unique representation of the reproducing
kernel Rx (y) is obtained and given as:

R1x (y) =
(x− 1)2y2

362880

⎡
⎣ 5x3(8 − 15y)y + x6(19 − 12y)y + y7+xy6(−9 + 2y)

+3x5y(−10 + 3y) + x7y(−4 + 3y) + 5x4y(1 + 6y)
+3x2

(
30240 − 60480y + 30240y2+12y5−6y6+y7

)
⎤
⎦ ;

R2x (y) =
(y − 1)2x2

362880

⎡
⎣ 90720y2+36x5y2−9x6y(1 + 2y) + x7 (

1 + 2y + 3y2
)

+xy2
(−181440 + 40y + 5y2−30y3+19y4−4y5

)
+3x2y2

(
30240 − 25y + 10y2+3y3−4y4+y5

)
⎤
⎦ ,

where R1x (y) =
9∑

i=0

pi(x)y
i and R2x (y) =

9∑
i=0

qi(x)y
i in Equation (3) . We

mention here that the kernel Rx (y) is symmetric, that is R1x (y) = R2y (x) for
each x and y.

Corollary 2.1. The space W 5
2 [0, 1] is imbedded to space C[0, 1].

Theorem 2.2. A arbitrary bounded set of W 5
2 [0, 1] is a compact set of C[0, 1].

Proof. Let {un(x)}∞n=1 be a bounded set ofW 5
2 [0, 1]. Assume that ‖un(x)‖ ≤M,

where M is positive constant. From the representation of Rx (y) , we get

∣∣u(i)(x)
∣∣ = |〈 u(x), d

(i)

dx(i)
Rx (y) 〉W 5

2
|

≤ ‖ d(i)

dx(i)
Rx (y) ‖W 5

2
‖u(x)‖W 5

2
.

Since d(i)

dx(i)Rx (y) , i = 1, 2, ..., 5, is uniformly bounded about x and y, we have∣∣u(i)(x)
∣∣ ≤Mi ‖u(x)‖W 5

2
. Hence ‖un(x)‖C ≤M .

Now, we need to prove that {un(x)}∞n=1 is a compact set of C[0, 1], that is
{un(x)}∞n=1 are equicontinuous functions. Again, from the property of Rx (y) ,
it follows that

|un(x2) − un(x1)| = |〈un(y), Rx2 (y) −Rx1 (y)〉|
≤ ‖un(y)‖W 5

2
‖Rx2 (y) −Rx1 (y)‖

≤ M ‖Rx2 (y) − Rx1 (y)‖
By the symmetry of Rx (y) and the mean value theorem of differentials, it fol-
lows that |Rx2 (y) − Rx1 (y)| = |Ry (x2) −Ry (x1)| = [ d

dx
Ry (x)]

∣∣
x=η

|x2 − x1| ≤
M1 |x2 − x1| . Thus, if γ ≤ |x2 − x1| ≤ ε

M1M
, we can get |un(x2) − un(x1)| < ε.

In order to solve Eq. (1) in the space W 5
2 [0, 1], we defined a linear dif-

ferential operator D : W 5
2 [0, 1] → W 1

2 [0, 1] such that Du(x) = u(iv)(x). After
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homogenization of the boundary conditions, the Eq. (1) can be converted into
the following form{

Du (x) = F (x, u(x), u′(x), u′′(x), u′′′(x), Pu(x)), 0 < x < 1,

u(0) = u′(0) = 0, u(1) = u′(1) = 0,
(4)

where u(x), u′(x), u′′(x), u′′′(x) ∈W 5
2 [0, 1], Pu(x) =

1∫
0

k(x, s)G(u (s) , u′ (s))ds,

and F (x, y, z, w1, w2, w3) ∈ W 1
2 [0, 1] for y = y(x), z = z(x), w1 = w1(x), w2 =

w2(x), w3 = w3(x) ∈W 5
2 [0, 1].

Theorem 2.3. The operator D : W 5
2 [0, 1] −→W 1

2 [0, 1] is bounded linear oper-
ator.

Proof. We need to prove ‖Du(x)‖2
W 1

2
≤ M ‖Du(x)‖2

W 5
2
, where M is positive

constant. From the definition of the inner product and the norm ofW 1
2 [0, 1], we

have ‖Du‖2
W 1

2
= 〈Du,Du〉W 1

2
= [(Du)(0)]2 +

1∫
0

[(Du)′(x)]2dx. By reproducing

property of Rx(y), we have

u(x) = 〈u, Rx〉W 5
2
, (Du)(x) = 〈u, (DRx)〉W 5

2
, (Du)′(x) = 〈u, (DRx)

′〉W 5
2
.

By Schwarz inequality, we get

|(Du)(x)| =
∣∣∣〈u, (DRx)〉W 5

2

∣∣∣
≤ ‖DRx‖W 5

2
‖u‖W 5

2
= M1 ‖u‖W 5

2
,

|(Du)′(x)| =
∣∣∣〈u, (DRx)

′〉W 5
2

∣∣∣
≤ ‖(DRx)

′‖W 5
2
‖u‖W 5

2
= M2 ‖u‖W 5

2
,

where M1,M2 > 0 are positive constants.

Thus ‖(Du)(x)‖2
W 1

2
= [(Du)(0)]2 +

∫ 1

0
[(Du)′(x)]2dx ≤ (M2

1 + M2
2 ) ‖u‖W 5

2
=

M ‖u‖W 5
2
, where M = (M2

1 +M2
2 ) > 0 is positive constant.

3 The reproducing kernel method

In order to prove the main theorem of this paper, we first give the following
lemma.

Lemma 3.1. Let ϕ0 = f ∈ W 1
2 [0, 1], ϕi (x) = Kxi

(x) , i = 1, 2, ..., where
Kxi

(x) is the reproducing kernel of W 1
2 [0, 1]. If {xi}∞i=1 is dense on [0, 1],

then {ϕi (x)}∞i=0 is the complete system of W 1
2 [0, 1].
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Proof. For all u(x) in W 1
2 [0, 1], let 〈u (x) , ϕi (x)〉W 1

2
= 0, i = 1, 2, ..., then

〈u (x) , ϕi (x)〉W 1
2

= 〈u (x) , Kxi
(x)〉W 1

2
= u(xi) = 0, i = 1, 2, .... From the den-

sity of {xi}∞i=1 and the continuity of u(x), we have u(x) = 0, thus {ϕi (x)}∞i=1

is the complete system of W 1
2 [0, 1]. Therefor {ϕi (x)}∞i=0 is also the complete

system of W 1
2 [0, 1].

Now, we orthogonalize the function system {ϕi (x)}∞i=0 and construct an
orthogonal system {ϕi (x)}∞i=0 such as

ϕi (x) =
i∑

k=0

αikϕk (x) , (5)

where αik, i, k = 0, 1, 2, ... are the coefficients of orthogonalization.

In order to construct an orthonormal system
{
ψ̄i (x)

}∞
i=1

of W 5
2 [0, 1] , let

ψi (x) = D∗ϕi (x), i = 0, 1, 2, ..., D∗ is the conjugate operator of D. In terms of
the properties of Kx (y) , one obtains 〈u (x) , ψi (x)〉W 5

2
= 〈u (x) , D∗ϕi (x)〉W 5

2

= 〈Du (x) , ϕi (x)〉W 1
2

= Du (xi) , i = 1, 2, .... The normal orthogonal system{
ψ̄i (x)

}∞
i=1

of W 5
2 [0, 1] can be derived from Gram-Schmidt orthogonalization

process of

ψ̄i (x) =
i∑

k=1

βikψk (x) , (i = 1, 2, ...), (6)

where βik (βii > 0, i ∈ N) are orthogonalization coefficients and are given by

βij =
1

‖ψ1‖
, for i = j = 1,

βij =
1

dik

, for i = j �= 1,

βij = − 1

dik

i−1∑
k=j

cikβkj, for i > j,

such that dik =

√
‖ψi‖2 −

i−1∑
k=1

(cik)
2, cik =

〈
ψi, ψk

〉
W 5

2
, and {ψi (x)}∞i=1 is the

orthogonal system of W 5
2 [0, 1].

Theorem 3.1. For Eq. (4), if {xi}∞i=1 is dense on [0, 1], then {ψi (x)}∞i=1 is a
complete function system of W 5

2 [0, 1] and ψi (x) = DyRx (y)|y=xi
.

Proof. We have

ψi (x) = (D∗ϕi) (x) = 〈(D∗ϕi) (y) , Rx (y)〉
= 〈ϕi (y) , DyRx (y)〉 = DyRx (y)|y=xi

.
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The subscript y by the operator D indicates that the operator D applies to
the function of y.
Clearly, ψi (x) ∈W 5

2 [0, 1]. For each fixed u (x) ∈W 5
2 [0, 1], let 〈u (x) , ψi (x)〉 =

0, (i = 1, 2, ...), which means that, 〈u (x) , (D∗ϕi) (x)〉 = 〈Du (·) , ϕi (·)〉 =
Du (xi) = 0. Note that {xi}∞i=0 is dense on [0, 1], hence Du (x) = 0. It
follows that u (x) = 0 from the existence of D−1.

Theorem 3.2. If {xi}∞i=1 is dense on [0, 1] and the solution of Eq. (4) is
unique, then the exact solution of (4) satisfies the form

u (x) =
∞∑
i=1

i∑
k=1

βikF (xk, u(xk), u
′(xk), u

′′(xk), u
′′′(xk), Pu(xk)) ψ̄i (x) , (7)

Proof. Applying Theorem 3.1, it is easy to see that
{
ψ̄i (x)

}∞
i=1

is the com-
plete orthonormal basis of W 5

2 [0, 1]. The exact solution u (x) can be ex-

panded to Fourier series as u (x) =
∞∑
i=1

〈
u (x) , ψ̄i (x)

〉
ψ̄i (x). Also, note that

〈v (x) , ϕi (x)〉 = v (xi) for each v (x) ∈W 1
2 [0, 1]. Hence, we have

u (x) =
∞∑
i=1

〈
u (x) , ψ̄i (x)

〉
ψ̄i (x) =

∞∑
i=1

i∑
k=1

βik 〈u (x) , D∗ϕk (x)〉 ψ̄i (x)

=
∞∑
i=1

i∑
k=1

βik 〈Du (x) , ϕk (x)〉 ψ̄i (x)

=
∞∑
i=1

i∑
k=1

βik 〈F (x, u(x), u′(x), u′′(x), u′′′(x), Pu(x)) , ϕk (x)〉 ψ̄i (x)

=
∞∑
i=1

i∑
k=1

βikF (xk, u(xk), u
′(xk), u

′′(xk), u
′′′(xk), Pu(xk)) ψ̄i (x) .

The n−truncation approximate solution un (x) of (4) can be obtained by

un (x) =
n∑

i=1

i∑
k=1

βikF (xk, u(xk), u
′(xk), u

′′(xk), u
′′′(xk), Pu(xk)) ψ̄i (x) , (8)

which is n−truncation Fourier series of the exact solution u(x) in (4) .

Remark. If Eq. (4) is linear, then the analytical solution to Eq. (4) can
be obtained directly from Eq. (7). While if Eq. (4) is nonlinear, then the
approximate solution of Eq. (4) can be obtained using the following method.

According to Eq. (7), we construct the iterative sequences un (x) :

⎧⎪⎨
⎪⎩

u0(x) = 0,

un (x) =
n∑

i=1

Aiψ̄i (x) , n = 0, 1, ...
(9)
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where the coefficients Ai of ψ̄i (x), i = 1, 2, ..., n are given as

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

A1 = β11F (x1, u0 (x1) , u
′
0 (x1) , u

′′
0 (x1) , u

′′′
0 (x1) , Pu0(x1)) ,

A2 =
2∑

k=1

β2kF
(
xk, uk−1 (xk) , u

′
k−1 (xk) , u

′′
k−1 (xk) , u

′′
k−1 (xk) , Puk−1(xk)

)
,

...

An =
n∑

k=1

βnkF
(
xk, uk−1 (xk) , u

′
k−1 (xk) , u

′′
k−1 (xk) , u

′′′
k−1 (xk) , Puk−1(xk)

)
.

Remark. In the iteration process of Eq. (9), we can guarantee that the ap-
proximation solution un (x) satisfies the boundary conditions of Eq. (1).

Corollary.3.1. {un}∞n=1 in Eq. (9) is monotone increasing i the sense of the
norm of W 5

2 [0, 1] .

Proof. By Theorem 3.1,
{
ψi

}∞
i=1

is the complete orthonormal system in the
space W 5

2 [0, 1] . Hence, we have

‖un‖2
W 5

2
= 〈un (x) , un (x)〉W 5

2
= 〈

n∑
i=1

Aiψ̄i (x) ,
n∑

i=1

Aiψ̄i (x) 〉W 5
2

=
n∑

i=1

(Ai)
2 .

Therefore, ‖un‖W 5
2

is monotone increasing.

The solution of Eq. (1) is considered as the fixed point of the following
functional under the suitable choice of the initial term u0(x)

un (x) =
∞∑
i=1

i∑
k=1

βikF (xk, u(xk), u
′(xk), u

′′(xk), u
′′′(xk), Pu(xk)) ψ̄i (x) .

As a well known powerful tool, we have

Theorem 3.3. [5] (Banach’s fixed point theorem). Assume that X is a Banach
space and T : X → X is a nonlinear mapping, and suppose that ‖Tu− Tv‖ ≤
α ‖u− v‖ , u, v ∈ X, for some constants α < 1. Then T has a unique fixed
point. Furthermore, the sequence un = Tun, with an arbitrary choice of u0 ∈
X, converges to the fixed point of T.

According to Theorem 3.3, for nonlinear mapping

Tu(x) = D−F (x, u(x), u′(x), u′′(x), u′′′(x), Pu(x))

=
∞∑
i=1

i∑
k=1

βikF (xk, u(xk), u
′(xk), u

′′(xk), u
′′′(xk), Pu(xk)) ψ̄i (x) ,
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a sufficient condition for convergence of the present iteration method is strictly
contraction of T. Moreover, the sequence (9) converges to the fixed point of T
which is also the solution of Eq. (1).

Theorem 3.4. Assume u (x) is the solution of Eq. (4) and rn (x) is the er-
ror between the approximate solution un (x) and the analytical solution u (x).
Then, the error rn (x) is monotone decreasing in the sense of ‖·‖W 5

2
.

Proof. From Eqs. (7) and (9), it follows that

||rn (x)||2W 5
2

= ||u (x) − un (x)||2W 5
2

=

∥∥∥∥ ∞∑
i=n+1

n∑
k=1

βnkF
(
xk, uk−1, u

′
k−1, u

′′
k−1, u

′′′
k−1, Puk−1

)
ψ̄i (x)

∥∥∥∥
2

W 5
2

=

∥∥∥∥ ∞∑
i=n+1

Aiψ̄i (x)

∥∥∥∥
2

W 5
2

=
∞∑

i=n+1

(Ai)
2 ,

and ||rn−1 (x)||2W 5
2

=
∞∑

i=n

(Ai)
2. Thus, ||rn (x)||W 5

2
≤ ||rn−1 (x)||W 5

2
. Hence, the

error rn (x) is monotone decreasing in the sense of ‖·‖W 5
2
.

4 Numerical Examples

To demonstrate the applicability and the accuracy of the present method,
several numerical experiments are conducted. Results obtained by the method
are compared with the analytical solution of each example and are found to be
in good agreement with each other. Both the absolute error and relative error
are efficient through symbolic and numerical computations performed by using
Mathematica 7.0. Using the present method, taking xi = i−1

n−1
, i = 1, 2, ..., n,

with the reproducing kernel Rx (y) on [0, 1].

Example 4.1. Consider the equation⎧⎪⎪⎨
⎪⎪⎩

u(iv) (x) = 4ex + 1 + u(x) −
∫ 1

0

u(t)dt, 0 ≤ x ≤ 1,

u (0) = 1, u′(0) = 1,
u(1) = 1 + e, u′(1) = 2e.

The exact solution is u (x) = 1 + xex. Put n = 26, we obtain approximate
solution u26(x) by Eq. (8) in [0, 1]. The results and errors are reported in
Table 1.
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Table 1. Numerical results for Example 4.1
Node Analytical sol. Approximate sol. Absolute error Relative error
0.00 1 1 0.00 0.00
0.16 1.1877617 1.1877618 6.34186 × 10−8 5.33934 × 10−8

0.32 1.4406809 1.4406811 1.72289 × 10−7 1.19588 × 10−7

0.48 1.7757157 1.7757159 2.35135 × 10−7 1.32417 × 10−7

0.64 2.2137478 2.2137479 2.07988 × 10−7 9.3953 × 10−8

0.80 2.7804327 2.7804329 1.04211 × 10−7 3.748 × 10−8

0.96 3.5072286 3.5072286 6.24157 × 10−9 1.77963 × 10−9

1.00 3.7182818 3.7182818 0.00 0.00

As we mention, it is possible to pick any point in [0, 1] and as well the
approximate solutions and its all derivative up to order four will be applicable
using the same previous partition of [0, 1]. Put n = 26, the absolute errors of

u
(m)
26 (x), m = 0, 1, ..., 4 for Example 4.1 at the same selected nodes in [0, 1] are

tabulated in Tables 2. From the table, we can see that they converge to the
exact solution.

Table 2. Absolute errors of u
(m)
26 (x)

m x = 0.16 x = 0.48 x = 0.64 x = 0.96
0 6.34186 × 10−8 2.35135 × 10−7 2.07988 × 10−7 6.24157 × 10−9

1 6.55727 × 10−7 1.29737 × 10−7 4.56375 × 10−7 2.97536 × 10−7

2 1.64799 × 10−6 3.70105 × 10−6 3.2171 × 10−6 6.36844 × 10−6

3 2.75869 × 10−5 4.39142 × 10−6 1.09147 × 10−5 5.14677 × 10−5

4 6.31662 × 10−5 1.08549 × 10−5 2.23747 × 10−4 1.20343 × 10−5

Example 4.2. Consider the equation⎧⎪⎪⎨
⎪⎪⎩

u(iv) (x) = ex + 1 − e+

∫ 1

0

e−tu2(t)dt, 0 < x < 1,

u (0) = 1, u′(0) = 1,
u(1) = e, u′(1) = e.

The exact solution is u (x) = ex. Put n = 51, we obtain approximate
solution u51(x) by Eq. (9) in [0, 1]. The results and errors are reported in
Table 3.
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Table 3. Numerical results for Example 4.2
Node Analytical sol. Approximate sol. Absolute error Relative error
0.0 1 1 0.00 0.00
0.1 1.105170918 1.105170987 6.93623 × 10−8 6.27616 × 10−8

0.2 1.221402758 1.221402981 2.23455 × 10−7 1.82949 × 10−7

0.3 1.349858808 1.349859200 3.9251 × 10−7 2.90779 × 10−7

0.4 1.491824698 1.491825220 5.22925 × 10−7 3.50527 × 10−7

0.5 1.648721271 1.648721849 5.78949 × 10−7 3.5115 × 10−7

0.6 1.822118800 1.822119344 5.44575 × 10−7 2.98869 × 10−7

0.7 2.013752707 2.013753133 4.25674 × 10−7 2.11383 × 10−7

0.8 2.225540929 2.225541181 2.5235 × 10−7 1.13388 × 10−7

0.9 2.459603111 2.459603192 8.1564 × 10−8 3.31614 × 10−8

1.0 2.718281828 2.718281828 0.00 0.00

5 Conclusion

In this paper, the reproducing Kernel Hilbert Space method was employed to
solve the general form of fourth-order IDE in the spaceW 5

2 [0, 1]. The analytical
solution u (x) and the approximate solution un (x) are represented in the form
of series in W 5

2 [0, 1] . Moreover, the approximate solution and all its derivatives
converge uniformly to the exact solution and all its derivatives, respectively.
Meanwhile, the error of the approximate solution is monotone decreasing in
the sense of the norm of W 5

2 [0, 1] . The algorithm produced results which are
of reasonable accuracy. In the near future we intend to make more researches
and more studies as a continuation to this work, we mention some of these
researches: application of RKHS method to higher IDEs and system of higher-
order IDEs.
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