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Abstract 
 

Beta-spline was developed in 1981 by Brian A. Barsky with the capability to 
preserve the 2G continuity, which is the main criterion in successful curve fitting. 
This curve is also well known with its two control parameters that can be used in 
controlling the curve shape. The Beta-spline curve was extended to several types 
to increase the locality control of the parameters, and give extra flexibility to the  
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curve. The preserved continuity and shape parameters make curve and surface 
fitting processes using Beta-spline smoother and more accurate. However, 
currently this curve is not well-explored, and very few applications of this curve 
are found in literature. This paper proposed a new technique in 2-dimensional 
image reconstruction using Beta-spline. The results show that Beta-spline gives 
good accuracy and has advantage in curve manipulation 
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1 Introduction 

Beta-spline was developed in 1981 by Brian A. Barsky [1-3] as a part of his 
PhD project. He set up a new continuity condition called geometric continuity 

nG  to replace the current parametric continuity nC  which is hard to achieve. 
Two shape parameters called bias 1β , and tension 2β , were introduced to control 
the Beta-spline curve shape without changing the control points. These parameters 
are the main advantage of Beta-spline over other curves besides the guaranteed 
continuity 2G . 

The Beta-spline curve function )(tF  is written as, 

( ) ( )∑
=

=
3

0i
ii tbVtF  (1)

( ) ( ) ( ) ( ) ( )tbVtbVtbVtbVtF 33221100 +++=  (2)

where )(tb i is the Beta-spline basis function. 

Although the shape parameters can be used to manipulate the curve, the 
locality control of the parameters is still insufficient since the value of the 
parameters cannot be different between connected curve segments to ensure the 
continuity. Therefore, some initiatives to increase capability of the parameters in 
controlling the curve are carried out. Beta-spline then is extended from 
uniformly-shaped to continuously and discretely-shaped forms. The idea of 
continuously-shaped Beta-spline is to rewrite the constants 21  and , ββ as functions 
in t. With the support of quintic Hermite interpolation, 21  and , ββ can be written 
as,  
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( ) ( )[ ]543
1,1,11,1,1 61510 tttt iiii +−−+= −− αααβ  (3)

( ) 1,1,1 0 −= ii αβ             ( ) ii ,1,1 1 αβ =  (4)

( ) ( )[ ]543
1,2,21,2,2 61510 tttt iiii +−−+= −− αααβ  (5)

( ) 1,2,2 0 −= ii αβ             ( ) ii ,2,2 1 αβ =  (6)

Before any type of Beta-spline is applied in the image, the features of the 
image have to be extracted at the early stage which is discussed in the next section. 
Then, the technique for control points detection is shown. The calculated control 
points are used in the curve fitting process, and the approximation error is 
calculated subsequently. Finally, the manipulation of the images using uniformly 
and continuously-shaped Beta-spline are shown. This paper ends with the 
conclusion. 
 
 
2 Image Features Extraction 

The image data used can be in any image form such as bitmap, jpeg, and tiff. 
Before the data can be processed, the image has to be converted into boundary 
points representation where the coordinate of each image pixel is extracted. 
Further processes of the image such as boundary smoothing and control points 
detection are done based on the extracted points. 

Boundary extraction is a process to trace the edge of the region of interest 
(ROI). This process includes the boundary detection, pixel coordinate extraction 
and arrangement. Embedded image may consist of various intensity values. To 
simplify the detection, the image has to be converted into bi-level image which 
contains only black and white pixel[4]. A threshold, T is set to decide whether a 
pixel ),( jiP  with ),( ji location and ),( jiI  intensity belong to black or white 
group. The value of T is user-defined whether manually of automatically[5]. 

Let the ROI in binary form is in black pixels. Then the potential boundary or 
edge of ROI has to be extracted from the black pixels group. This group is called 
as potential boundary points because it includes avoidable boundary points too. A 
black pixel point is assigned as a potential boundary point if at least one of its 
neighbour whether right, up, left or down is a white pixel [6]. Finally, the exact 
boundary points are traced. Fig. 1 and Fig. 2 show a font ‘ya’ in binary form, and 
its extracted boundary. 
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Fig. 1 The binary image of ‘ya’ 

 

Fig. 2 The extracted boundary of ‘ya’ 

 

3 Image Features Extraction 

Before Beta-spline curve can be fitted into the image, the image has to be 
segmented in order to simplify the curve fitting process. In 2D image, the 
segmentation points are also known as the corner points. 

Corners represent important features of an image. For boundary based image, 
generally a corner can be defined as an endpoint of a curve segment [7-8], and 
also the intersection point between two connected curve segments [9]. 
Superfluous of corner detectors for boundary based image have been formulated 
and compared to select the most suitable detector for the study image [10-11]. 
One of the competent methods in corner detection is using the chord-to-point 
distance (CPD) concept [12]. In this method, a boundary point is set as a corner 
point if the distance from the point to its related chord is the highest locally. The 
detected corners of Fig. 2 are shown in Fig. 3. 

 

Fig. 3 Detected corners using CPD 
 
After the image boundary has been segmented, then the control points of every 

segment can be evaluated by error minimization. Since the control points of a 
Beta-spline curve segment are related to other three consecutive segments, the 
evaluation process for all segments has to be done simultaneously. Consequently, 
N curve segments with N corner points need N control points. The control points 
of each curve segment iS for a close boundary are listed as, 
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Every set of control points then is evaluated by error minimization 

( )∑
=

−=
N

i
iii PtFE

1

2  (8)

For multiple curves fitting, the evaluation process is applied to all control 

points. Hence, each curve segment will has four different
iV

E
∂

∂
, and N curve 

segments will produce 4N of
iV

E
∂
∂ . The control points then can be evaluated by 

solving the equations simultaneously. 

Let all of 4N equations in matrix form as, 
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where, 
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[ ]iM  is a 44 × matrix with, 

∑
=

===
mSr

rjri
m
ij tbtbM )()( 11  (13) 

for, Nm ,...,3,2,1= and 4,3,2,1, =ji . The control points set [V] can be 
calculated as, 

[ ] [ ] [ ] 1
4411

−
××× = NNANN MBV  (14) 

[M] is not a square matrix with dimensions NN 4× . Therefore, [ ] 1
4

−
× NNM is 

determined using the right-inverse property. 
 
Theorem 1. An nm× matrix A with nm < is said to have a right inverse if there 

exists an mn× matrix B such that mIAB = , and  A is said to have a left inverse 
with nm > if there exists an mn× matrix C such that nICA = . 

Then, [V] is determined as, 

[ ][ ] [ ]BMV =  (15)
[ ][ ][ ] [ ][ ]TT MBMMV =  (16)

[ ] [ ][ ] [ ][ ]( ) 1−
= TT MMMBV  (17)

 
where [ ] [ ][ ]( ) 1−TT MMM is called as right inverse matrix of [M] [13]. 

The control points of ‘ya’ and ‘epsilon’, and the fitted curves are shown in Fig. 
4 to Fig 7. 

 

 
Fig. 4 Control points and polygons of 

‘ya’ 

 
 

Fig 5. Fitted Beta-splines of 'ya' 
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Maximum error for ‘ya’ and ‘epsilon’ using this method are 1.944 and 1.934 

respectively which are quite large. This is due to the larger number of segments 
been considered in the chapter. Large number of curve segments will definitely 
increase the accuracy of the fitted Beta-spline curves. 

  

4 Image Manipulation using Shape Parameters 

One of the main advantages of Beta-spline is the use of shape parameters. 
These parameters can change the shape of fitted curve without changing the 
control points and continuity. Besides, Beta-spline also has been extended to a 
rational and continuously-shape form to increase the control of the parameters. 
This chapter will show the effects of applying uniformly and continuously-shaped 
Beta-spline curves to the image of ‘ya’ and ‘epsilon’. 

Uniform Beta-spline itself can give various manipulated images of the 
reconstructed font as shown in Fig.10 to Fig.13. 

 

 
Fig.10 'ya' with 10,10 21 −== ββ  

 
Fig.11 'ya' with 7,1 21 −== ββ  

 
Fig.12 ‘epsilon’ with 50,1 21 −== ββ  

 
Fig.13 ‘epsilon’ with 20,1 21 −== ββ  
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The shape parameter values must be same to all Beta-spline curve segments. 
This limitation is overcome by continuously shape Beta-spline. This type of 
Beta-spline allows the manipulation to be done in different segments. Fig.14 to 
Fig.17 show the several number of segments of ‘ya’ and ‘epsilon’ been 
manipulated with 10,1 21 −== αα . 

 
Fig.14 ‘ya’ with 13 sequential 

manipulated segments 
 

 
Fig.15 ‘ya’ with 8 sequential 

manipulated segments 

 
Fig.16 'epsilon' with 38 sequential 

manipulated segments 

 
Fig.17 'epsilon' with 30 unsequential 

manipulated segments 
 
The capability of Beta-spline in 2D image reconstruction and manipulation 

may give a promising result if it is extended to the 3D image.  
 
 
 

5 Conclusion 

In this paper, a technique for 2-dimensional image representation using cubic 
Beta-spline curve is proposed. The technique is based on least squared method  
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where the control points are determined by error minimization. From the error 
analysis, this technique needs some improvement to reduce the approximation 
error. Though, this technique may give promising results besides the reconstructed 
image can be manipulated without changing the control points position and the 
continuity. This method is in the process to be extended to a surface 
reconstruction. 
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