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Abstract 
 

This work focuses on the randomization of the nonlinear deterministic model of 

fatigue damage proposed by Chaboche. It comes to provide a solution to the 

problem of dependence of the model parameters with respect to the curve 

representing the Stress in relation to the number of cycles (SN curve) of the 

material used for their production. The determination of the parameters has the 

disadvantage of smoothing the points of the SN curve by linear regression in a  
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particular coordinate system. So doing the model is based on the points of the 

regression line which is different from the real SN curve of the material. The 

evolution of fatigue damage and consequently lifetime, are thereby strongly 

modified. The main idea is to develop a new probabilistic damage model, based 

on a fusion of Chaboche deterministic method [2] and the probabilistic method 

proposed by Castillo and al [1] and references therein. The effectiveness of the 

developed model has been tested by comparison with the Chaboche method. 

 

Keywords: uniaxial fatigue; damage model; lifetime; fatigue data evaluation; 

Weibull distribution; S–N field modeling. 

 

 

1 Introduction 
 

Although the phenomenon of fatigue failure of mechanical components subjected 

to cyclic mechanical stress was discovered the last century by Wöhler. However, 

and despite the literature importance in the field, the modeling of damage for the 

prediction of fatigue lifetime is still difficult to apprehend in terms of reliability 

event, and there is no prediction model lifetime that makes the unanimity see zaim 

and al. [5]. Among the deterministic models of damage proposed over several 

decades, the most preferred one is the Chaboche model. The attractive aspects of 

this model are essentially the taking into account (see Lemaitre and al. [2]): 

(i) The evolution and non-linear accumulation of damage, 

(ii) The "small" cycles corresponding to damage initiation, 

(iii) The sequence effect (effect of the cycles order), 

(iv) The effect of mean stress. 

The implementation of the Chaboche model poses a major problem in terms of 

material parameters to be determined. Since that it requires a prior knowledge on 

the SN curve of the material of which it realizes a linear regression in a particular 

coordinate system. In the present work, we are interested in the probabilization of 

deterministic model of Chaboche. 

In Section 2, we give the differential and integral expression of Chaboche model 

and the principle of parameters estimation. In Section 3, the model considered 

here is introduced and the method of parameter estimation is detailed. In Section 

4, a practical example is given and a comparison of the two models is made. 

 

2 Introduction to the model of Chaboche 
 

2.1. Differential expression model. 
 

The increment of fatigue damage δD generated by δN cycles of amplitude ∆σ and 

average value σm is given by : 

δD � �1 � �1 � D�β�	
α � ∆σ��	��σ���	����β δN         ( 1 ) 
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• where: 

b, β and M0 are coefficients specific to the material, b is the slope of the 

graph of traction of Haigh, modelized linearly as : 

σA(σm) = σ−1( 1 – b σm ) 

• σA(σm)  is the amplitude of the fatigue limit of the material under mean 

stress σm, σ−1 is the fatigue limit of the material in alternated symmetric 

traction (R = −1) 

• the coefficient α is defined by : 

· For "large" cycles  ∆σ > σA( σm ). 

α � 	1 � a	 ∆σ�	σ��σ��Rm �	σ� � 	∆σ 

· For "small" cycles ( σa  ≤  σA( σm ) ) : α = 1. 

 

 

2.2. Integration of differential model 
 

The accumulated damage is realized cycle by cycle for all cycles encountered 

during loading. The lifetime of the material is determined by integrating the 

differential model of damage (1) in the knowledge that the initial damage is zero 

for virgin material and is equal to unity when the crack initiation appears. The 

different values of the parameter α depending on the type of cycle encountered 

("small" or "large" cycle) generate two different formalisms integration damage. 

Under constant amplitude, the integration leads to the following expression of the 

SN curve: N �	 	�	���β�		�	β	�	� 	�		��	σ�∆σ
	�β		          ( 2 ) 

Where   

K � 	1 � 	αa � 	 ∆σ�	σ��	σ�	�Rm �	σ� � 	∆σ 

N is the number of cycles to crack initiation within the material under the 

constraint of constant amplitude defined by the cycle (∆σ , σm). 

 

 

2.3. Principle of parameters determination 
 

The accumulated damage requires the determination of material parameters β and � �!.  

The application of tension-compression alternating symmetrical stress with 

constant amplitude (σm = 0, R = - 1) simplifies the expression (2) of the lifetime N 

of the material: N	"∆σ#β �	 	�	���β�	β�		�	�		                     ( 3 ) 

Thereby                    Y = A X + B                                       ( 4 ) 
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$%&
%'( � )*�	∆,	�																										- � )*�	.	/	�																								0 � 	�	1																																			2 � 	�)*3	4	� �!�	1 5 1�	6

 

 

The SN curve obtained by the damage model of Chaboche is, from equation ( 4 ), 

a droite in the reference (Ln(∆σ) ; LN(KN)). Linear regression allows to obtain A 

and B and therefore the two coefficients aM0
-β

 and β required to integrate damage. 

The values of  ∆σ and N to be retained for the linear regression are those of the 

Bastenaire SN curve in a symmetrical alternating traction. 

The essential problem of the determination of the parameters of the Chaboche 

model resides in the fact that the Bastenaire SN curve of the material is not linear 

in the reference (Ln(∆σ) ; LN(KN)) zaim and al. [5]. This has the practical effect 

to generate, in uniaxial fatigue with constant amplitude, predictions of lifetime 

distinctly different from those corresponding to the intrinsic SN curve of the 

material. 

 

 

3 New stochastic model of damage based on the Chaboche model 

 

3.1. Modeling the S–N field 
 

The NS model depends on two variables: the fatigue lifetime, N, and the 

expanded of stress ∆σ 

The problem is to develop a regression model, non-linear and non-deterministic, 

to describe the SN curve and to estimate the model parameters. In this paper, we 

consider the Chaboche model, which is deterministic and we add him a stochastic 

part. N	"∆σ#β �	 	�	���β�	β�		�	�5 ε	         ( 5 ) 

where ε is a random part. 

This choice is not arbitrary, but based on the following assumptions that lead to a 

functional equation (2). 

1. Weakest link principle. If a longitudinal element is divided into n sub-

elements, its fatigue life must be the fatigue life of the weakest element. 

2. Independence. The fatigue strengths of two non-overlapping subelements 

are independent random variables. 

3. Stability. The cumulative distribution function (cdf) model must be valid 

for all lengths, but with different parameters. 

4. Limit value. The cdf should encompass extreme lengths, i.e., the case of a 

length going to infinity. Thus, the cdf must belong to a family of 

asymptotic functions. 
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5. Limited range of the random variables involved. The variables Dr and N 

have a finite lower end, which must coincide with the theoretical lower 

end of the selected cdf. 

6. Compatibility. In the S–N field, the cumulative distribution function, 

G(N;∆σ), of the lifetime given stress range should be compatible with the 

cumulative distribution function of the stress range given lifetime, 

F(∆σ;N). Though in standard tests ∆σ is fixed and the associated random 

lifetime N is determined, here ∆σ is interpreted as the random stress that 

needs to be applied to produce failure at N. 

Only the Weibull distribution and the following S–N field satisfies the above six 

conditions: N	"∆σ#β � λ5 δ�� log�1 � P��;β           ( 6 ) 

where N is the fatigue lifetime measured in cycles, ∆σ is the stress range, 

P=F(N;∆σ) is the probability of failure, and λ, β and δ are the parameters to be 

estimated with the following meaning: 

λ    parameter fixing the position of the zero probability curve. 

β    shape parameter of the Weibull distribution, 

δ    scale parameter, 

Note that  λ � 	 	�	���β�	β�		�	�	 

 

 

 

Fig 1:  S–N field with curves representing the same probability of failure.
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As it can be observed in Fig. 1, the isoprobability curves, i.e., the curves joining 

points with the same probability of failure, are represented by equilateral 

hyperbolas. The analytical expression of the S–N field allows the probabilistic 

prediction of fatigue failure under constant amplitude loading. 

 

The cdf of the fatigue lifetime N at the stress range ∆σ becomes: 

F�	N;∆σ		� � 1 � exp A�3B	"∆σ#β�λ
δ

6βC                ( 7 ) 

 

3.2. Parameter estimation 
 

The model allows, in a first step, the estimation of λ and δ depending of β. Next, 

in a second step, the parameter β can be estimated. 

Once the parameter β supposed known, Eq. (7) shows that the random variable 

V = N σβ
 has a three parameter Weibull distribution. 

This allows us, see Castillo and al. [1] and references therein, to pool all the 

fatigue data results for different stress ranges into a unique population (see Fig. 2) 

and helps to overcome the limitation of the low number of results at each different 

test level, so that better estimates are thus achieved. 

In addition, λ and δ Weibull parameters can be estimated by the moment method 

see Morice E [3]. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Using the two first moments we obtain the system of equations: 

 

Fig. 2:  S–N field showing schematically the pdfs of N for different stress ranges 

and their conversion to the normalized distribution 
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$%&
%' λ5 δ	Γ D1 5 1

β
E � S	"∆σ#β																																																	

δ
G HΓ D1 5 2

β
E � ΓG D1 5 1

β
EJ � nn � 1 �SG � S	G�"∆σ#Gβ 

 

where  

L	 � 1*M/NO
NP	 			QR	LG � 1*M/NGO

NP	 	 
 

The last equation determines the estimation of δ : 

 

ST � U VV�;	UWX�W;X	"∆σ#β
YΓ3	�XZ6�AΓ3	�;Z6C

X             (8) 

λ is estimated by 

λ[ � L	"∆σ#β � ST	Γ 31 5 	!6       (9) 

It becomes apparent that the estimates depend of the shape parameter β. 

In determining β, we write equation (6) as 

 log�� log�1 � P�� � β	log\N	"∆σ#β � λ] � β	log�δ�     (10) 

In this line equation, replace λ and δ by expresions λ[ and ST in equations (8) and 

(9), and in first time localise β in the range with bounds β0 and β1 such that the 

scale parameter λ must be positive and less than the smallest nombre of cycles 

observed, and in second time : choose β that maximises, in the range with bounds 

β0 and β1,  the correlation coefficient between Xi and Yi 

Where  Xi = β ln( Ni [∆σ]
β
 −λ ) and Yi = ln(−ln( 1 − Pi )) 

 

 

4 Practical example 
 

In this section, the proposed method and the Chaboche method are illustrated by 

their application to the experimental data of Williams and al. [4] obtained for a 

SAE 1137 carbon steel. The reader interested in the corresponding material 

properties can consult them in Williams and al. [4]. 

 

We used the data for the stress amplitudes and the fatigue lifetime in cycles, and 

fitted the Chaboche model and the model described in Section 3. 

 

The resulting Chaboche parameters estimates for the SAE 1137 steel were: 
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β B 4� �! 

11.411 87.231 1.052 10
-39

 

Table1 : Chaboche coefficients 4� �! can be calculated by the formula 4� �! � 	�!�	�^_ 

 

In the proposed method, the correlation coefficient is not defined when the 

position parameter λ is negative or exceeds a limit value, this value corresponds to 

the duration of smooth functioning until the First failure observed. 

 

So we find that correlation coefficient is defined when the chape parameter β is 

bonded by β0 = 0.425 and β1 = 0.496. 

The extreme points of correlation coefficient can not be calculated literally. It is 

necessary to calculate, for each value of β, the resulting value of the correlation 

coefficent; this is a unimodal convex function as shown in Fig 3. 

The correlation coefficient, represented as a function of β in Fig 3, reaches its 

maximum in β = 0.429. 

So the estimation of the proposed model coefficients are chown in table 2. 

 

 

 

Fig. 3 Representation of the correlation coefficient as a function of shape 

parameter 
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λ δ β 

1646.010 9218.122 0.429 

Table 2 :The proposed model coefficients 

 

Fig. 4, shows a comparison of the S-N curve obtained for the chaboche model and 

the proposed model using different probabilities. Small discrepancies can be 

observed among Chaboche S-N and the proposed model with p=0. This can be 

explained because in the proposed model the probabilistic part is nul for p nul. 

 

 

 

5 Conclusion 
 

A probabilistic formalism of non linear model of fatigue damage has been 

proposed. It is an alternative to the model of Chaboche because it allows avoiding 

the problem of parameter estimation encountered for this model on the material 

data that constitutes the SN curve. This model gives thus the forecast lifetime 

coinciding with the SN curve of the material in uniaxial fatigue with constant 

amplitude; it keeps the essential characteristics of the deterministic model of 

Chaboche. 

 

Fig. 4: Data and S–N field with curves representing the same probability of failure 

(continuous lines) and CHABOCHE curve (discontinuous lines). 
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