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Abstract 

 

Success of a control design is usually measured by the robustness and optimality 

of the controller obtained, however, these designs can produce extremely fragile 

controllers, in the sense that small perturbations of the coefficients of the 

controller can destabilize the closed loop system. In previous papers, we have 

described several approaches, such as modern control theory, the norms H2/H 

infinity, Kharitonov approach and Quantitative feedback Theory, for the design of 

robust and optimal controllers developed for the treatment of the congestion 

control problem in Internet Protocol. In this work, we show by examples that 

optimum and robust controllers designed should aware those contemplating the 

design of real systems using these methods. 

 

Keywords: Fragility; Robustness, Kharitonov, Quantitative Feedback Theory, 
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1 Fragility analysis 
 

[7] An unspoken hypothesis intrinsic to most controller design methodologies is 

that the controller that is designed will be implemented exactly. Relatively 

speaking, this hypothesis is valid in the sense that plant uncertainty is the most 

significant type of uncertainty in the control system and controllers are generally 

implemented with high precision hardware. In other hand, it is necessary that any  
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controller that is a part of a closed loop system be able to tolerate some 

uncertainty in its coefficients. There are at least two reasons for this: First, 

controllers implementation is subject to the imprecision inherent to analog-digital 

and digital-analog conversion, finite world –length and finite resolutions 

measuring instruments and errors in numerical computations. Thus, it is required 

that there is a nonzero (although possibly small) margin of tolerance around the 

controller designed. Second, every design requires readjustment because no scalar 

index can capture all the performance requirements of a real world control system. 

This means that any useful design procedure should generate a controller which 

also has sufficient rooms for readjustment for each coefficient. 

With the above background as motivation, we study the parametric stability 

margin of the controllers designed before for the treatment of the congestion 

problem, and in each of these examples, we obtain the conclusion that this 

parametric stability of the controller is very small. This means that extremely 

small perturbations of the coefficients of the controller designed will succeed in 

destabilizing the loop. In other words, the controller itself is fragile and so is the 

control system. 

In this section, we analyze several examples issues of our works on the topic of 

congestion control problem. 

 

2.1.Kharitonov approach 

[1] In a first work, untitled “Kharitonov approach and Padé Approximation 

applied to the robust controller design of Active Queue Management (AQM) 

routers for Internet Protocol”, published in WSEAS, International conferences, 

and hold at Corfu Island, Greece on July 14-17, 2011, we performed a stability 

analysis of some classes of TCP(Transmission Control Protocol )/AQM networks 

based on fluid flow models with delay. In a first time, we approximate the delay 

by the elegant Padé approximation by choosing the adequate degree of 

approximation. This degree guarantees a behavior that closely approaches the true 

system. In a second time, we choose a set of uncertainties for internal values, and 

apply the Kharitonov theorem, to the AQM model. We check the stability of the 

open-loop, which is not stable, and after, we design a state feedback control that 

robustly stabilizes the closed loop. To end with, we translate the robust control 

problem into an optimal control problem and design a robust control by solving 

the optimal control problem system. Finally, we conclude that the mix of 

Kharitonov theorem and Padé approximation gives great results in robustness and 

the study of systems with delay. However, in other choices of parameter 

uncertainties, the adequate degree of Padé could be higher, and the algebraic 

complexity will be greater. These considerations motivate us to attempt a direct 

study of the stabilization problem for time delay systems, and particularly the 

AQM designs without approximation. 

 

We obtain two controllers that copy with uncertainties of the network 

parameters, we use a control by pole placement based on Kharitonov approach, 

and the optimal control based Kharitonov approach. 
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  Below is a review of the Kharitonov approach: 

 

Given a set of polynomials:  

A(s,p)=p0+p1s+···+pn−1s
n−1

+pns
n
 where pi ε [pi−,pi+], i=0,1…n−1,n are 

coefficients whose values are uncertain. The question is how to determine if all 

these polynomials are stable? This is a robust stability problem. Clearly, we 

cannot check all polynomials because the set is often infinite. So we need to find a 

smart way to test only a finite number of polynomials to determine the stability of 

an infinite set. This goal is evidently not always achievable. The Kharitonov result 

shows that for a set of ‘interval’ polynomials, the robust stability problem can be 

solved by checking only four polynomials: 

    
The Kharitonov theorem states that the stability of the above four polynomials 

is necessary and sufficient for the stability of all polynomials in the infinite set of 

A(s, p). This result is rather surprising because, intuitively, we expect that we 

need to check at least the set of all the extreme polynomials, which consists of 

(2n+1) polynomials. But in effect, four are enough [1]. 

 

 A controller by pole placement and Kharitonov approach:  
 

It has the following feedback map:  

K = [1 40 600 4000 104] and we verify that the system is robustly stable, 

For the purpose of our analysis, we took the vector K and found the parametric 

stability margin (l2 norm of the smallest destabilizing perturbation) to be: 

LK2= 1.10
-4

 

 

The normalized ration of change in controller coefficients required for 

destabilization is: 

-82

2

1.1588.10
LK

K


  
That shows that the controller, which by design is maximally robust with respect 

to the Kharitonov theorem is quite fragile; in fact, a change in the controller 

coefficients of less than 1.5 part in 100 million destabilizes the closed loop. This 

controller is anything but robust, it is a fragile controller. 

 

 Optimal Control using Kharitonov approach: 
We found the following feedback map:  

KOP = [2; 57067; 4909; 107] 

 

In the paper we verify that the system is robustly stable, for the fragility analysis,  

(1) 

(2) 

(3) 
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we took the vector KOP and found the parametric stability margin  (l2 norm of the 

smallest destabilizing perturbation) to be:  

 

LKOP= 1.10
-4  

 

 

The normalized ration of change in controller coefficients required for 

destabilization is: 

 

-9

2

1.7459.10OP

OP

LK

K


 
That shows that the optimal controller of the Kharitonov design is more fragile 

than the controller obtained by pole placement.  

2.2. H2/H infinity  

[2] In a second paper untitled “Robust Control Problem as H2 and H∞ control 

problem applied to the robust controller design of Active Queue Management 

routers for Internet Protocol”, and appeared in International Journal of Systems, 

Applications, Engineering & Development Issue 6, Volume 5, 2011. 

This paper presents different computations and simulations of controllers applied 

to the TCP/AQM networks based on fluid flow models with delay. These 

controllers correspond to the norms: the H2 norm, the H infinity norm, and the 

mixed sensitivity norm .We performed a stability analysis of some classes of 

TCP/AQM networks based on fluid flow models with delay. In a first time, we 

formulate and solve a robust control problem as an H2 or H∞ control problem, we 

choose a set of uncertainties for internal values, and apply the elegant theorem of 

the Small Gain ,so, we guarantee the robust stability of the system for some bound 

of uncertainty . To detail more, we demonstrate that the condition of small gain 

theorem is far stronger than the condition of the Routh Hurwitz criterion. To end 

with, we turn to synthesis problem, and we design different H controllers that 

achieve robust stability for the largest bounds on the uncertainty. 

We use the norms H2 and H∞ to synthesize controllers achieving robust 

performance. These controllers generate optimal controllers, but let us mention 

that the H2/H  approach is very different from the optimal approach: In the 

optimal control approach, we start with the bounds of uncertainties. We then 

design a controller based on these bounds. As the result, if the controller exists, 

then it is guaranteed to robustly stabilize the perturbed system. On the other hand, 

in the H2/H approach, the bounds on uncertainties are not given in advance. The 

synthesis will try to achieve the largest tolerance range on uncertainty. However, 

there is no guarantee that the range is large enough to cover all possible 

uncertainties.  

 

 H2 controller: 
 

    The H2 controller representation obtained is: 

 

 

(4) 

(5) 
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-1._824 0.2037 0.3727 0.3266 0.1059

0.1665 1.483 0.5482 0.4707 0.089

0.1701 0.2321 2.147 0.3919 -0.001

0.1098 0.9916 0.056 1.151 -0.3282

0.078 0.3795 0.3128 -0.036

Y 

 

   
   

 
    
    
   

     


                                                                      

 

We can verify that the closed loop is stable, in fact we have:  

pole(H2Closed Loop)=  -0.4045;  -0.7841;  -0.7899 ; -1.4775;-2.0386;  

-2.1866 + 0.0891i; -2.1866 - 0.0891i; -2.3379   

 

For the purpose of our analysis, Let us consider the transfer function coefficients 

of the controller to be a parameter vector PH2 with its nominal value being: 

[1 6.605 15.63 15.55 5.462 0.05398 0.2977 0.50045 0.2353] 

We calculate the parametric stability margin (l2 norm of the smallest destabilizing 

perturbation) to be: 

LH2= 0.0350  

The normalized ration of change in controller coefficients required for 

destabilization is: 

32

2 2

1.5.10
LH

PH



     
That shows that the controller, which by design is maximally robust with respect 

to the H2 norm is fragile. 

To continue our analysis, we calculate the phase margin and the gain margin of 

the open loop, we get: 

 Gain Margin: 16.7633 

    Phase margin: 2.2199 

We conclude that even though gain margin and phase margin are not indicators of 

robustness, poor gain or/and phase margins are accurate indicators of fragileness. 

 

 H∞ controller: 
The H∞ control problem is more complicated if we use standard calculus. We can 

synthesize an ‘optimal’ H∞ controller that internally stabilizes the controlled 

system and ‘minimizes’ the H∞ norm G(s) of the transfer function G(s). 

In our case, we used Scilab with a tolerance of 1 %( relative difference between 

final  values, and  is the number of iterations using the bisection method. 

Given a high and low value of , gmax and gmin, the bisection method is used to 

iterate on the value of in an effort to approach the optimal H  control design. 

if the value of gmax is equal to gmin, only one value is tested. The stopping 

criteria for the bisection algorithm requires the relative difference between the last 

value that failed and the last value that passed be less than tol (by default we 

take tol= 1%) 

 

And we obtain the following H  controller: 

(6) 

(7) 

(8) 

(9) 
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We can verify that the closed loop is stable, in fact we have: 

pole (H∞ Closed Loop)=-22.4799; -3.3604 ;  -0.4045 ;  -0.7841; -2.038; 

-2.1866 + 0.0891i; -2.1866 - 0.0891i; -2.3379                                        

For the purpose of our analysis, Let us consider the transfer function coefficients 

of the controller to be a parameter vector PHinf with its nominal value being: 

[11.99 61.86 98.28 44.7 1 17.55 140.3 409.9 385]  

We calculate the parametric stability margin (l2 norm of the smallest destabilizing 

perturbation) to be: 

LHinf= 2.7421      

The normalized ration of change in controller coefficients required for 

destabilization is: 

3inf

inf 2

4.9.10
LH

PH



       
That shows that the controller, which by design is maximally robust with respect 

to the Hinf norm is fragile.  

2.3Quantitative Feedback Theory 

 The third paper untitled “Quantitative Feedback Theory applied to the state 

model of congestion control”, appeared on the 2nd International Conference on 

Systems and Control, and hold in Marrakech, Morocco, June 20-22, is about the 

Quantitative Feedback Theory (QFT). This paper presents an application of the 

Quantitative Feedback Theory to the TCP/AQM networks based on fluid flow 

models with delay. In a first time, we formulate a robust control problem as QFT 

control problem, we choose a set of uncertainties for internal values, and apply the 

strong methodology of the QFT .So, we guarantee the robust stability of the 

system for a large bound of uncertainty and frequencies . Impossible result when 

we use controllers proposed in the literature such as RED (Random Early 

Detection) or PID or H2/H∞. These controllers give good performance under 

certain conditions, but they become unstable if the input delay or/and the 

parameters of the networks change beyond some limits. 

The Quantitative Feedback Theory is specifically applicable to plants with large 

uncertainty, and it is very effective in achieving tracking and disturbance 

rejection, also, it is applicable to systems with time delay and unstable cases; it is 

a frequency domain technique using the Nichols chart (NC). The QFT is used to 

achieve a desired robust design over a specified region of plant uncertainty.  

Desired time-domain responses are translated into frequency domain tolerances, 

which lead to bounds on the loop transmission function. The design process is 

highly transparent, allowing to designer to see what trade-offs are necessary to  

(10) 

(11) 

(12) 

http://en.wikipedia.org/wiki/Frequency_domain
http://en.wikipedia.org/wiki/Nichols_plot
http://en.wikipedia.org/wiki/Time_domain
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achieve a desired performance level.  

QFT is a robust control method which deals with the effects of uncertainty 

systematically. It is a graphical loop shaping procedure used for the control design 

of either Single Input Single Output (SISO) or Multiple Input Multiple Output 

(MIMO) uncertain systems including the nonlinear and time varying cases. 

 The controller design is undertaken on the NC considering the frequency 

constraints and the nominal loop   (s) of the system. At this point, the designer 

begins to introduce controller functions (P(s)) and tune their parameters, a process 

called Loop Shaping, until the best possible controller is reached without violation 

of the frequency constraints. 

For this stage, there are different CAD (Computer Aided Design) packages to 

make the controller tuning easier.  In our case, we used Scilab. 

Usually, system performance is described as robustness to instability, rejection to 

input and output noise disturbances and reference tracking. In the QFT design 

methodology; these requirements on the system are represented as frequency 

constraints, conditions that the compensated system loop (controller and plant) 

could not break. 

With these considerations, the frequency constraints for the behavior of the 

system loop are computed and represented on the Nichols Chart (NC) as curves. 

To achieve the problem requirements, a set of rules on the Open Loop Transfer 

Function, for the nominal plant:  

0 0( ) ( )* ( )L s G s P s
 may be found. That means the nominal loop is not allowed to 

have its frequency value below the constraint for the same frequency, and at high 

frequencies the loop should not cross the Ultra High Frequency 

Boundary (UHFB), which has an oval shape in the center of the NC. 

 The design procedure which is to be followed for applying QFT robust design 

technique is as follows: 

 Synthesize the desired model, 

 Specify the plant models that define the region of plant parameter 

uncertainty, 

 Obtain the plant templates at specified frequencies that describe the region 

of plant parameter uncertainty on the Nichols Chart, 

 Select the nominal plant transfer function P0(s) 

 Determine the stability contour on the Nichols Chart, 

 Determine tracking and optimal bounds on the Nichols Chart, 

 Synthesize the nominal loop transmission function : 0 0( ) ( )* ( )L s G s P s
 

that satisfies all the bounds and stability contour, 

 Synthesize the pre-filter F(s). 

Using Scilab, we get: 

 
129.1033.10 (1 2.3 )

( )
(1 0.002 )

s
G s

s s

 


            
In the paper, we can verify that the closed loop is stable,  

(13) 

http://en.wikipedia.org/wiki/Nichols_plot
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For the purpose of our analysis, we consider the transfer function coefficients of 

the controller to be a parameter vector KQFT with its nominal value being: 

 9.1033.10
-12

 *[1 2.3 0.002 1] 

 And we calculate the parametric stability margin: 

LQFT= 4.5517.10
-9

 

The normalized ration of change in controller coefficients required for 

destabilization is: 

9

2

4.5517.10
QFT

QFT

L

K



  
That shows that the controller, which by design is maximally robust with respect 

to the Quantitative Feedback theory, is extremely fragile. 

2.4 Basic Control Theory 

[4] In a last work untitled “Basic control design applied to the TCP IP model”, 

presented on the 12’ International Conference on Multimedia and Control 

Systems (ICMCS), IEEE Morocco section and hold in Tangier, May 10-12, 2012, 

we consider two stages, firstly, a reduction method for time delay system using a 

time approach and synthesizing the linear fluid model. Then, a pole placement by 

feedback have been be used, by duality, an observer has been built to estimate the 

average window size. Hence, Active Queue Management control schemes were 

based on a simple use of fundamentals of control theory. Coping with delay, the 

model can be performed using principles of uncertainty.  

We apply the standard and modern control theory to the AQM model, we use a 

pole placement for the state feedback based on different presentations of the 

model, and the methodology is as follows:  

 

Given a controllable system (A,B) and a desired characteristic polynomial:    

                                                                                       

1. Find the characteristic polynomial of A 

2. Write the controllable canonical form (Ac,Bc)                

3. Find the transform matrix 

4. Determine the feedback matrix for (Ac,Bc)  

5. Determine the feedback matrix for (A, B) 

6. The state feedback is given by u=Kx 

In our case, the feedback matrix for (A, B) is: 

                                                                                     

For the purpose of our analysis, we took the vector KB and found the parametric 

stability margin to be: LB= 0.0032  

 

(15) 

(14) 

  
1

c c c cT B AB B A B




 0 0 1 1;cK L a L a  

1

c cK K T 

2

1 0( )A s s a s a  

0 0 1( , )A s l L L s 

 1 388.1552.9B c cK K T  

(16) 



Fragility via robustness of controllers                                    4361 
 

 

The normalized ration of change in controller coefficients required for 

destabilization is: 

6

2

3.2397.10BL

KB



  
That shows that the controller is fragile. 

 

Conclusion 
 

The calculations presented above show that modern control theory, Kharitonov 

approach, QFT and H2/H infinity can lead to fragile controllers. That means that 

small perturbations of the controller coefficients can result in instability. This 

fragility also shows up usually as extremely small gain or phase margins of the 

closed loop system. Moreover these margins were calculated at the nominal plant; 

and before the choice of this plant, we do not know if it is good or bad. Then, the 

small size of the parametric margin means that there is practically no freedom left 

to readjust or tune the controller. So the control engineer is forced to accept this 

fragile design. 

Of course, there are other techniques to discuss fragility, and a number of open 

areas in the controller design need to be looked into more deeply.  
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