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Abstract

In this paper, it is shown graceful labeling of different classes of
lobsters connected in a path results a tree T (n, 2) with large diameter
is graceful.
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1 Introduction

Graphs considered in this paper are simple, tree, finite and undirected. In
general G (V, E) denotes the graph G with vertex set V (G) and edge set E
(G), such that| V (G) | = p , | E(G) |= q. A labeling of the vertices of G with
the numbers from 0 to q is an injective map f: V→{0, 1,.., q}. Let G: E → {1,
2, ..., q} be a bijective. Then a graph G is graceful if there exists a labeling of
its vertices and edges with the condition for all u, v ∈ V (G) with u v∈ E (G)
such that g (u v) = | f(u)- f(v) |.
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The concept of graceful labeling was introduced Rosa [5] with the name valua-
tion. Gallian [1] given the extensive survey of contributions to graceful labeling
of variety of graphs. The notation and terminology used in this paper are taken
from [1]. There are many works relating to graceful labeling of trees which are
given in Besides tree graphs there are many other graphs which are not trees
that admit graceful labeling are also given in [1].
Guo[2] shown gracefulness of the graph B(m, n, p), Hrniar and Haviar[3] shown
all trees of diameter ve are graceful, Poljak and Sura[4] given an algorithm for
graceful labeling of a class of symmetrical trees, Tsz Lung Chan, Wai Shun
Cheung, Tuen Wai Ng[7] discussed Graceful Tree Conjecture for Infinite Trees.
The above contributions motivated us to give a graceful labeling of different
classes of lobsters connected in a pathPn.

2 Main result

Let us consider a path Pn in which, m1 branches of pendent vertices attached
to each vertex in that path. This results rooted vertex with m1 branches in
Level 1 or simply m1 branch caterpillar. Each vertex in Level 1 attached with
m2 branches of pendent vertices. This results in a Level 2 (m1, m2)-ary tree,
which is balanced lobster. We get a tree LT (n, 2).
We denote branch tree at every base point pj of Pn as Tj (2). Besides in LT
(n, 2), an additional condition that in the ordering of branches of 2 level full
trees T1(2), T2(2), ..., Tn(2), occurrence of full tree is repeated even number
of times in all Tj(2) are different or all are isomorphic.

Figure 1: The general form of a Level 2 root tree in the above Figure

The branches of Tj(2) are in 2 different sub cases for the lobster. 1. All
are isomorphic 2. Random. The above cases prove many class of lobsters are
graceful, which are not identified in other papers.
Section 1
a[i, i1, i2] denotes ith base point in Pn, in which i1- 1st level branch and i2- 2nd
level sub branch.
a[1, 1, 1] indicates leftmost free leaf in 2-level of Tk(s). let a[i, r, 0] = q(i, r,
0) denotes the number of branches adjacent to the vertex. Clearly q(i, r, 0) =
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m(1, i) + m(1, i) m(2, i).

The total number of edges E (|E(Tj(2))|) = m(1, 1) + m(1, 1)m(2, 1). In
a tree , j = 1, 2, ..., n. Total number of edges in LT (n, 2) is denoted by q =
∑n

j=1 |E(Tj(s))| + n-1.
The labeling of vertices are follows.
Theorem: T (n, 2) is graceful.
Our labeling procedure starts with Level 0 of T1(s) covering all other leftmost
vertices up to Level 2.
Step 1: l (a[1, 0, 0]) = 0, l (a[1, 1,0]) = q.
Step 2: l(a[1, r, 0]) = 1(a[1, r-1, 0]) q(1, r-1, 0), 2≤ r ≤ m(1, 1).
Step 3: l (a[1, 1, 1]) = 1. Remaining leaves increased by 1 up to m(2, 1).
The adjacent branches of leftmost free leaves in Level 2 are as follows.
Step 4: l (a[1, j, 1] = l (a[1, j-1, 1]) + (m(2, 1)+1), 2 ≤ j ≤ m(1, 1). Remaining
leaves increased by 1 up to m2.
This completes labeling of 1st tree.
Now, labeling of 2nd tree follows.
Our labeling procedure starts with Level 0 of T2(s) covering all other leftmost
vertices up to Level 2.
Step 1: l (a[2, 0, 0]) = q- | E(T1(2))|, l (a[2, 1, 0]) = |E(T1(2))|.
Step 2: l(a[2, r, 0]) = 1(a[2, r-1, 0]) (q(a[2, r-1, 0]) ), 2≤r ≤ m(1, 2).
Step 3: l (a[2, 1, 1]) = l(a[2, 0, 0]) + 1, Remaining leaves increased by 1 up to
m(2, 2).
step 4: l (a[2, j, 1] = l (a[2, j-1, 1]) (m(2, 2)+1) 2 ≤ j ≤ m(1, 2). Remaining
leaves increased by 1 up to m(1, 2).
This completes labeling of 2nd tree.
Now, we label remaining to in the path Pn. Using the above procedure we first
assign leftmost branch, then assign adjacent branches in the tree.
Odd trees
Step 1: l (a[2i+1, 0, 0]) = l (a[2i-1, 0, 0]) +| E(T2i(2))|+ 1 , 1≤ i ≤ n.
l (a[2i+1, 1, 0]) = q ?” l (a[2i+1, 0, 0]), 1 ≤ i ≤ n.
Step 2: l(a[2i+1, r, 0]) = 1(a[2i+1, r-1, 0]) (q[2i+1, r-1, 0]), 2≤ r≤ m(1,
2i+1).
Step 3: l (a[2i+1, 1, 1]) = l(a[2i-1, 0, 0]) + 1, 1 ≤ i≤ n, Remaining leaves
increased by 1 up to m(2, 2).
Step 4: l (a[2i+1, j, 1] = l (a[2i+1, j-1, 1]) (m(2, 2i+1)+1), 1 ≤ i ≤ n , 2 ≤ j
≤ m(1, 2i+1). Remaining leaves increased by 1 up to m(2, 2i+1).
Even Trees
Step 1: l (a[2i+2, 0, 0]) = l (a[2i, 0, 0]) -| E(T2i+1(2))| - 1 , 1 ≤ i ≤ n.
l (a[2i+2, 1, 0]) = q l (a[2i+2,0, 0]) , 1≤ i≤ n.
Step 2: l(a[2i+2, r, 0]) = 1(a[2i+2, r-1, 0]) (q[2i+2, r-1, 0]), 2 ≤ r ≤ m(1,
2i+2).
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Step 3: l (a[2i+2, 1, 1]) = l(a[2i+2, 0, 0]) + 1, 1≤ i ≤ n, Remaining leaves
increased by 1 up to m(2, 2i+2).
Step 4: l (a[2i+2, j, 1] = l (a[2i+2, j-1, 1]) (m(2, 2i+2) + 1) 2≤ j ≤ m(2,
2i+2). Remaining leaves increased by 1 up to m(2, 2i+2).

Result 1: If we introduce number of pendent vertices in each Tj(2), then it be-

Figure 2: A lobster example given in the above Figure

comes unbalanced lobster and above three cases and same procedure repeated.
Result 2: If we introduce at most, one 2-level random branch less than the
branch of balanced lobster then that collection of lobsters is graceful.
This result many lobsters are graceful except within Tj(2) except the sub case
2 are open.
Section 2
We take within Tj(2) contains only two branches in Level 1 and 2 level random
order.
Step 1: l (a[1, 0, 0]) = q-m(2, 1, 1), l (a[1, 1,0]) = 0.
Step 2: l (a[1, 1, 1]) = q. Remaining leaves decreased by 1 up to m(2, 1, 1).
Step 3: l(a[1, 2, 0]) = 1(a[1, 1, 0]) +1.
The adjacent branches of leftmost free leaves in Level 2 are as follows.
Step 4: l (a[1, 2, 1] = l (a[1, 0, 0]) 1, Remaining leaves decreased by 1 up to
m(2, 1, 2).
This completes labeling of 1st tree.
Now, labeling of 2nd tree follows.
Procedure starts with Level 0 of Tj(s) covering all leftmost vertices up to Level
2.
Step 1: l (a[2, 0, 0]) = |E(T2(m2, 2, 2))| + 2, l (a[2, 1, 0]) = (q-1) l(a[2, 0, 0]).
Step 2: l(a[2, 2, 0]) = 1(a[2, 1, 0]) + 1.
Step 3: l (a[2, 1, 1]) = l(a[2, 0, 0]) + 1, Remaining leaves increased by 1 up to
m(2, 2, 1).
step 4: l (a[2, j, 1] = l (a[2, j-1, 1]) (m(2, 2, 1)+1) 2≤ j ≤ m2. Remaining
leaves increased by 1 up to m(2, 2, 2).
This completes labeling of 2nd tree.
It is important to note that in the 1st tree the sum of Level (n-2) and Level
(n-1) branches for n = 2 is always equal to (q-1) and q.
This is true for all n branches attached in the path Pn.
Now, we label remaining to in the path Pn.
Odd trees
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Step 1: l (a[2i+1, 0, 0]) = l (a[2i-1, 0, 0]) - |E(T2i(2))| - 1 , 1≤ i ≤ n.
Step 2: l (a[2i+1, 1, 0]) = (q-1) l (a[2i+1, 0, 0]), 1≤ i≤ n. adjacent branches
increased by 1.
Step 3: l (a[2i+1, 1, 1]) = l(a[2i-1, 0, 0]) + 1, 1≤ i ≤ n, Remaining leaves
increased by 1 up to m(2, 2i+1,1).
Step 4: l (a[2i+1, 2, 1] = l (a[2i+1, 0, 0]) 1, 1 ≤ i ≤ n, Remaining leaves
decreased by 1 up to m(2, 2i+1, 2).
Even trees
Step 1: l (a[2i+2, 0, 0]) = l (a[2i, 0, 0]) +| E(T2i+1(2))| + 1 , 1≤ i ≤ n.
Step 2: l (a[2i+2, 1, 0]) = (q-1) l (a[2i+2, 0, 0]) , 1≤ i≤ n. adjacent branches
increased by 1.
Step 3: l (a[2i+2, 1, 1]) = l(a[2i+2, 0, 0]) + 1, 1≤i≤ n, Remaining leaves
increased by 1 up to m(2, 1, 2i+2).
Step 4: l (a[2i+2, 2, 1] = l (a[2i+2, 0 , 0]) 1, 1≤ i ≤n. Remaining leaves
decreased by 1 up to m(2, 2, 2i+2).
The following examples for balanced and unbalanced, the two cases continue
up to path Pn.
Result 3: Any arbitrary collection of two non-decreasing branches in random
order of balanced rooted trees connected in the path Pn is graceful.
Result 4: Any arbitrary collection of two non-decreasing random order unbal-

Figure 3: special class of lobster

anced rooted trees (in the following way) connected in the path Pn is graceful.
Concludes the proof.

Figure 4: special class of lobster

To prove the uniqueness of graceful labeling, the sum of Level (n-2) and Level
(n-1) branches for n = 2 is always equal to q-1. Similarly from 2nd branch
to m1th branch in 1st tree sum of Level (n-2) and Level (n-1) for n = 2 is
equal to q, q+1,..., q+m2-2. This result in cardinality between the levels is
different. In the last center and free leave equals to q+1 in leftmost branch
and also the adjacent free leaves are decrease by 1. This result in cardinality
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between center and all free leaves are different.
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