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Abstract

This article puts forth an axiomatic description of the complexity of
an object of sociological investigation. The proposed axioms allow us to
determine complexity within the framework of mathematical sociology
such as the variational principle, which is formed relative to the state of
the object of sociological investigation. On the basis of this principle we
can conclude the equation of state, which coincides with the stationary
forward Kolmogorov equation.
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1 Introduction

Social phenomena have illogical origins. If a sociologist attempts to prove that
the regularities which determine social science can be deducted from several
finite systems of basic principles, then sooner or later he will arrive at con-
tradictions. In sociological theories deductions are used to make connections
only with certain propositions, not with all. A sociologist usually deals with
more than enough amorphous notions, images, and metaphors that are not
explicitly logically connected. As a rule, sociological theory is comprised of a
certain nucleus that becomes more or less chaotically overrun with heteroge-
neous and diverse additions. Sociological theory develops in spirals: at first
the researcher’s conceptions are adapted to sociological facts, then facts are
adapted to conceptions, which is followed by the mutual accommodation of
conceptions to facts. Reasoning opportunistically in order to advance his the-
ory forward, the sociologist should not make overly long deductive sequences
and should consciously attempt to avoid those areas in which contradictions
arise. Nevertheless, sociological theory is not an arbitrary academic glass bead
game. The axiomatic method is used precisely to limit the arbitrariness in
accepting propositions as truths of sociological theory [10, 11, 12, 14]. The
axiomatization is also an attempt to divide sense from nonsense. The use of
axioms allows us to correctly operate on undefined concepts and to construct
formal methods of description, which help us to make assertions in the realm
of mathematical sociology (cf. [4, 15, 18]).

2 Preliminary Notes

Any mathematical model M assumes a certain structure S, the correct-
ness of which does not depend on correlations with anything located beyond
the boundaries of S. The mathematical structure S signifies the collection
of underlying sets M1, . . . , Mk, elements which are located in the relations
R1, . . . , Rl. Moreover the set of relations {Ri}l

i=1 is defined by the proper-
ties which are described with the help of the system A axiom α1, . . . , αm.
Statements of sociological theory T (T must include in themselves the set of
consequences of A) set bijective mapping M : S → O, where O = {j ∈ N : Oj}
is the set of admissible objects of sociological investigation.

We formulate sociological theory T (not in the strict sense of formal sys-
tems) explicitly as a coherent group of valid propositions, which constitute a
mathematical framework of possible operations with practical results of socio-
logical measurements, using as basic constructs “sociological quantity”, “state”
and “state functional”.

1� The sociological quantity x ∈ X (where X is the space of allowed quan-
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tities) satisfy the defining conditions for abstract vectors, and operators
act on them as linear transformations.

2� The state s(X; O) of a object of sociological investigation O ∈ O is deter-
mined by the specification of a fixed set (X ⊆ X ) : X = {q ∈ N : xq}
of sociological quantities. The number and the specificity of X must be
such as to determine uniquely all the essential properties of the O. We
postulate that the space of admissible states S is isometrically isomorphic
to the real Hilbert coordinate space �2.

3� By definition, the term state functional f : S → R means the sociological
characteristic that is uniquely determined by the state. Obviously, the
space S∗ (i.e. the space of continuous linear state functionals f(s) =
(s, ϕ)S on S, where (·, ·)S is scalar product in S) is dense in the space S
and the embedding S ↪→ S∗ is linear and continuous.

We shall introduce the most general axioms (cf. [16, p. 274–276]), with the
help of which we can introduce the statistical description O into T :

α1 Let us assume that for ∀O ∈ O the given Borel σ-algebra B of the space
ΩO describes the possible measurement outcomes of quantities X of the
object O.

α2 Let us suppose that the defined real-valued mapping PrX
O (B), which rep-

resents the probability of the meaning X for O, belongs to the Borel set
B ∈ B.

α3 (∀X ⊂ X )(∀O ∈ O) : PrX
O1

= PrX
O2

⇔ O1 = O2,

(∀X ⊂ X )(∀O ∈ O) : PrX1
O = PrX2

O ⇔ X1 = X2.

The axioms α1, α2 allow us to construct the sort of analytic machinery which
allows us to interpret the results of sociological measurement of the quantities
X of objects O like the set {Oj ∈ O : FX

Oj
} of cumulative distribution functions

(CDF). It is natural to characterize this set by introducing some measure of
proximity to the CDFs. Typically, a problem of this type is solved using a
metric. The metric model connects the observed values with the theoretical
values (cf. [19]). We will use the Kolmogorov metric [21]

(∀X ⊂ X )(∀Oi, Ok ∈ O) : z(Oi, Ok) = max
x

∣∣FX
Oi

(x) − FX
Ok

(x)
∣∣ , z(·, ·) ∈ [0, 1].

We term the value of the Kolmogorov metric z(·, ·) — which establishes a
measure of proximity between the CDFs for the objects in the space of socio-
logical quantities — a social difference.
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Further, we assume that the social differences of the set of objects O can be
described by the continuous random variable ζ (defined on a probabilistic space
(R,B, Pz)) with a probability density function (PDF). We shall use f(·; ·) to
denote PDF, which describes the social differences z of the fixed object O ∈ O
with all other objects from O

O × [0, 1] 	 (O; z) 
→ f(·; ·) ∈ H ′([0, 1], R+),

where we denote real separable Hilbert space by H ′([0, 1], R+). The space
H ′([0, 1], R+) is isometrically isomorphic to the space �2, as required by the
condition 2�. To represent an admissible state s, the PDF f(·; ·) must be
normalized:

(∀f(·; ·) ∈ H ′([0, 1], R+)) :

∫ 1

0

f(·; ·)dz = 1. (1)

The PDF f(·; ·) is computable (see, for example, [2, 3]). The PDF f(·; ·) ad-
vocates a natural candidate for the role of the state s(X; O). We will continue
to believe that in the theory T the conditional definition s(O; X) := f(O; z)
is used so that S = H ′([0, 1], R+).

3 Results and Discussion

To assess the “amount of information” which is contained in the ordered pair
(∀O ∈ O)(∀X ⊆ X ) : (O, X) ∈ O × X in the establishment of the theory
T the method of the description DT (s(O; X)) = (O, X), we will attempt to
construct a certain state functional f(s) = L(s). Speaking axiomatically, let
L(s)(O; X) : S → R+ be a monotone mapping, and suppose that to each state
s ∈ S a non-negative number L(s) is assigned in such a way that for all s, t ∈ S:

α̃1 L(s) = 0 ⇔ s = 0;

α̃2 (∀c ∈ R) : L(cs) = |c|L(s);

α̃3 L(s + t) ≤ L(s) + L(t);

α̃4 (L(s + t))2 + (L(s − t))2 = 2((L(s))2 + (L(t))2);

α̃5 ({sn}∞n=1 ⊂ S) : {sn}∞n=1 ↓ 0 ⇒ L({sn}∞n=1) ↓ 0;

α̃6 for (∀s ∈ S) : L(s) exists the algorithm, i.e. unequivocally identifies the
computing process that goes from varying input data s(O; X) to the
desired result L(s)(O; X).



The complexity in sociological theory: an axiomatic description 3595

Let us call the state functional L(s) a length of the state s. Without loss of
generality, consider in each ordered pair (O, X) the set of sociological quanti-
ties X as fixed and vary only the object O. Then the complexity of object O
with respect to the specifying method of the description DT (cf. [13, 20]) may
be defined as

(∀O ∈ O)(∀s ∈ S)(∀L ∈ S∗) : K(DT | O) = min
s∈S

{L(s) : DT (s(O)) = O}. (2)

Given the conditions (1) definition (2) complexity K(· | ·) may be written as

K(· | ·) = min
s∈S

{
L(s) :

∫ 1

0

sdz = 1, s ∈ S

}
. (3)

It is reasonable to assume the existence of continuous embedding

H1([0, 1], R+) ↪→ S,

where by H1([0, 1], R+) we denote the Sobolev space [1], which is equipped with
scalar product

(
u, v

)
H1 =

(
q(z)u, v

)
L2+

(
p(z)u′, v′)

L2. From the axiom α̃1 — α̃6

it follows that we can interpret the length L(s) as the norm on H1([0, 1], R+):

(∀s ∈ S) : L(s) = ‖s‖H1 =
(
s, s

) 1
2

H1 . Based on the definition of the scalar prod-

uct
(
u, v

)
H1 , we can imagine the norm ‖s‖H1 as ‖s‖H1 =

(
As, s

) 1
2

S
, where A is

(linear, densely defined in H1([0, 1], R+)) positive-definite self-adjoint operator
of the Sturm– Liouville type [9]

As = − d

dz
(p(z)s′(z)) + q(z)s(z).

and functions p(z), q(z) are “sufficiently smooth”. Moreover from the em-
bedding H1([0, 1], R+) ↪→ S it follows that the norms ‖s‖H1 and ‖As‖S are
equivalent.

It is not difficult to see that if function ŝ ∈ S provides the minimum to
norm ‖s‖H1 , then function ŝ is also a local minimum point in the problem(
s, s

)
H1→ min. Thus, we move to a more technically convenient formulation

of the problem (3)

(s ∈ S)

(∫ 1

0

sdz = 1

)
:
(
s, s

)
H1→ min,

which acquires the following form:

(s ∈ S)(λ0, λ1 ∈ R)(0 < p0 < p(z) ∈ C1([0, 1], R+))(q(z) ∈ C([0, 1], R+)) :

E(·) = λ0

(
s, s

)
H1+λ1

∫ 1

0

s(z)dz

= λ0

∫ 1

0

(
p(z) (s′(z))

2
+ q(z)(s(z))2

)
dz + λ1

∫ 1

0

s(z)dz → min, (4)
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where λ0, λ1 are Lagrange multipliers.
According to the Lax – Milgram theorem [5, p. 140–141], if the equation

2λ0As(z) + λ1 = 0 (5)

have the weak solution (see [8]) ŝ(z) ∈ H1([0, 1], R+), then this solution is
unique and

E(ŝ(z)) = min
s(·)∈H1([0,1],�+)

{E(s(·))},

where the functional E(·) is defined by (4). It is essential that every weak
solution for the equation (5) be a classical solution ŝ(z) ∈ C2([0, 1], R+) [5,
p. 296].

We put λ0 = 1
2
. The substitution

p(z) = exp

(∫ z

0

2(b′(τ) − a(τ))

b(τ)
dτ

)
,

q(z) =
(2a′(z) − b′′(z))p(z)

b(z)

reduces the equation (5) to the form

(
s(z) ∈ C2([0, 1], R)

)
(a(z) ∈ C([0, 1], R+))

(
b(z) ∈ C1([0, 1], R+)

)
:

− 1

2

d2(b(z)s(z))

dz2
+

d(a(z)s(z))

dz
+ λ1 = 0. (6)

If we solve the equation (6) with the third type boundary condition

a(0)s(0) − b(0)

2
s′(0) = a(1)s(1) − b(1)

2
s′(1) = 0,

then in the computation of functional E(·) in the right member of the equation
(3) we must add the term a(0)(s(0))2 − a(1)(s(1))2.

The equation (6) is the equation of state of a object of sociological inves-
tigation in T . Recalling that s(·) = f(·), it is acceptable to identify the
function a(·) with the corresponding drift coefficient, and the function b(·) —
with the corresponding diffusion coefficient [7]. In this way we can interpret
the equation of the state of an object of sociological investigation (6) as the
stationary forward Kolmogorov equation.

4 An Empirical Application

In the practice of social research it is acceptable to define K(· | ·) as the com-
plexity of the social agent included in the sample. In order to illustrate the
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application of the estimation of complexity, we used data from the statistical
survey “The Monitoring of the Labor Market for Highly Qualified R&D Per-
sonnel”, which was conducted in 2010 by The Institute for Statistical Studies
and Economics of Knowledge NRU– HSE, Moscow. In this survey, multi-step
stratified sampling was used with quotas on the following parameters: aca-
demic degree, gender, age, research field, and geographical area. The sample
size was 3,450 doctorate-holding respondents employed at research institutes,
universities, and businesses. Social differences z(·, ·) were calculated on the
basis of 35 variables which were used in the work [17] for the operationaliza-
tion of scientific capital. These variables characterize the chances of an agent’s
attaining recognition or an administrative post and can be sorted into three
categories: “symbolic power”, “bureaucratic power”, “academic power”.

We compared the obtained estimations of the respondents’ complexity K
with the values of their “index of scientific achievements” (ISA) (the detailed
description of ISA see in [17]). The indicators on whose basis the ISA was
calculated included 39 variables that were classified as follows: the autonomy
of labor, position within the scientific, academic, and administrative hierar-
chy, and level of wealth and consumption. The connection between quantities
K and ISA bear a nonlinear character and can perhaps be expressed by the
following regression equation:

ISA = 0.030(K)−0.452 (R2 = 0.827, p = 0.000)

In this way, the lower the value of K, the higher the value of ISA. If you
take into account the relation between complexity and randomness [6], then it
becomes clear that the more ordered the respondent’s set of social differences,
the greater the value of ISA, and vice versa.

5 Conclusion and Discussion

The complexity serves as a conceptual bridge that unites abstract mathemat-
ical assumptions with independently observed data which have, therefore, un-
doubted and direct sociological meaning. For example, the empirical relevance
of the equation of state, arising from axioms, can be proven directly by ex-
periment. Complexity is the isomorphic principle which helps to establish
empirical relations between the states of objects of sociological investigation
and to interpret these relations like a logical necessity.
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