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SCBZ property. The system of equations being solved using Differential 
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1. INTRODUCTION 

 

The history of natural science can be traced back to Isaac Newton in the 

seventeenth century. He formulated equations relating force and motion and       

co-invented calculus. This seminal work inaugurated the field of dynamical 

systems. His laws of force and motion are also the origin of Mathematical 

modeling of dynamical phenomena in this world. Because calculus generally 

hates discontinuous and instabilities, most classical studies of dynamical systems 

and Mathematical modeling concentrated on solutions that were smooth and 

stable.   

Chaos is a Mathematical term that describes complex behavior in 

deterministic dynamical systems, which has short-term predictability but is 

nevertheless unstable and unpredictable in the long term. Extensive studies on 

chaos in the 1980s clarified that chaos is ubiquitous not only in Mathematical 

models but also in real-world systems. 
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Any dynamical systems can be modeled by any of the following systems 

described. A linear system is a mathematical model of a system based on the use 

of linear operator. A non-linear system is a system which is not linear, that is a 

system which does not satisfy the superposition principle or whose output is not 

directly proportional to its input. The third effective system is a Hybrid system, 

which is a dynamic system that exhibits both continuous and discrete dynamic 

behavior-(i.e) a system that can be described by a differential equation and / 

difference equation. 

In the previous paper, we consider only one direction of the variable [7]. But 

in this paper all the three directions have been carried out in order to complete the 

study. 

A hybrid system has the benefit of encompassing a larger class of systems 

with its structure, allowing for more flexibility in modeling dynamic phenomena. 

The  hybrid   dynamical   systems  are  ubiquitous,  they  have  not  yet  been 

formulated  by a common mathematical description  owing to their great 

diversity [8]. 

As an example, well-organized   general   formulations    from   the view point 

of deterministic dynamics [6] is summarized as follows: 

��
�� � ����	����	, ���	, �	  			�1.1	 
���	 � ������	, ����	, ���	, �	  	�1.2	 
���	 � ������	, ����	, ���	, �	    			�1.3	 
���	 � �����	, ���	, ���	, �	     			 �1.4	 

where x (t ) ∈	Rn  is the  continuous  state  at  time  t ∈ R; i(t ) ∈	 {1, . . . , N } is 

the discrete state at time t ; Fi(t ) is the vector-valued smooth function 

specified by i(t ); u(t ) ∈ Rm  is the external  input;  � ∈	 Rl  is the system 

(bifurcation) parameters; G is a map of discrete-state transitions from i(t−) 

to i(t ) with i(t−) ≡ limt→t −0 i(t); R is a reset  map  of continuous  states  

accompanying  a discrete-state transition; y(t ) ∈ Rk   is the output; and O is 

the output function. 

If Fi(t ) , G , R and  O in equations  (1.1) – (1.4)  do not  depend on 

external  input u(t ), then the hybrid  system is autonomous; otherwise, it is 

non-autonomous. An important class of autonomous hybrid dynamical 

systems is a piecewise smooth hybrid system [6] defined as follows: 

��
�� � ����, �	���	� ∈ �� �1.5	 
� → �!���, �	��	�	 ∈ ∑!� � #$% ∩ #'%  �1.6	 
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where  Fi     is  a  smooth   vector   field  specified  by  i.  Each  region    Si  ⊂ 

Rn    has a  non-empty   interior.   Rji     is  a  reset  map  on  the  intersection  

∑ji.When  the  reset  map  is the  identity map  Rji (x ) = x , the  hybrid  system  

(1.5) and  (1.6)  is called  ‘a piecewise smooth  flow’ or  ‘a piecewise smooth  

ordinary differential equation  (ODE)’,  defined as follows: 

    
*+
*� � ����, �	���	� ∈ ��  �1.7	 

Examples of a one-dimensional piecewise smooth ODE with the degrees of 

smoothness 1 and 2 at the origin are, respectively, given as follows: 

��
�� � #-.��	     �1.8	 

0.�		 ���� � |�|      �1.9	 
                             

1.1. SETTING THE CLOCK BACK TO ZERO PROPERTY 

 
In stochastic processes we can consider a sequence of random variables that 

are associated with probability distribution. The probability density function of a 

random variable x is denoted as f(x). The corresponding distribution function is 

denoted as F(X) ,and S(x)= 1 – F(X) is called the survivor function and it gives the 

probability that a random variable X greater than x that is P(X>x). For every 

probability distribution there are correspondingly one or more parameters.  

For example, if a random variable X is distributed as exponential with 

parameter θ then we write it as xexfX θ
θθ

−
=),(~ . There is a property called 

the Lack of Memory Property (LMP), and exponential distribution good for this 

property.  

A slight modification of this property has been suggested by Raja Rao and 

Talwaker [18]. This property is called the Setting the Clock Back to Zero property 

(SCBZ). According to this property, the probability distribution of the random 

variable X undergoes a change of parameter after a particular value of X denoted 

as 0x , known as truncation point. So, the p.d.f. of X is f (x,θ ) 

   ���, 3	 � 4���, 35		��		� 6 	�7���, 38	��	� 9 	 �7   �1.10	 
;<=�=			���, 35	 � 35=�>?+ ,					���, 32	 � 	 =�0�3231	32=32� 

This property is indicated by a condition denoted as follows

)θ,S(x
)θ,S(x

)θ,θ,xS(x
2

10

210
=

+
. where S(x, )θθθθ  is the survivor function. 

Comparing equations (1.8) and (1.10), we arrive a conclusion that both equations 

(1.8) and (1.10) have two states which are peace wise linear by considering a  
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truncation point. In equation (1.8) zero is considered as truncation point and yields 

two state solution. In equations (1.10) the point x0 is considered as truncation point and 

the probability density function ���, 3	 is spilit in to two states ���, 35	  and ���, 38	   
based on x0. Hence both (1.8) and (1.10) have similarity of splitting into two states by the 

condition of truncation point. We conclude that equations (1.8) and (1.10) are similar. Basically 

the hybrid dynamical system is a exponential system. When difference of any one of the 

variable in the system is calculate. That will give exponential difference which is nothing but 

basic property of SCBZ.  

1.2. HYBRID DYNAMICAL SYSTEMS 

An application of hybrid dynamical systems to biology and medicine, 

particularly, cancer and its treatment are considered in Osborne  et  al. [10]  

focus on cancer dynamics   of a colorectal   crypt   in colorectal  cancer.  Since 

cancer  originates  from  a  mutation initially  creating  a single  abnormal cell, 

there  exists a problem  of small numbers  of cells, which is different  from  

that of small  copy  numbers  of proteins  and  mRNAs  discussed.  Owing  to  

the   small  numbers   of  cells,  they study cell-based  ‘hybrid’ models  in 

which cells are considered  as discrete,  with dynamical  changes  such as 

division, proliferation  and  movement encoded either through  rules  or  as  the  

result   of  dynamics  occurring  on  other   scales.  They also compare and 

contrast two different cell-based models with a homogenized continuum 

model. 

When  the  number  of cancer  cells increases  with  the  tumour  growth,  

another hybrid model can be used by describing  cells as discrete  in some 

parts  and  as a continuum  in  others  (see also [1]). Hybrid dynamical systems   

are usually described with continuous and discrete-state variables. 

Representations  of  time   and  space,  however,  are  also  quite   important;  

the above modelling brings  hybrid  properties of space into sharp  relief. The 

hybrid properties of time have also been discussed in previous studies [3]. 

Thus,  the  mathematical modelling  of  hybrid   dynamical   systems  

should  also  be  considered   from  the perspective of time  and  space; that is, 

the  continuous  and  discrete  structure of time and space. Tanaka   et al.  

Further e x t e n d  t h e  deterministic hybrid m o d e l s  to the stochastic   one. 

This article is arranged as follows. In section -2, a dynamical hybrid system is 

introduced and analyzed. The Dynamical output described in section-3, with the 

various possibilities of the system variables x, y, z. In section-4, conclusion is 

given. 

2. SYSTEM ANALYSIS 

 
A famous example of hybrid dynamical system [2, 4] which can be 

described as follows: 
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��
�� � 	@A�  �  <��	B    �2.1	 ��
�� � �  � C D     �2.2	 �D
�� � E�       �2.3	 

 

where x , y, and z are continuous  state  variables,  ‘α’ and ‘ β ’  are positive 

parameters and  h (x ) is a piecewise smooth  function  of x . The cover image 

of this Theme Issue is composed of some strange attractors obtained  from 

equations  (2.1)–(2.3) with h (x ) that is more complicated  than  the original. 

Which can also represented by SCBZ property as explained in section -1.1 

Consider @ � 10,E � 16.82	, <��	 �	0.55��|� C 1|  |�  1|	.  Solve the 

system of equations (2.1), (2.2) & (2.3) by Differential Transform Method, 

The power series obtained is given bellow 

���	 � ��0	 C ��1	� C ��2	�8 C ��3	�F C ��4	�G C⋯…… �2.4	 
���	 � ��0	 C ��1	� C ��2	�8 C ��3	�F C ��4	�G C⋯…… �2.5	 
D��	 � D�0	 C D�1	� C D�2	�8 C D�3	�F C D�4	�G C⋯…. .  �2.6	 

For the initial values 	��0	 � 0.01, ��0	 � 0.01	&	D�0	 � 0.01 , in 

equations (2.1),(2.2)& (2.3)by using differential transform method, the values 

obtained for x , y and z are given in the following table 

 

 

Iteration x y z 

1 0.01 0.01 0.01 

2 0.049 0.005 -0.0841 

3 0.0201 -0.0201 -0.0421 

4 -0.1025 -0.0010 0.1690 

5 0.0053 0.0338 0.0084 

Table 2.1-Iteration values of x, y, z 

By taking values for t∈(0.0001,0.5) and using equations(2.4),(2.5)&(2.6), the 

sample values obtained out of nearly 5000 values are tabulated (Table 3.1)for 

reference. 

3. OUT PUT OF THE DYNAMICAL SYSTEM 

 
Using these values in the above power series, the following graph is obtained  
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 Figure 3.1. Graph for x, y and z 

 

In the power series analysis difference in the values of ‘x, y and z’ are of the 

system variable is calculated as reference and are plotted as shown below 

 

 

S.No X Y Z xi+1-xi yi+1-yi zi+1-zi 

1 0.01 0.01 0.00999159 0.0000049006 0.0000004994 -0.0000084113 

2 0.0105 0.01005 0.00914647 0.0000049376 0.0000004592 -0.0000084902 

3 0.01099 0.01009 0.008293954 0.0000049685 0.0000004190 -0.0000085591 

4 0.01149 0.01013 0.007435056 0.0000049934 0.0000003789 -0.0000086178 

5 0.01199 0.01017 0.006570783 0.0000050122 0.0000003390 -0.0000086665 

6 0.01249 0.0102 0.005702135 0.0000050251 0.0000002993 -0.0000087052 

7 0.013 0.01023 0.004830102 0.0000050321 0.0000002600 -0.0000087341 

8 0.0135 0.01025 0.003955658 0.0000050334 0.0000002210 -0.0000087534 

Table 3.1 

 

 

 

 

 

   Fig. 1. X with Xi+1 – Xi         Fig. 2. X with Yi+1 – Yi  

  

 

     

      Fig. 1. X with Xi+1 – Xi             Fig. 2. X with Yi+1 – Yi 
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 Fig. 3. Y with Xi+1 – Xi           Fig. 4. Y with Yi+1 – Yi 

 

 
 

 

 

 

 

 

 

 

  

 

  Fig. 5. Z with Xi+1 – Xi           Fig. 6. Z with Yi+1 – Yi 
 

In Figures (1) and (2) ,the plot obtained for the system graph of variable ‘x’ 

with xi+1-xi and yi+1-yi,show an exponential growth in the system. Figures (3) and 

(4), show the graph of the system variable ‘y’ with xi+1-xi and yi+1-yi,Sow that the 

system growth  is almost nil or towards the shrinking mode. Figures (5) and (6) 

the graph of the system  variable ‘z’ with xi+1-xi and yi+1-yi, show the system 

behavior along in the ‘z’ direction. 

 

4. CONCLUSION 

 
The behavior of the Dynamical Hybrid system is analyzed with the various 

possibilities of system variables x,y,z,, along there mutually perpendicular 

directions,  we conclude that the graphs corresponding to the solution of Hybrid 

dynamical system growth  is in only one direction and not in the other directions. 

This analysis gives effective suggestions to any medical practioner who is treating 

the patient. 
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