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Abstract

This study addresses the problem of the effect of periodic fluctu-
ations on the transmission dynamics of sex-structured deterministic
model of Herpes Simplex Virus type 2 (HSV-2). A mathematical model,
of the form of a non-autonomous deterministic system of non-linear dif-
ferential equations, is designed and analysed to gain insights into its
dynamical features. The model has a globally-asymptotic stable (GAS)
disease-free equilibrium (DFE) whenever the associated reproduction
threshold is less than unity. This study shows that adding periodicity to
the corresponding autonomous model for HSV-2 transmission (consid-
ered in [20]) does not alter the qualitative dynamics of the autonomous
system (with respect to the elimination of the disease).

Keywords: Herpes simplex virus type 2 (HSV-2); periodicity; equilibria;
reproduction number; stability

1 Introduction

Herpes simplex virus type 2 (HSV-2) is a highly-prevalent sexually-transmitted
disease (STD) that causes severe public health burden globally, with the high-
est prevalence in sub-Saharan Africa and some Asian countries [27]. Approx-
imately 22% of the general population in the United States is infected with
HSV-2 [3, 8]. In general, HSV-2 seroprevalence is high in populations whose
behavior leads to high risk of acquiring other STDs (some studies show more
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than 80% HSV seropositivity in sex workers [27])[1, 7, 17, 18]. In 2003, for
instance, up to 536 million people aged 15-49 years were living with HSV-2
globally (and 23.6 million new infections were recorded in that year [12]).

HSV-2 is transmitted through vaginal, oral, or anal sex. The incubation
period is typically between 2 to 20 days [29]. The common symptoms of HSV-2
include itching or pain, followed by sores that appear a few hours to a few days
later. The sores, which normally appear on the genital areas, start out as red
bumps that soon turn into red, watery blisters. HSV-2, like HIV, can also be
transmitted vertically (from an infected mother to a child) at time of delivery
(leading to devastating systemic infection with encephalitis).

HSV-2 infection is lifelong and latent infection can re-activate to cause one
or more round of disease. A major challenge associated with the control of
HSV-2 is that a high proportion of genital HSV infections are not recognized
by both patients and clinicians [6]. That is, not all people infected with HSV-2
will develop symptoms, and such asymptomatically-infected people can trans-
mit infection [9, 16]. Furthermore, data shows that HSV-2 seropositivity is
uniformly higher in women than in men [4, 5, 15, 27]. This may be due to
a number of reasons such as: male-to-female transmission is more likely than
female-to-male transmission [5] and the higher rate of disease recurrences in
men, which may make them more infectious [4].

The purpose of this study is to qualitatively assessed the effect of “period-
icity” on the transmission dynamics of HSV-2 in a sex-structured population.
The case for periodicity in HSV-2 transmission dynamics in a sexually-active
population stems from the fact that HSV-2 infection is lifelong, and latent
infection can re-activate. This re-activation can occur regularly, producing a
relapse period of infectiousness [25, 3]. The frequency and amplitude (severity)
of recurrence (relapse) of HSV-2 vary greatly, depending on the individual and
various environmental factors including stress (both physical and mental) [10].
To incorporate such time varying recurrence, it is assumed that the associated
transmission and relapse parameters of the HSV-2 model presented in [20] are
periodic (i.e., βm = βm(t), βf = βf (t), rm = rm(t) and rf = rf(t)). It should,
however, be mentioned that (at the moment) there is no clear epidemiological
evidence in favor or against this (periodicity) assumption in this context.

2 Formulation of the Model

Using the aforementioned definitions for βm, βf , rm and rf in the model in
[20] gives the following non-autonomous, sex-structured, two-group model for
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HSV-2 transmission in a population:

dSm

dt
= Πm − βf(t)cf

Nm
(Hf + ηfQf )Sm − μSm,

dEm

dt
=
βf (t)cf
Nm

(Hf + ηfQf)Sm − (σm + μ)Em,

dHm

dt
= σmEm + rm(t)Qm − (qm + μ+ δ1)Hm,

dQm

dt
= qmHm − [rm(t) + μ+ δ2]Qm,

dSf

dt
= Πf − βm(t)cm

Nf

(Hm + ηmQm)Sf − μSf ,

dEf

dt
=
βm(t)cm
Nf

(Hm + ηmQm)Sf − (σf + μ)Ef ,

dHf

dt
= σfEf + rf(t)Qf − (qf + μ+ δ1)Hf ,

dQf

dt
= qfHf − [rf(t) + μ+ δ2]Qf ,

(1)

where, Sm(t)- susceptible males, Em(t)- exposed males to HSV-2 but show
no clinical symptoms of the disease, Hm(t)-infectious males (virus-shedding)
with clinical symptoms of HSV-2, Qm(t)- infectious males, whose infection is
quiescent, and similar definition for Sf (t), Ef (t), Hf(t), and Qf (t), so that

Nm(t) = Sm(t) + Em(t) +Hm(t) +Qm(t),

Nf(t) = Sf(t) + Ef(t) +Hf(t) +Qf (t),

and where, the total sexually-active population at time t, denoted by N(t), is
sub-divided into two groups, namely, the total male population (Nm(t)) and
the total female population (Nf(t)).

In (1), the parameters Πm and Πf represent the recruitment rate of males
and females into the sexually-active population, respectively. Susceptible males
acquire HSV-2 infection following effective contact with infectious females at
a rate λf(t), given by

λf =
βf (t)cm(Hf + ηfQf )

Nf
, (2)

where, βf(t) is the probability of infection (from females to males) per contact
and cm is the average number of male sexual partners (for females) per unit
time. Similarly, susceptible females acquire HSV-2 infection following effective
contact with infectious males at a rate λm (the reader may refer to [11] on the
derivation of the infection rates, λf and λm), where

λm =
βm(t)cf(Hm + ηmQm)

Nm

, (3)
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with cf and βm(t) having similar definitions as cm and βf(t) (it is, however,
assumed that βm(t) > βf(t) since females are more susceptible to HSV-2 in-
fection than males [27]). Unlike in many other HSV-2 modelling studies (in-
cluding those in [3]),it is assumed that infected individuals in the quiescent
state (i.e., those in the Qm and Qf classes) can indeed transmit infection. The
modification parameters 0 < ηm, ηf < 1 account for the assumption that qui-
escent individuals transmit infection at a slower rate than the corresponding
infected individuals with clinical symptoms of the disease (in the Hm and Hf

classes), due to their assumed reduced viral load (it is assumed that viral load is
positively correlated with infectiousness). Individuals in each epidemiological
compartment suffer natural death at a rate μ.

Newly-infected individuals move to the exposed class Em(Ef ) at the rate
λf(λm) for males (females). Exposed individuals develop symptoms at a rate
σm(σf ) for males (females). Quiescent individuals re-activate (relapse) their
infection (and become symptomatic) at a rate rm(rf) for males (females), and
move to the corresponding Hm(Hf) class. Individuals with clinical symptoms
of the disease become quiescent at a rate qm(qf) for males (females). The
parameters δ1 and δ2 represent the disease-induced death for individuals with
symptoms (in Hm or Hf class) and those in quiescent state (in Qm or Qf class),
respectively. It is assumed that δ2 ≤ δ1.

The model (1) is an extension of the one-group HSV-2 transmission model
presented by Podder and Gumel [19], by considering a two-group (males/females)
structure (that takes into account the differential susceptibility to HSV-2 in-
fection between the two genders). The main objective of the current study is
to determine whether or not adding sex structure to the single-group HSV-
2 model presented in [19] alters its qualitative (equilibrium) dynamics. It is
worth mentioning that an important feature of a sex-structured model is that
the total number of sexual contacts females make with males must equal the
total number of sexual contacts males make with females. Thus, the following
group contact constraint must hold:

cmNm = cfNf . (4)

It is assumed that male sexual partners are abundant, so that females can
always have enough number of sexual contacts per unit time. Hence, it is
assumed that cf is constant (and cm is calculated from the relation cm =

cf Nf

Nm
).

The two-group HSV-2 transmission model (1) is an extension of the single-
group HSV-2 model presented in [19], by incorporating sex-structure. In other
words, the model (1) relaxes the assumption (in [19]) that every sexually-active
individual has the same likelihood of acquiring infection (this assumption seems
unrealistic, since data shows that HSV-2 seropositivity is uniformly higher in
women than in men [4, 5, 15, 27]).
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The objective is to determine whether or not adding periodicity to the au-
tonomous two-group model in [20] alters its qualitative dynamics (particularly
with respect to the elimination of the disease).

2.1 Basic Properties

It is convenient to define the regions:

X = {(Sm, Em, Hm, Qm, Sf , Ef , Hf , Qf) ∈ R
8
+ :

Sm + Em +Hm +Qm ≤ Nm and Sf + Ef +Hf +Qf ≤ Nf},
X0 = (S0

m, E
0
m, H

0
m, Q

0
m, S

0
f , E

0
f , H

0
f , Q

0
f),

and the function,

g ≡ g(Sm, Em, Hm, Qm, Sf , Ef , Hf , Qf).

Lemma 1 The non-autonomous model (1) has a unique and bounded solution

with the initial data X0, where X0 ∈ X. Further, the compact set

D =

{
(Sm, Em, Hm, Qm, Sf , Ef , Hf , Qf) ∈ X : Nm ≤ Πm

μ
and Nf ≤ Πf

μ

}
,

is positively-invariant and attracts all positive orbits in X.

Proof. Following [14], let g ∈ (R8
+,R) be defined by:

g =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

0, (Sm, Em, Hm, Qm, Sf , Ef , Hf , Qf) = (0, 0, 0, 0, 0, 0, 0, 0);
βfcf (Hf + ηfQf )Sm

Sm + Em +Hm +Qm

, (Sm, Em, Hm, Qm) ∈ R4
+ \ {(0, 0, 0, 0)};

βmcm(Hm + ηmQm)Sf

Sf + Ef +Hf +Qf
, (Sf , Ef , Hf , Qf) ∈ R4

+ \ {(0, 0, 0, 0)}.

Hence, the function g is continuous and globally lipschitz on R
8
+. It follows,

from Theorem 5.2.1 of [22], that the non-autonomous model (1) has a unique
non-negative local solution (Sm, Em, Hm, Qm, Sf , Ef , Hf , Qf) with

(Sm(0), Em(0), Hm(0), Qm(0), Sf(0), Ef(0), Hf(0), Qf(0))

= (S0
m, E

0
m, H

0
m, Q

0
m, S

0
f , E

0
f , H

0
f , Q

0
f) ∈ R

8
+.

Adding the first four equations of the model (1) gives

dNm

dt
= Πm − μNm − δ1Hm − δ2Qm ≤ Πm − μNm,
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from which it is clear that the associated linear differential equation,

dNm

dt
= Πm − μNm,

has a unique equilibrium N∗
m =

Πm

μ
, which is globally-asymptotically stable.

Thus, it can be shown, using comparison theorem [13], that Nm(t) is bounded.
Similarly, it can be shown that Nf (t) is bounded. Hence, the solution of the
model (1) exists globally on the interval [0,∞). �

2.2 Stability of DFE

The disease-free equilibrium solution of the system (1) is given by

E1 = (S∗
m, E

∗
m, H

∗
m, Q

∗
m, S

∗
f , E

∗
f , H

∗
f , Q

∗
f ) =

(
Πm

μ
, 0, 0, 0,

Πf

μ
, 0, 0, 0

)
. (5)

The equations for the rates of change of the infected components (Em, Hm, Qm, Ef , Hf , Qf )
of the linearized version of the system (1) at the DFE (E1) are given by

dEm

dt
= βf (t)cf(Hf + ηfQf ) − (σm + μ)Em,

dHm

dt
= σmEm + rm(t)Qm − (qm + μ+ δ1)Hm,

dQm

dt
= qmHm − [rm(t) + μ+ δ2]Qm,

dEf

dt
= βm(t)cm(Hm + ηmQm) − (σf + μ)Ef ,

dHf

dt
= σfEf + rf(t)Qf − (qf + μ+ δ1)Hf ,

dQf

dt
= qfHf − [rf(t) + μ+ δ2]Qf .

Using the notation in Wang and Zhao [26], the matrix F (t) (of new infection
terms) and the M- matrix V (t) (of the remaining transition terms) associated
with the non-autonomous model (1) are given, respectively, by

F (t) =

⎛
⎜⎜⎜⎜⎜⎜⎝

0 0 0 0 βf(t)cf ηfβf (t)cf
0 0 0 0 0 0
0 0 0 0 0 0
0 βm(t)cm ηmβm(t)cm 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

⎞
⎟⎟⎟⎟⎟⎟⎠
,
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and,

V (t) =

⎛
⎜⎜⎜⎜⎜⎜⎝

m1 0 0 0 0 0
−σm m2 −rm(t) 0 0 0

0 −qm m3 0 0 0
0 0 0 m11 0 0
0 0 0 −σf m21 −rf (t)
0 0 0 0 −qf m31

⎞
⎟⎟⎟⎟⎟⎟⎠
,

with, m1 = σm + μ, m2 = qm + μ + δ1, m3 = rm(t) + μ + δ2, m11 = σf + μ,
m21 = qf + μ+ δ1 and m31 = rf (t) + μ+ δ2.
As in [21, 26], let ΦM be the monodromy matrix of the linear ω− periodic
system

dZ

dt
= M(t)Z,

and ρ(ΦM (ω)) be the spectral radius of ΦM(ω). It is convenient to define

Y (t, s), t ≥ s,

as the evolution operator of the linear ω− periodic system

dy

dt
= −V (t) y.

That is, for each s ∈ R, the associated 6 × 6 matrix, Y (t, s), satisfies:

dY (t, s)

dt
= −V (t)Y (t, s) ∀t ≥ s, Y (s, s) = I.

Furthermore, in line with Wang and Zhao [26], it is assumed that φ(s) (ω−periodic
in s) is the initial distribution of infectious individuals. That is, F (s)φ(s) is
the rate at which new infections are produced by infected individuals who were
introduced into the population at time s [21, 26]. Since t ≥ s, it follows then
that Y (t, s)F (s)φ(s) represents the distribution of those infected individuals
who were newly-infected at time s and, remain infected at time t.

Thus, the cumulative distribution of new infections at time t, produced by
all infected individuals (φ(s)) introduced at a prior time s = t, is given by

ψ(t) =

∫ t

−∞
Y (t, s)F (s)φ(s)ds =

∫ ∞

0

Y (t, t− a)F (t− a)φ(t− a)da.

Let Cω be the ordered Banach space of all ω−periodic functions from R to R
6
+,

with maximum norm ‖.‖ and positive cone

C
+
ω = {φ ∈ Cω : φ(t) ≥ 0, ∀ t ∈ R} .
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Following Wang and Zhao [26], define a linear operator L : Cω → Cω by

(Lφ)(t) =

∫ ∞

0

Y (t, t− a)F (t− a)φ(t− a)da ∀ t ∈ R, φ ∈ Cω. (6)

The associated reproduction ratio (denoted by Rp) is given by the spectral
radius of L (that is, Rp = ρ(L) [26]). The quantity Rp measures the aver-
age number of new HSV-2 cases generated by a single infectious individual
in a completely susceptible population. Methods for computing Rp for non-
autonomous systems have been developed by a number of authors (see, for
instance, [2, 21, 26]). The method in [26] will be used here. First of all, it is
shown below that the system (1) satisfies Assumptions A1-A7 in [26].

Following the notation as in [26], system (1) can be re-written as follows:

d

dt
x(t) = F(t, x(t)) − V(t, x(t)) = f(t, x(t)), (7)

where,

x =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

Sm

Em

Hm

Qm

Sf

Ef

Hf

Qf

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
, F =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0
βfcfSm(Hf +ηf Qf )

Nm

σmEm + rm(t)Qm

qmHm

0
βmcmSf (Hm+ηmQm)

Nf

σfEf + rf(t)Qf

qfHf

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
, and V =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−Πm +
βfcf Sm(Hf +ηf Qf )

Nm
+ μSm

(σm + μ)Em

(qm + μ+ δ1)Hm

(rm(t) + μ+ δ2)Qm

−Πf +
βmcmSf (Hm+ηmQm)

Nf
+ μSf

(σf + μ)Ef

(qf + μ+ δ1)Hf

(rf (t) + μ+ δ2)Qf

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

Further, let,

V+ =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

Πm

0
0
0

Πf

0
0
0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
, and V− =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

βf cfSm(Hf +ηf Qf )

Nm
+ μSm

(σm + μ)Em

(qm + μ+ δ1)Hm

(rm(t) + μ+ δ2)Qm
βmcmSf (Hm+ηmQm)

Nf
+ μSf

(σf + μ)Ef

(qf + μ+ δ1)Hf

(rf (t) + μ+ δ2)Qf

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

It is clear that V = V−−V+. The function F , V+ and V− satisfy the following:

(A1) For each 1 ≤ i ≤ 8, Fi(t, x), V+
i (t, x) and V−

i (t, x) are non-negative,
continuous on R ×R8

+ and continuously differentiable with respect to x,
(since each function denotes a direct non-negative transfer of individu-
als).
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(A2) By assumption (note that it is assumed that some of the model param-
eters are ω−periodic functions), there exists a real number ω > 0, such
that Fi(t, x), V+

i (t, x) and V−
i (t, x) are ω−periodic in t.

(A3) If xi = 0, then V−
i = 0 for i = 2, 3, 4, 6, 7, 8.

(A4) Fi = 0 for i = 1, 5.

(A5) Define xs = {x ≥ 0 : xi = 0 for i = 2, 3, 4, 6, 7, 8} . Thus, if x ∈ Xs, then
Fi = V−

i = 0 for i = 2, 3, 4, 6, 7, 8. System (1) has a disease-free periodic

solution x∗ =

(
Πm

μ
, 0, 0, 0,

Πf

μ
, 0, 0, 0

)
. Define a 2 × 2 matrix

M(t) =

(
∂fi(t, x

∗)
∂xj

)
i,j=1,5

.

It follows from (7), and the definitions of matrices F and V, that

M(t) =

[−μ 0
0 −μ

]
.

(A6) Since M(t) is a diagonalizable matrix with negative eigenvalues, then
ρ(ΦM (ω)) < 1.

(A7) Similarly, −V (t) is a diagonalizable matrix with negative eigenvalues.
Hence, ρ(ΦF−V (ω)) < 1.

Thus, using Theorem 2.2 in [26], the following result is established.

Lemma 2 The DFE of the model non-autonomous (1), given by (5), is LAS

whenever Rp < 1, and unstable if Rp > 1.

Theorem 1 The DFE, E1, of the non-autonomous model (1), given by (5), is

GAS in D whenever Rp < 1.

Proof. It follows from Lemma 2 that the DFE, E1, of the system (1) is
asymptotically-stable if Rp < 1. Using the fact that Sm(t) ≤ Nm(t) and
Sf (t) ≤ Nf (t) for all t ≥ 0 in D, the infected compartments of the system (1)
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can be re-written in terms of the following differential inequality system (see
also [26]):

dEm

dt
≤ βfcf (Hf(t) + ηfQf) − (σm + μ)Em,

dHm

dt
= σmEm + rm(t)Qm − (qm + μ+ δ1)Hm,

dQm

dt
= qmHm − (rm(t) + μ+ δ2)Qm,

dEf

dt
≤ βmcm(Hm + ηmQm) − (σf + μ)Ef ,

dHf

dt
= σfEf + rf(t)Qf − (qf + μ+ δ1)Hf ,

dQf

dt
= qfHf − (rf(t) + μ+ δ2)Qf .

(8)

The equations in (8), with equality used in place of the inequality, can be
re-written in terms of the next generation matrices F (t) and V (t) defined in
Section 2.2, as follows:

dW

dt
= [F (t) − V (t)]W (t). (9)

It follows from Lemma 2.1 in [28] that there exists a positive ω−periodic

function, w(t), such that W (t) = eϑtw(t), with ϑ =
1

ω
lnρ[φF−V (ω)], is a

solution of (9). By Theorem 2.2 in [26], Rp < 1 implies that ρ[φF−V (ω)] < 1.
Hence, ϑ is a negative constant. Thus, W (t) → 0 as t → ∞. This implies
that the trivial solution of system (9), given by W (t) = 0, is GAS. For any
non-negative initial solution (Em(0), Hm(0), Qm(0), Ef(0), Hf(0), Qf(0))T , of
the system (9), there exists a sufficiently large M∗ > 0, such that

(Em(0), Hm(0), Qm(0), Ef(0), Hf(0), Qf(0))T ≤M∗w(0).

Thus, by comparison theorem (in [23]), it follows that

(Em, Hm, Qm, Ef , Hf , Qf)
T ≤M∗W (t) for all t > 0,

where, M∗W (t) is also a solution of (9).
Hence,

lim
t→∞

(
Em(t), Hm(t), Qm(t), Ef (t), Hf(t), Qf(t)

)
→ (0, 0, 0, 0, 0, 0).

Finally, by Theorem 1.2 in [24], it follows that Sm(t) → Πm

μ
and Sf (t) → Πf

μ
as

t→ ∞. Hence,

lim
t→∞

(Sm(t)Em(t), Hm(t), Qm(t), Sf(t), Ef (t), Hf(t), Qf(t)) → E1, whenever Rp < 1. �



Dynamics of herpes simplex virus type 2 3033

The epidemiological implication of Theorem 1 is that, as in the case of
the autonomous two-group model in [20], HSV-2 will be eliminated from the
community if the associated reproduction number (Rp) is brought to (and
maintained at) a value less than unity. Thus, the analyses in this section show
that adding periodicity to the corresponding autonomous model in [20] does
not alter the dynamics of the autonomous model in [20] (with respect to disease
elimination).

Conclusions

A deterministic model for HSV-2 transmission dynamics, with periodic time
dependent rates is presented and analysed. Some of the main findings of the
study include:

(i) The model has a globally-asymptotically stable disease-free solution (DFS)
whenever the associated reproduction threshold (Rp) is less than unity;

(ii) Adding periodicity does not alter the dynamics of the corresponding
autonomous model (with respect to the elimination of the disease).

Acknowledgments

The author is grateful to A. Gumel and M.A. Safi for their comments on the
model formulation. The author is grateful to the anonymous reviewers.

References

[1] B. Auvert, R. Ballard, C. Campbell, M. Carael, M. Carton, G. Fehler,
et al. HIV infection among youth in a South African mining town is as-
sociated with herpes simplex virus-2 seropositivity and sexual behaviour.
AIDS. 15(2001): 885-898.
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