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Abstract

In this paper evolutionary stable strategies, as defined by Maynard
Smith, are studied and some existence theorems are given. Approximate
evolutionary stable strategies are introduced and a new concept of well
posedness is applied to some problems with only one evolutionary stable
equilibrium.
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1 Introduction

One of the most interesting chapters of Game Theory is Evolutionary one.

Game Theory was applied to mathematical models in biology and a strategic

aspect to theory of evolution was discovered by Maynard Smith (1920-2004),

a theoretical evolutionary biologist, geneticist and an aeronautical engineer;

he applied Game Theory to Evolution. In 1982 he wrote a beautiful book

on Evolutionary Game Theory (Maynard Smith, 1982) where he summarizes

works on evolutionary Game Theory to which he gave several important con-

tributions. Many socio-economic and biological processes can be modeled with

interacting individuals where players wish to maximize their own payoffs and

in particular animals and genes maximize their individual fitness.

We have not in mathematical literature an existence theorem for evolutionary
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equilibrium as we have for Nash-equilibrium; in this paper I give, under suit-

able hypotheses, some existence theorems . In the real world, often important

decisions are very difficult to bring, so we decide according to our past experi-

ence and on the basis of what we remember and on our past success we adjust

our strategies to adopting some of them: in a certain sense we use a mental

process similar to phenomenon of biological selection. Social and economic

environments often display another level of selection, closer to biological one:

for example only those firms which do well can survive and in a organization

only those members who perform satisfactorily will remain part of it.

Such selection appears to play in these models a role similar to biological

ones: when a ”good mutation” has occurred, it will be part of the future

actions.

From these words we can understand that evolutionary models in biology

can be important tools to anlyse economic environments.

For a deeper study about Evolutionary Game Theory see Binmore 1992, Vin-

cent et al. 2005, Vega-Redondo 1996, Weibull 1996, Bazzani et al. 2011.

Starting from the definition of an ESS (evolutionary stable strategy), in this

paper I give a new definition of approximate evolutionary stable equilibrium

(εES-equilibrium, for short) and a new concept of well posedness which char-

acterizes some problems with only one equilibrium and where the approximate

solutions are not far from the exact one, this concept has a biological and an

economic interpretation.

The outline of the paper is the following: section 2 contains the properties

of evolutionary stable strategies, in section 3, I give some existence theorems

for evolutionary stable equilibria and in section 4, I give two new concepts:

approximate evolutionary stable equilibrium and evolutionary well posedness,

(ES −wp for short); in section 5, I prove that the classical example of Hawk-

Dove is ES-well posed and the War of Attrition is not. Finally in section 6,

I make a comparison between two concepts of stability: the stability in the

cobwebs sense or c-stability and the stability of ES-equilibrium to conclude

that they are very different. In section 7, conclusions and some open problems

are shown.
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2 Preliminary results about evolutionary sta-

ble strategies

The notion of evolutionary strategy is very useful for models in which the play-

ers’ actions are determined from the forces of evolution. We restrict ourselves

in the case where the members of a single population (animals or plants too)

interact one another two by two (this is a simplification for our mathematical

model). Each animal or plant chooses an action from an admissible set (the

strategy space). The animal or plant chooses an action not consciously but

following the inheritance or mutation laws (following the Darwin theory) and

the utility function will be the measure of the future reproductive success.

We stress that if a behaviour is negative for the single organism but it is useful

for the riproductive success then it is favoured by evolutionary laws. Game

Theory reads this behaviour as an evolutionary stable strategy.

Let us consider a symmetric game with two players

G = (B, B, u1, u2)

where B is the strategy space of player I and of player II, u1, u2 are the players

utility functions and u(a, b) = u1(a, b) = u2(b, a). Starting from observing that

in an equilibrium a mutant has to obtain an expected value smaller then that

one obtained from a non-mutant, Maynard Smith arrived at the following

Definition 2.1 The strategy profile (b∗, b∗) ∈ B ×B is an evolutionary stable

equilibrium if one of the following inequalities is valid:

1) u(b, b∗) < u(b∗, b∗) if b �= b∗

2) if u(b, b∗) = u(b∗, b∗) then u(b, b) < u(b∗, b)
Intuitively it is a strict NE or (2) is valid.

We call it, for short, ES-equilibrium.

A symmetric game can have one, no one or more ES-equilibria.

Examples 2.2 The famous game of ”prisoner dilemma” has a unique Nash

equilibrium (NE for short) which is an ES-equilibrium too. The game ”stone-

paper-scissors” has no ES-equilibria even if in mixed strategies.(About these

games see Binmore 1992, Weibull 1996.)

The following symmetric game has two ES-equilibria:
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A B

A 2 1

B 0 3

(A,A) and (B,B) are two ES-equilibria.

It is valid the following existence theorem for symmetric games:

Theorem 2.3 In a finite symmetric game with two players, there is at least a

symmetric Nash equilibrium (NE for short) in mixed strategies (see Weibull,

1996).

3 Existence results

Definition 3.1 Suppose Xi is a subset of some finite-dimensional euclidean

space, i = 1, 2. Let ui : X1×X2 → R , be continuously differentiable functions.

As usually made in Game Theory I will use the notation x = (xi, x−i).

Then ui is pseudoconcave, with respect to xi if:

(yi−xi)
∂ui

∂xi
(xi, x−i) ≥ 0 ⇒ ui(xi, x−i) ≥ ui(xi, y−i) ∀xi ∈ Xi, yi ∈ Xi, x−i ∈

X−i

We shall say that it is strongly pseudoconcave if it is valid the strict inequality.

About pseudo-concavity properties see Mangasarian, 1995.

We shall say that ∂ui

∂xi
(xi, x−i) is:

pseudocoercive with respect to xi if

∃ α, h > 0 s.t. |∂ui

∂xi
(xi, x−i)| > h if |xi| > α.

Assume now that the functions ui are twice continuously differentiable

functions on Xi. We shall denote by T the continuously differentiable mapping

T : R
2
+, → R

2, which has components Ti(x) = ∂ui

∂xi
(x).

Let Tij(x) = ∂2ui

∂xi∂xj
(x) be the typical entry of the Jacobian matrix JT (x) of

T .

We shall say that JT (x) is a strictly diagonally dominant matrix ∀x ∈ X if

it is valid:

1)|∂2u1

∂x2
i
(x)| > | ∂2u1

∂x1∂x2
(x)|

and

2) |∂2u2

∂x2
2
(x)| > | ∂2u2

∂x1∂x2
(x)|
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Definition 3.2 Define the best reply correspondences as follows

Ri(x−i) = argmax ui(., x−i) = {ti ∈ Xi s.t. ui(ti, x−i) ≥ ui(xi, x−i)}
∀xi ∈ Xi

In general Ri(x−i) is a set and it could be empty.

If Ri(x−i) is a singleton ∀x−i ∈ X−i, define the best reply surface as

Ri = {(Ri(x−i), x−i), x−i ∈ X−i}.

Lemma 3.3 Let u : R
2 → R, u ∈ C2(R2). Let u be strongly pseudoconcave

and strongly pseudocoercive with respect to the variable xi, i = 1, 2. Then the

correspondence Ri(·) is a singleton and there is α > 0 such that Ri(.) ⊂ [−α, α]

Proof. The thesis follows from the properties of strongly pseudoconcavity

and strongly pseudocoercivity. �

Lemma 3.4 Let Xi ⊂ R, i = 1, 2, K a compact of R
2 and

ui : X1 × X2 → R (i=1,2) a continuous function. If Ri(.) is a singleton and

further Ri(.) ∈ K then Ri(.) is a continuous function.

Proof. By absurdum we arrive to the thesis. �

Let us give the following theorems for ES-equilibria: the first is an existence

theorem, the second an uniqueness one.

Theorem 3.5 Let G = (R, R, u1, u2) be a symmetric game.

Let ui pseudoconcave and pseudocoercive with respect to xi then there is at least

one ES-equilibrium.

Proof For the pseudocoercivity the best replies Ri i = 1, 2 are in a compact,

so they meet each other at least in one point on the diagonal. We conclude

with the fixed point theorem (see for example Klein et al. 1984). �

Theorem 3.6 In the hypotheses of the previous theorem and further ui

strictly diagonally dominant then the ES-equilibrium is unique.

Proof. The uniqueness of an ES-equilibrium follows from the pseudoconcavity

hypothesis in a similar way as made in Gabay et al. 1980. �

Let G = (B, B, f, g) a symmetric game with two players. Here I call f, g the

utility functions for player I and player II respectively, to make the following

notations easier.

We shall call A the symmetrized jacobian matrix:
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A =

⎛
⎜⎝

f11(x, y)
f12(x, y) + f21(y, x)

2
f12(x, y) + f21(y, x)

2
f11(y, x)

⎞
⎟⎠

and we shall say that it is strongly negative definite if:

f11(x, y) < −h and f11(x, y)f11(y, x) − (f12(x,y)+f21(y,x))2

4
> h

Here I write fi for the first derivative of f with respect to the variable

xi, fij for the mixed second derivative of the function f with respect to the

variables xi and xj .

We can give the following existence and uniqueness theorem:

Theorem 3.7

Let G = (R, R, f, g) be a symmetric game. If f, g ∈ C2(R × R) and the

symmetrized jacobian matrix is strongly negative definite.

Then there exists a unique ES-equilibrium.

Proof We remark that being the game symmetric, it turns out

f1(x, y) = g2(y, x) and

f11(x, y) = g22(y, x)

f21(x, y) = g12(y, x)

From the theorems in (Karamardian 1969) generalized to R (Margiocco et

al.2002), there is a unique NE, but in a symmetric game it is (x∗, x∗) and it

is a strict NE for the hypotheses of strong concavity of f, g. �

Remark 3.8 For a symmetric game with two players it is valid:

x ∈ R1(y) ⇔ y ∈ R2(x).

The following example proves that the hypotheses of global strongly con-

cavity and continuity for the utility functions are not sufficient to guarantee

either existence nor uniqueness of an ES-equilibrium.

Example 3.9 Let G = (R, R, f, g) a symmetric game where

f(x, y) = 2xy − x2 − 2y2 + ax with a ∈ R

g(x, y) = f(y, x)

R1(y) = y + a/2 and R2(x) = x + a/2. So we can prove that:

if a �= 0 there are no ES-equilibria

if a = 0 there are an infinite number of ES-equilibria.
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4 Well posedness property

Often the models of reality are solved using iterative algorithms and this

method gives us approximate solutions. For example in Tihkonov well posed-

ness problems, approximate solutions play a fundamental role. About Nash

approximate equilibrium and Tihkonov well-posedness property, see Margiocco

et al. 2002, Morgan et al. 1999.

Furthermore when a game has no equilibria we can search if there are approx-

imate equilibria (see the following hawk/dove game).

Let us give the definition of approximate evolutionary stable equilibrium (εES-

equilibrium for short)

Definition 4.1 Let ε > 0, (b∗, b∗) ∈ B×B is an εES-equilibrium if the follow-

ing two properties are valid:

1) u(b, b∗) ≤ u(b∗, b∗) + ε ∀b ∈ B

and

2) if u(b, b∗) ≥ u(b∗, b∗) then

u(b, b) < u(b∗, b) + ε, ∀b ∈ B

The first condition tells us that it is an ε-NE (or approximate Nash equilib-

rium).

Intuitively:

If the payoff of a mutant differs a few (ε) from the payoff of a non mutant then

it can invade the population.

Now we give the definition of evolutionary well posedness for symmetric games.

in the following let B a subset of a metric space.

Definition 4.2 A sequence (xn, yn) ∈ B × B (with B a metric space) is said

asymptotic ES-equilibrium if it is an approximate ES-equilibrium for n large

enough that is if :

∀ε > 0, ∃ν > 0 : ∀n > ν, (xn, yn) is an εES-equilibrium.

Definition 4.3 A game G = (B, B, u1, u2) is evolutionary well posed (for

short ES − wp) if:

1) there is (x, x) ES-equilibrium

2) every (xn, yn) ∈ B × B asymptotic ES-equilibrium, is converging to (x, x).

The uniqueness of equilibrium is guaranteed.

The well posedness property guarantees us that there is only one equilibrium

and each approximate equilibrium is near this one.
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Let us write Eε the set of approximate ES-equilibria

I remind that given a metric space (X, d) and C ⊆ X, the diameter of C is

defined as: diam(C) = sup{d(x, y) : x, y ∈ C}.

We can give a metric characterization for ES − wp.

Proposition 4.4 A symmetric game G = (B, B, u1, u2) is ES − wp ⇔ there

is an ES-equilibrium (x, x) and diam(Eε) → 0 if ε goes to 0.

Proof
′′ ⇐′′ x is unique otherwise diam(Eε) does not converges to 0, furthermore

every (xn, yn) ∈ B ×B and asymptotic ES-equilibrium is converging to (x, x)

in fact (xn, yn) ∈ Eε for n large enough, so

0 ≤ d((xn, yn), (x, x)) ≤ diam(Eε)

and so we conclude. Here we have written d(., .) for the euclidean distance.
′′ ⇒′′ let us suppose by absurd that diam(Eε) does not converge to 0, then

diam(Eε) → λ > 0, we can choose m ∈ N such that (xm, ym) ∈ E1/m and

d((xm, ym), (x, x)) ≥ λ/3.

In this way (xm, ym) is asymptotic ES-equilibrium but not converging to (x, x);

a contradiction. �

5 Examples: well posedness and stability

We shall prove that the game Hawk/Dove is ES-well posed and the game War

of Attrition is not.

Example 5.1 (Hawk/Dove game, see about this game Maynard-Smith 1982)

In this classical game a couple of animals of the same population fight for a

prey (of value v = 1). Let us suppose a divisible prey.

Each animal can have a behaviour of Hawk (H) or Dove (D) that is, it can

have an aggressive or a pacific behaviour.

This game is written in the following matrix:

H D

H v/2 - c v

D 0 v/2

If both the animals have a pacific behaviour, they divide the prey, so their

payoff is v/2.
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If the behaviour of an animal is H and the other is D, the aggressive animal

obtains the whole prey and the other animal has nothing.

If both the animals are aggressive, they obtain v/2 − c: they divide the prey

but they have to pay a cost c for the fight.

Studying the ES-equilibria we obtain:

if c ≤ v/2 there is only one ES-equilibrium (H, H)

if c > v/2 there are no ES-equilibria

Let us determine approximate equilibria in mixed strategies in the case c ≤
v/2.

If Δ(X) is the set of mixed strategies on the space X, defined in the usual way,

we go to determine (x, x) ∈ Δ(X) × Δ(X) such that

supx∈[0,1](v/2(1 + x − x) − cxx) − v/2 = cx ≤ ε

By boring calculations we can prove that the set of εES-equilibria is not empty

if ε > 2, there is a unique ES-equilibrium and the game is ES-well posed. �

Example 5.2 (War of Attrition)

In this game which is a fight between two animals, it is developed a model

in which the fundamental hypotheses are that players know only their own

reserves. In the corresponding game the strategy is a proportion of the initial

reserves of the animal which it is ready to use in a prolonged flight against

another animal. An important hypothesis is that the value of winning is pro-

portional to the winner’s remaining reserves.

In this game there are two parameters, c, R ∈ [0, 1].

The first (c) is a coefficient of variation and it measures the dispersion of en-

ergy reserves about their mean. The second parameter (R), a cost/benefit ratio

compares the reproductive cost of a spent unit of fat reserves to the eventual

winner’s reproductive benefit from a saved unit.

To read more about this interesting mathematical model see Mesterton et al.

1998 and references in it.

Studying the game G = ([0, 1], [0, 1], u1, u2) where u(x, y) = u1(x, y) = u2(y, x),

it results:



372 L. Pusillo

u(x, y) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

R(1 − x) if
x

y
≤ 1 − c

1 + c

R(1 − x) + a(x, y)
1 − R + Rx

4c2
− y

4c2
b(x, y) if

1 − c

1 + c
≤ x

y
< 1

1 − y if
x

y
≥ 1 − c

1 + c

1 − y + g(x, y)
R − Rx − 1

4c2
+

y

4c2
d(x, y) if 1 ≤ x

y
≤ 1 − c

1 + c

where:

c ∈ [0, 1]

R ∈ [0, 1]

a(x, y) =
y2

6x2
(1 − c)3 +

x

3y
(1 + c)3 − (1 − c)(1 + c)2

2

b(x, y) =
x2

6y2
(1 + c)3 +

y

3x
(1 − c)3 − (1 + c)(1 − c)2

2

g(x, y) =
y2

6x2
(1 + c)3 +

x

3y
(1 − c)3 − (1 + c)(1 − c)2

2

d(x, y) =
x2

6y2
(1 − c)3 +

y

3x
(1 + c)3 − (1 − c)(1 + c)2

2

For further details about the calculations in this model see Pusillo in Baz-

zani et al. 2011.

Here we consider the case c = 0 that is the reserve of energy is equal for all

butterflies. In this game we can prove that there is only one ES-equilibrium

but the game is not ES-wp because approximate equilibria are far from the

unique ES-equilibrium. �

6 Stability properties

In this section we compare the stability w.r.t. to cobwebs to the notion of

stability of ES- equilibrium.

In the following examples we show that the stability with respect to cobwebs

(see Cavazzuti 1989) is a very different property from the stability of ES-

equilibrium as introduced by Maynard Smith.

The stability in the cobwebs sense (I will call it c − stability for short) is

the following process:
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at each step, every player updates his own strategy by observing the strate-

gies of the other players; this can be obtained in two different ways: either the

players update their strategies simultaneously at the beginning of each play,

or they change their strategies one after another each time.

Denoting by zk = (zk
1 , ..., z

k
n) the strategies at the k-th step, the simultane-

ous adjustment process is defined by

zk+1
i ∈ Ri(z

k
−i).

The sequential adjustment process is defined by

zk+1
i ∈ Ri(z

k+1
1 , ..., zk+1

i−1 , zk
i+1, ..., z

k
n)

It is possible now to give the following definition:

a Nash equilibrium (z1, z2, ..., zn) is stable if for each initial point (z0
1 , ..., z

0
n),

the general adjustment process (either simultaneous or sequential) converges

to (z1, z2, ..., zn).

Example 6.1 Let G = (R, R, u1, u2) be a game,

u1(x, y) = −(2x + y − 1)2

u2(x, y) = u1(y, x) = −(2y + x − 1)2

R1(y) = argmaxx∈�u1(x, y) = argmax{−(2x + y − 1)2} = 1−y
2

R2(x) = 1−x
2

The ES-equilibrium is (1/3, 1/3)

The cobwebs go near the equilibrium, so it is c-stable.�

Example 6.2 Let G = (R, R, u1, u2) be a game,

u1(x, y) = −(x + 2y − 1)2

u2(x, y) = u1(y, x) = −(2x + y − 1)2

R1(y) = argmaxx∈�u1(x, y) = argmax{−(x + 2y − 1)2} = 1 − 2y

R2(x) = 1 − 2x

The ES-equilibrium (1/3, 1/3) is not c-stable.�

Given a game G = (B, B, f, g) we will call twisted game of G the following

: GT = (B, B, g, f) (the preferences of player I in the twisted game are those

of player II in the original game, see Aumann 1961).
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It is not difficult to prove the following

Proposition 6.3 If G = (X, X, f, g) has a c-stable equilibrium then GT =

(X, X, g, f) has a not c-stable equilibrium (intuitively if in G the cobwebs goes

near the equilibrium, in GT they go far).

7 Conclusions and open problems

In this paper I have given some existence theorems for ES-equilibria and then

uniqueness theorems too, I introduced approximate evolutionary stable equi-

libria and a new property of well-posedness (ES-wp).

I proved that the Hawk-Dove games is ES − wp and the War of attrition is

not.

Furthermore I compared the property of stability of cobwebs with stability of

evolutionary equilibria to conclude that these concepts are very different.

There are some open problems arising from a lecture of this paper:

1) I have considered symmetric games as introduced by Maynard Smith but

what can we say about asymmetric games?

2) How can we generalize these results to multicriteria games? For a multicri-

teria approach see Patrone et al. 2007.

3) In mathematical literature there are other important concepts of stability

for equilibria. It would be interesting to relate these definitions with the sta-

bility of ES-equilibrium.

4) A new concept of ES equilibrium for leader–follower problems could be given

(about leader- follower problem see Margiocco et al. 2007).

5) An interesting study may be the parallels between the asymptotic stability

of the replicator equations and evolutionary stability of Maynard Smith. Some

of these problems are works in progress.
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