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Abstract

In this paper, we introduce the notion of balanced intuitionistic fuzzy
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is balanced if and only if D(G;) = D(G2) = D(G1 M Ga).
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1 Introduction

In 1736, Euler first introduced the notion of graph theory. In the history of
mathematics, the solution given by Euler of the well known Konigsberg bridge
problem is considered to be the first theorem of graph theory. This has now
become a subject generally regarded as a branch of combinatorics. The the-
ory of graph is an extremely useful tool for solving combinatorial problems in
different areas such as geometry, algebra, number theory, topology, operations
research, optimization and computer science.

Density of a graph G (D(G)) is concerned with the patterns of connections
of the entire networks. As the result of rapid increasing in the size of net-
works the graph problems become uncertain and we deal these aspects with
the method of fuzzy logic. Graphs for which D(H) < D(G) for all subgraph
H of G are called balanced graph. balanced graph first arose in the study of
random graphs and balanced IFG defined here is based on density functions.
A graph with maximum density is complete and graph with minimum density
is a null graph. There are several papers written on balanced extension of
graph[10] which has tremendous applications in artificial intelligence, signal
processing, robotics, computer networks and decision making.

Al-Hawary [1] introduced the concept of balanced fuzzy graphs and stud-
ied some operations of fuzzy graphs. Atanassov [6] introduced the concept of
intuitionistic fuzzy relations and intuitionistic fuzzy graphs(IFGs). Parvathy
and Karunambigai[8] introduced the concept of IFG elaborately and analysed
its components. Articles[l, 6, 8] motivated us to analyze balanced IFGs and
their properties. This paper deals with the significant properties of balanced
IFG. The basic definition and theorems needed are discussed in section 2. The
necessary condition for an IFG to be a Balanced IFG if the graph G is com-
plete, strong, regular and self complementary IFG are discussed in section 3.
We also discussed some properties of complementary and self complementary
balanced IFGs. Section 4 deals with direct product, semi strong product and
strong product of intuitionistic fuzzy graphs and their properties with suitable
illustrations are given. The main theorem in this section is G1 MG is balanced
if and only if D(G1) = D(G2) = D(G1 M Gy).

2 Preliminaries

An intuitionistic fuzzy graph (IFG) is of the form G = (V, E) said to be a
Min-max IFG if

(i) V ={wvg,v1,...,v,} such that p; : V"—[0,1] and 14 : V' — [0, 1], denotes
the degree of membership and non-membership of the element v; € V
respectively and 0 < pq(v;) +v4(v;) < 1, for every v; € V, (1 = 1,2, ..., n),
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(i) ECV xV where s : Vx — [0,1] and vy : V' x — [0, 1], are such that

p2(viy v;) < minfp (vi), pa(v;)]
vo (v, v5) < max[vy(v;), v1(v;)],

denotes the degree of membership and non-membership of the edge (v, v;) € E
respectively, where 0 < p15(v;, vj) 4+ v2(v;, v;) < 1, for every (v;,v;) € E.
An IFG H = (V', E') is said to be an IF subgraph(IFSG) of G = (V, E) if

(i) V! CV, where p); = 1, ¥, =7; forallv, €V, i=1,23... . n

(ii) E" C E, where iy, = pog, Yo; = 7oy for all (vi,v;) € B 4,j =
1,2,...,n

An IFG, G = (V, E) is said to be complete IFG if
f2ij = min(pg, paj) and vz = max (i, Y1 )

for every v;,v; € V. An IFG, G = (V, E) is said to be strong IFG if
Ha2ij = min (fey, ,Ulj) and 7y2i; = max (71, ”Y1j)

for every (v;,vj) € E. The complement of an IFG, G = (V, E) is an IFG,

=(V, ) where
(i) V=
( ) ,LL_ K14 and 711 Vi, for 311121,2, » 1Y

(iii) fizs; = mln(ﬂlmulg) oi; and Fa;; = max (v, V1) — Ve for all 4,5 =
1,2,...

An intuitionistic fuzzy graph G = (V, E) is said to be reqular IFG if all the
vertices have the same closed neighborhood degree.
The density of a complete fuzzy graph G = (o, p) is

D(G) —9 Zu,vEV(M(ua U))
ZU,UEV(U(U) A O(U))
Consider the two IFGs Gy = (Vi, Fy) and Gy = (Va, Es). An Isomorphism

between two IFGs G and G,, denoted by G; = G, is a bijective map h :
Vi — V5 which satisfies

pa(vi) = py (h(vi)), vi(vi) =

~
~—~

vy (h(v;)) and
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3 Balanced Intuitionistic Fuzzy Graphs

Definition 1. The density of an intuitionistic fuzzy graph G = (V, E) is
D(G) = (D,(G), D,(G)), where

D, (G) is defined by

22 wwev(p2(u,v))

D,(G) = , foru,vev
S S TN PN
and D, (G) is defined by
2 vo(u, v
D,(G) Zupev (2, v)) , foru,veV.

T Y e (i) Vi (v)

Definition 2. An intuitionistic fuzzy graph G = (V, E) is balanced if D(H) <
D(G), that s, D,(H) < D,(G),D,(H) < D,(G) for all subgraphs H of G.

Example 3. Consider a IFG, G = (V, E), such that V. = {vy,v9,v3, 04},
E = {(U1,U2)7(U27U3)7
(v3,04), (V4,v1), (V2,v4)}.

v (0.3,0.6 26089 ¥ (0.8,0.2) 1,(0.8,0.2) by 0.3,0.6y (124049 12(0.8,0.2)
®;
(0.24,0.43) ob (0.16,0.6) 016,06 24045
v,(0.5, 0.4) N V3(0.2,0.8) v3(0.2,0.8) v,(0.5, 0.4
G Hy Hy
Balanced Intuitionistic Fuzzy Graph
-density
0.24+0.16+0.164+0.24+0.4
DL(G) = o 22T FD DT IATIA) g6
034+024+02+03+0.5
v-density
0.45+06+064+0.45+0.3
D,(G) = o[ 22200 FIO DTS _ 5
0.6+0.84+08+06+04

D(G) = (D,(G),D,(G)) = (1.6,1.5)

Let Hy = {v1,v2}, Hy = {v1,v3}, Hz = {v1,v4}, Hy = {v2,v3}, Hs = {vy, v4},
H6 = {U37/U4}7 H7 = {U17U27/03}7 HS = {U17U37U4}7 H9 = {U17U27U4}7 HlO =
{va,v3,v4}, H11 = {v1,v9,v3,04} be a non empty subgraphs of G. Density
(D,(H),D,(H)) is D(H;) = (1.6,1.5), D(Hy) = (0,0), D(Hs) = (1.6,1.5),
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D(H,) = (1.6,1.5), D(Hs) = (1.6,1.5), D(Hg) = (1.6,1.5), D(H7) = (1.6, 1.5),
D(Hg) = (1.6,1.5), D(Hy) = (1.6,1.5), D(Hyo) = (1.6,1.5), D(H;1) = (1.6, 1.5).
So D(H) < D(G) for all subgraphs H of G. Hence G is balanced IFG.

Definition 4. An intuitionistic fuzzy graph G = (V, E) is strictly balanced if
for every u,v € V, D(H) = D(G) for all non empty subgraphs H of G.

Example 5. Consider an IFG G = (V| E) such that V = {vy,va,v3,04},
E = {(Ulan)a (/027/03)7 (U37 U4)7 (U47 Ul): (/017/03)7 (/027/04)}-

vy (0.4,0.6),_ (0-225:0. 45)5 BOI0Y 406, VOL0Y 0225049 455
W > >
(0.15,0.525, %, (0.225,0.379)  9.15,0.525) (0.225,0.375)
s
V,(0.2,0.7) T 070y 02 0) v, 0.7.0.3
G H

Strictly Balanced IFG

D(G) = (DM(G),DV(G» = (15,15) Let H1 = {'Ul,’UQ}, H2 = {'Ul,’Ug},
Hs = {U1704}; Hy = {7127?)3}; Hs = {U2,04}; Hg = {7137@4}; Hy; = {U1,U2,U3};
Hg = {’01,1}3,1}4}, Hg = {Ul,UQ,U4}, HIO = {UQ,U?),U4}7 H11 = {Ul,U27U3,U4} be
a non empty subgraphs of G. Density (D,(H),D,(H)) is D(H,) = (1.5,1.5),
D(H,) = (1.5,1.5), D(H3) = (1.5,1.5), D(H,) = (1.5,1.5), D(Hs) = (1.5, 1.5),
D(Hg) = (1.5,1.5), D(H;) = (1.5,1.5), D(Hg) = (1.5,1.5), D(Hy) = (1.5,1.5),
D(Hyo) = (1.5,1.5), D(Hy1) = (1.5,1.5). Hence D(H) = D(G) for all non
empty subgraphs H of G. Hence G is strictly balanced IFG.

Theorem 6. FEvery complete intuitionistic fuzzy graph is balanced.

Proof. Let G = (V, E) be a complete IFG, then by the definition of complete
IFG, we have ps(u,v) = pi(u) A pi(v) and vo(u,v) = vi(u) V v1(v) for every
u,v e V.

" Z (u2(u,v)) = Z (1 (u) A pa(v)) and Z vo(u,v) Z (r1(u) Vg (v)).

u,veV (u,v)EE u,veV (u,v)€EE

Now 1) = (o2 Zmserietnn)_y (Z2zm<w<u,v>) )> -

, Zumifa(m(U)Am(Q)) W)EEv vi(u) V(v
(< 2 umyen(#(v) m()))))’ ( 2 umyes(1(w) Vi (v))

)
Z(uv en(pa(w) A p (v Z(uv e (vi(u) vV in(v))

D(G
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2). Let H be a non empty subgraph of G then, D(H) =(2, 2) for every H C G.
Thus G is Balanced. 0

Note 7. The converse of the above Theorem is need not be true. Fvery bal-
anced IFG need not be complete.

Example 8. Consider an IFG G = (V, E), such that V. = {vy, v, v3, 04},
E = {('Ul,?)g),(?)g,?)g),(1)3,1}4),

(va,01)}-

V1 (0.6, 0.4) (0.375,0.3)  V2(0.5,0.4)

(0.3, 0.3)
(0.225, 0.45)

V(04,03  (0.225,045  p;(0.3, 0.6)
G

Balanced IFG but not complete IFG

D) = (D,(G). D,(G)) = (15,15)
Let Hy = {v1,v2}, Hy = {v1,vs}, Hs = {v1,v4}, Hy = {vo,v3}, Hs = {v2, 04},
H6 = {U37/U4}7 H7 = {U17U27/03}7 HS = {U17U37U4}7 H9 = {U17U27U4}7 HlO =
{vy,v3,v4}, H1y1 = {v1,v2,v3,04} be a non empty subgraphs of G. Density
(D,(H), D,(H)) is D(H.) = (1.5,1.5), D(H) = (0,0), D(Hs) = (1.5,1.5),
D(Hsg) = (1.5,1.5), D(Hy) = (1.5,1.5), D(Hyo) = (1.5,1.5), D(H;;) = (1.5,1.5).
Hence D(H) < D(G) for all subgraphs H of G. So G is balanced IFG. From
the above graph easy to see that:
po(u, v) # py(u) A pg(v) and ve(u, v) # vy (u) Vi (v)). Hence G is balanced but
not complete.

Corollary 9. Fvery strong IFG is balanced.

Theorem 10. Let G = (V, E) be a self complementary IFG. Then D(G) =
(1,1).

Theorem 11. et G = (V, E) be a strictly balanced IFG and G = (V,E) beits
complement then D(G) + D(G) = (2,2).

Proof. Let G = (V, E) be a strictly balanced IFG and G = (V,E) be its
complement. Let H be a non empty subgraph of GG. Since G is strictly balanced
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D(G) = D(H) for every H C G and u,v € V,

In G, po(u,v) = pr(u) A pa(v) — pe(u,v)

and 15(u,v) = v (u) Vi (v) — va(u, v)

for every u,v € V. Dividing (1) by p1(u) A u1(v) gives

MQ(U7U) 1 MQ(U7U)

pa(w) A pa(v) p(w) A pa (v)
for every u,v € V' and dividing (2) by v;(u) V v1(v),

Z/Q(U,U) —1— Z/Q(U,U)
vi(u) V() vi(u) Vg (v)
for every u,v € V.

then Z —M(u’v) =1- Z —M(uyv) o)

o= pa () A g (v)

where u,v € V.

where u,v € V.

uwey M1 ’LL) N ,Ul(’l)) u, eV
where u,v € V
VQ(u7 V)
and 2 =2-2 _
uVZEV g u) v Vl( ) u%:v vi(u) Ve (v)

where u,v € V

Now,

QI

Hence D(G) + D(G)= (2,2).

2507
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Theorem 12. The complement of strictly balanced IFG is strictly balanced.

Example 13. Consider an IFG, G = (V, E), such that 'V = {vy, vy, 03,04},

1,(0.3,0.5)

(0.225,0.375)

v;(0.7,0.3)

= {(v1,v2), (v, v3), (v3,v4), (Va,v1), (V1,v3), (V2,04) }-

(0.075,0.15)

v; (0.4,0.6)
9
z
S
(0.05,0.175, %
.05,0. %,
20
V40.2,0.7)
(0.05,0.175)
G

Strictly Balanced and its complement

,(G)) = (1.5, 1.5)

D(G)

E =
G = (V,E), such that V = {v1, va, v3, v4},
E
vy (0.4,0.6) (0.225,0.45)
P
e-‘"’w
(0.15,0.525) 2
‘fﬂ.y\r
V4(0.2, 0.7)
(0.15,0.525)
G
D(G) = (Du(G),

Hence D(G) +

D(G) = (1.5+0.5,1.5+0.5) =

{(v1,v2), (v2,v3), (v3,v4), (vg,v1), (V1,V3), (Va,v4)} and its complement

1,(0.3,0.5)

(0.075,0.125)

V3 0.7,0.3)

(D.(G), D,(G)) = (0.5,0.5).
Y )

Definition 14. Let G = (Vi, Ey) and Gy = (Va, E3) be an intuitionistic fuzzy

graphs, where V.=V, x Vy and E = {(uq,v1)(ug, v9) :

(w1, u2) € By, (v1,v2) €

Ey}. Then the direct product of G1 and Gy is an IFG denoted by Gh M Gy =

(V, E), where

o (py MM u//l)(ul,vl) = min(ul(ul),///l(vl)) for every (uy,v1) € Vi x Vo and
(1 M) (ug, 01) = max (v (ur), vy (1)) for every (ur,v1) € Vi X Va.

o (ypM M;)(Ul,vl)(umw) = W}m(MQ(UbW):MIQ(Ul,W) Jor every (7;417U2) €
Ey, (v1,09) € Ey and (v2Muy)(ug, v1)(usz, v9) = max(ve(uy, us), ve(vy, v2))
for every (uy,us) € Ey, (v1,v2) € Es.

Example 15. Consider an IFG, such that G; = (V4, E1) and Gy = (V4, E»),

‘/1 = {Ul,UQ,Ug}, El = {(Ul,UQ),(UQ,Ug),(Ug,ul)}, ‘/2 = {/017/02} and El

{(v1,v2)}.
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1(0.2,0.7) %(0.3,0.6)

(0.2,0.7) (0.2,0.7) (0.3,0.6)

¢ > 4,(0.4,0.5)
1(0.7,0.2) 0.40.5 2 v40.5,0.5)
Gy G2
(0.2,0.7)
up(0.2,0.7) (0.2,20.07)7) AOLEY 0405 2y uy 0500
~_ . (0.3)0.6)
0.2,0.7) (-3 (0.3,0.6) 4 3 0.6)
0.2,0. 0.3,0.6)| (-0
10.2,0.7) |
upy0.2,0.) 207wy g0.4,05) 030G 7 up0.50.5)
(0.2,0.7)

Direct Product (G; M Gs)

By computations, it is easy to see that:

(11 M ) (g, v1) = 0.2 and (v, M vy (ug, v1) = 0.7, (g M) (ur, v2) = 0.2 and

(g M Vi/)(ul,vg) = 0.7, (1 N ,ull)(Ug,vl) = 0.3 and (v ’/1,)(“271’1) = 0.6,
(ug M ul)(u%,vg) = 0.4 and (14 M l/ll)(UQ,/UQ> = 0.5, (ug N ul)(u;§,v1) = 0.3
and (11 M vy)(ug,v1) = 0.6, (g1 M pq)(ug,v2) = 0.5 and (vy M vy)(us, v2) =
0.5. (o M o) (ur, v1)(ug, v2) = 0.2 and (vy M vy)(ug, v1)(ug, v2) = 0.7, (g M
thy) (g, v1) (us, v2) = 0.3 and (vaMvy) (ug, v1) (us, Vo) = 0.6, (Mg ) (w1, v1) (us, va) =
0.2 and (v Mvy)(uy, v1)(us, va) = 0.7.

Definition 16. Let G; = (Vi, Ey) and Gy = (Va, E3) be an intuitionistic fuzzy
graphs, where V.= Vi x Vo and E = {(u,uz)(u,v3) : u € Vi, (ug,v9) €
Ex} U{(u1,v1)(ug,v2) : (ur,u2) € Eq,(vi,v9) € Ey}. Then the semi strong
product of G and Go is an IFG denoted by Gy © Gy = (V, E), where

o (2 © 4o, 03) = min(ys ), () for every (us, ) € Vi x Vy and
(11 © vy)(uy,uz) = maz(vi(uy), vy (uz)) for every (ui,us) € Vi x Va.

o (1o ® pto)(u, ug)(u, va) = min(py (w), py(ug, va) for every u € Vi, (ug, vq) €
Ey and (5 © vy)(u, ug)(u,v2) = max(vi(u), vy(ug, va) for every u €
Vi, (ug, v2) € By and (pa®piy) (ur, uz) (v1,v2) = min(pz(us, us), p1a(v1, v2))
for every (ui,us) € Ey, (vi,v3) € Ey and (va ® vy)(ur, ug)(v1,v9) =
maz(vy(us, ug), vy(v1,02)) for every (uy,uz) € Ey, (v1,v2) € B,

Example 17. Consider an IFG, such that Gy = (Vi, E1) and Gy = (Va, Es),
‘/1 = {Ul,UQ,Ug}, El = {(u17u2>7(u27u3)7(u37u1)}7 ‘/2 = {Ulan} and El =
{(v1,v2)}.
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1(0.2,0.7) %(0.3,0.6)

(0.2,0.7) (0.2,0.6) (0.2,0.5)

0702 ¢ > 1,(0.4,0.5) V50
15(0.7,0. (0.3,0.5) vX0.5,0.5)
Gy G
(0.2,0.7)
0.3,0.6
upy(0.2,0.7) (0.2.;).2)7) u(0.3,0.6) (9.3,0.5) ugy(0.3.0.0
0.2,0.
0207 = 0.2,0.5
(0.2,0.6 0.2,0.5)| (0-2:0-9)
.2,0.
10.2,0.7)
f b
up0.2,0.7) 0207 upg0.4,0.5) @308 7 up(0.5,0.5)
(0.2,0.7)

Semi Strong Product (G ® G3)

By computations, it is easy to see that:
(1 © ,ul)(ul,vl) = 0.2 and (11 © ;) (ug,v1) = 0.7, (1 ® py)(uy, v2) = 0.2 and
(1, ® Vl)(ul,’l)g) = 0.7, ( © py)(ug,v1) = 0.3 and (1 ® v;)(ug,v1) = 0.6,
(1 © ,ul)(u2, vy) = 0.4 and (v ® vy)(ug, v2) = 0.5, (1 ® p})(us, v1) = 0.3 and
(1 ® Vl)(u3,vl) = 0.6, (1 © py)(uz,ve) = 0.5 and (v; © vy)(us3, v2) = 0.5.
(2 ® ,uQ)(ul, v1)(ug, v2) = 0.2 and / /
(12OVy) (U1, v1) (g, v2) = 0.6, (a®py) (uz, v1)(us, v2) = 0.2 and (LOy) (ug, v1 ) (s, v2) =
0.5,
(MQQM;)(UM v1)(ug, vg) = 0.2 and (vsOwy) (ur, v1) (ug, v2) = 0.7 (p2Opp) (ur, v1) (w1, v9) =
0.2 and (15 ® vy)(uy, v1)(ur,v2) = 0.7 (12 ® pg) (2, v1) (g, v2) = 0.2 and (vy ©
V) (g, v1) (Ug, v2) = 0.5 (2@t ) (us, v1) (us, v2) = 0.2 and (oGO ) (us, v1)(us, va) =
0.5.

Definition 18. Let G = (Vi, Ey) and Gy = (Va, E3) be an intuitionistic fuzzy
graphs, where V.= Vi x Vo and E = {(u,v1)(u,v3) : u € Vi, (v1,09) €
Ex} U{(ur,w)(ug, w) : w € Vo, (ur,ue) € Er}U{(ur,v1)(ug,ve) @ (u1,us) €
Ey, (v1,v2) € Es}. Then the strong product of G1 and Go is an IFG denoted
by G1 x Gy = (V, E), where
1. (py * puy) (g, ug) = min(py(uy), g (ug)) for every (ui,ug) € Vi x Vi and
(v1 % vy) (uy, ug) = max(v(uy), v, (ug)) for every (ui,us) € Vi x Va.

2. iz * pio) (u, U2)(U vg) = min(p (), i (uz, va) for every u € Vi, (ug, vs) €
Ey and (poxvy) (u, ug)(u, vy) = max (v (u), vy(ug, va) for everyu € Vi, (ug, vs) €
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Ly and (MQ*MIQ)(UMW)(}%@U) = min (pp(us, ug), iy (w) for every (ui, uz) €
Ey,w e Va and (v % vy)(ur, w)(ug, w) = max(va(u, us), vy(w) for every
(u1,uz) € Er,w € Vo (pa*pig)(ur, ug)(vy, va) = min(lf2(ulyu2)a/iz(vlav2)
for every (uy,ug) € Ei,(vi,v2) € Ey and (vg * vy)(ur,us)(vy,v2) =
max vy (1, us), vy(v1, vg) for every (ui,us) € Ey, (vy,vs) € By,

Example 19. Consider an IFG, such that Gy = (Vi, E1) and Gy = (Va, Es),
‘/1 = {ulau27u3}; El = {(u17u2>7(u27u3)7(u37u1)}7 ‘/2 = {Ulan} and El =
{(v1,v2)}.

1(0.2,0.7) (0.3,0.6)
0.2,0.3) (0.1,0.4) 0.1,0.3)
p. o 1,(0.4,0.5)
(0.7,0.2) 0.2,0.2) 2 ¥40.5,0.5)
Gy G2
(0.2,0.6)
upy(0.2,0.7) 0.1.0.6) #0306 (0.2,0.6) (03,06
.1,0.3) 3
0.1,0.
0.1,0.7) [ 01> 9.1,03
OLODY 0104 = 0.1,0.3) (-1,0-3)
70.1,0.3)
D
upy0.2,0.7) 0-1,05)  yy(0.4,0.5) (0-2:0-5) U (0.5,0.5)
(0.2,0.5)

Strong Product (G * G2)

By computations, it is easy to see that:

(p1 * py) (ug,v1) = 0.2 and (v * 1)) (ug,v1) = 0.7, (pg * p))(u1,v2) = 0.2 and
(v1 % V) (ug,v0) = 0.7, (p1 * p})(ug,v1) = 0.3 and (vg * v;)(ug,v;) = 0.6,
(g1 * p))(ug,v9) = 0.4 and (v * vy)(ug,v2) = 0.5, (py * y)(us,v1) = 0.3
and (v * Vi/)(u;),,vl) = 0.6, (p1 * puy)(us, vy) =05 and (vy * v))(us,vy) =
0.5. (g * pig) (w1, v1)(ug, v2) = 0.1 and (vg * VQ)(Ul,’Ul)(UQ,’Ug) = 0.4, (ug *
o) (g, v1)(us, v2) = 0.1 and (voxvy) (ug, v1)(us, v2) = 0.3, (fa%/y) (U, v1)(us, v2) =
0.1 and (vy * vy)(u1, v1)(us, v2) = 0.3 (g * 1) (ur, v1)(u1,v2) = 0.1 and (v *
Vo) (w1, v1) (ur, va) = 0.7 (paxpin) (Us, v1) (ug, v2) = 0.1 and (o) (ug, v1) (U, va) =
0.5 (1 * po)(us, v1)(us, va) = 0.1 and (vy * l/é)(U?,,Ul)(u?,,?{Q) = 0.3 (u2 *
o) (U1, Ul)(UQ,/lfl) = 0.1 and (voxvy)(uyg, vl)(ug/, v1) = 0.6 (uokpy) (ug, v1)(ug, v1) =
0.2 and (v * vy)(ug, v1)(us, v1) = 0.6 (ug * fy)(u1, ve)(us, v2) = 0.2 and (v *
Vo) (1, v2) (s, v2) = 0.5 (puakpty) (s, v2) (s, v2) = 0.2 and (vaxvy) (ug, va)(us, va) =
0.5.
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Theorem 20. Let Gy = (Vi, Ey) and Gy = (Va, E3) are complete intuitionistic
fuzzy graphs, then Gy Gy, G1 ® Gy and Gy * Gy are complete.

Theorem 21. Let G, = (Vi, Ey) and Gy = (Va, Ey) be two intuitionistic fuzzy
graphs such that G, Gy is complete, then either Gy or Gy must be complete.

Theorem 22. Let Gy = (Vi, Ey) and Gy = (Va, E3) be two intuitionistic fuzzy
graphs such that (G1 ® Gy) or (G1 x Gs) is complete, then either Gy or Gs
must be complete.

Theorem 23. Let G = (Vi, Ey) and Gy = (Va, Es) be two intuitionistic fuzzy
graphs. Then D(G;) < D(G1MGy) fori = 1,2 if and only if D(G1) = D(G3) =
D(G1 M Gy).

Proof. Let Gy = (Vi, Ey) and Gy = (Va, E») be two intuitionistic fuzzy graphs.
If D(G;) < D(GiNGY) for i = 1,2, then D(Gy) = (( 2 meva M2 (Ui, u2) )
Z(ul,ug)EEl g (ug) A g (ug)
( 2 Zul,uzevl vy, us) )> > (<Zu1,u2€\/1,v1,1126v2 (2 M ,1/2)((u17 us) (vy, 1@)))
Z(ul,uz)eEl v1(ur) V vy (ug) B Zul,wevwl@evg (pa M Mi)((ul, uz) (v1, 02)) )
(2 Zul,ugevl,m,vgevg (2 11 Vé)((ula uy)(v1,v2))

S o () (s w2) (o, 03) )> D(&) = Dieinc)D(Gy) 2

D(Gl I Gg) ThUS, D(Gl) = D(Gl I Gg) Slmllarly, D(Gg) = D(Gl I Gg)
Hence D(Gl) = D(Gg) = D(Gl I Gg)

O

Theorem 24. Let G, = (V4, Ey) and Gy = (Va, Ey) be two balanced intuition-
istic fuzzy graphs. Then G1 M Gy is balanced if and only if D(G1) = D(Gs) =
D(G1 M Gy).

Proof. Let G1MGj, is balanced intuitionistic fuzzy graphs. Then by definition,
D(G;) < D(G; M Gy) for i = 1,2. So by Theorem 4.6 D(Gy) = D(Gsy) =
D(G1 M Gs).

Conversely,

suppose that D(G;) = D(Gy) = D(G; M1 Ga).

We have to prove that G MG is balanced. Let (7, 72) be the density of

) g

an IFG Gi. Let (38, $2) and (32, §*) be the density of intuitionistic fuzzy

subgraph H; and H, of G; and (G5 respectively. Since GG; and G5 are balanced
and

D(Gy) = D(Gy) = (22,22,

T T2
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a; as ny N9 a3 agy ny N9
DH)=(—,—)<(—,—),D(Hy) =(+—,—) < (—,—).
( 1) (b17b2)—(rl77ﬂ2)7 ( 2) (b37b4)_(T17T2)
Thus ary; + agry S b1H1 -+ bgnland agly + ayry S bgng -+ b41’12.

ay + as CL2+(I4)
by + b3 by + by
ny n

Hence D(H;) + D(Hsy) < (

< (

L T2
= D(H) < D(G1 N Gy). Therefore, D(G1 M Gy) is balanced. O
Theorem 25. Let Gy = (Vi, Ey) and Gy = (Va, E3) be isomorphic intuition-
istic fuzzy graphs. If Gy is balanced, then Gy is balanced.
Proof. Let h : Vi — V4 be a bijection such that puq(u) = pj(h(u)) , vi(u) =
vi(h(u)) and po(u,v) = py(h(u), h(v)) , va(u,v) = v5(h(u), h(v)) for every

u,v €V
then 3 ) = 37 40
uev; ueVs
Do) =Y vi(w),
ueVy u€Va
Z po(u,v) = Z s (u, v)and Z vo(u,v) = Z vy(u, v).
u,veV] u,veVa u,veVy u,veVa

If H, = G(V(H1), E(H,)) is an intuitionistic fuzzy subgraph of Gy and Hy =
G(V(Hz), E(Hy)) is an intuitionistic fuzzy subgraph of Gs, where p}(h(u)) =
pau) , vi(h(w) = wiu) and pp(h(u), h(v)) = po(u,v) , vo(h(u), h(v)) =
vo(u,v) for all u,v € V(H;) Since Gy is balanced, D(Hs) < D(G,) ie.,
DM(HQ) S DH(GQ) and DV(HQ) S DV(GQ)

2 ZuvUEV(Hl) /,LIQ(U, U> < 2 ZU,UEVQ ,LL/2 (U, U)
Z(u,v)EE(Hl) /‘Lll (U) N /‘Lll (U) N Z(u,v)EEg :ull (U) A :ull (U)

and
28 wwevimy (0 0) 2% e, Ya(u )
D wwyer Vi) AVI(0) T 300, ep, Vi(w) Avi(v)
2 Zu,vEV(Hl) :“2(% U) < 2 Zu,vEVl H1 (u, U)
> tuwyern) (W) A RL(V) T 30 es, 11(w) A pi(v)
and

22 ey (i) V2 (U, v) < 2 wew V1(u,0)
Z(u,v)eE(Hl) vi(u) Avi(v) = Z(u,v)eEl vi(u) Avi(v)
ie., D,(H,) < D,(G1) and D,(H,) < D,(G1). .. D(Hy) < D(G4). Hence Gy
is balanced. 0
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