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Abstract

When the Manpower System of an organization is exposed to Cu-
mulative Shortage Process due to attritions that cause manpower loss,
breakdown occurs at threshold level. In this paper we consider the
Manpower System with two groups A and B. Group A consists of man-
power other than top management level executives. Group B consists
of top management level executives. Group A is exposed to cumulative
shortage process and shortage process of group B has varying shortage
rates. Recruitment is done to fill all the shortages of the two groups.
We find the expected time to recruit and recruitment time. Numerical
illustrations are presented.
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1 Introduction

In an organization, the total flow out of the Manpower System (MPS) is termed
as shortage. The outflow of MPS may be attributed to resignation, dismissal
and death. These shortages due to the manpower loss should be compen-
sated by recruitment. But recruitment involves huge cost and hence cannot
be made frequently to match the attritions. Hence the MPS is allowed to un-
dergo Cumulative Shortage Process (CSP). The accumulated random amount
of shortages due to successive attritions leads to the breakdown of the MPS
when the total shortage crosses a random threshold level. The breakdown point
or threshold is that point at which immediate recruitment becomes necessary.

The shortage of MPS due to manpower loss depends on many factors. Such
models have been discussed by Vajda [4]. Markovian models are designed for
shortage and promotion in MPS by Vassilou [3]. Subramanian. V. [6] has made
an attempt to provide optimal policy for recruitment, training, promotion and
shortages in manpower planning models with special provisions such as time
bound promotions, cost of training and voluntary retirement schemes. Lesson
[5] has given methods to compute shortages and promotion intensities which
produce the proportions corresponding to some desired planning proposals.

Esary et al. [2] have discussed that any component or device, when ex-
posed to shocks which cause damage to the device, is likely to fail when the
total accumulated damage exceeds a level called threshold. Gaver. D.P. [1]
has discussed point process problems in Reliability Stochastic point processes.
For MPS having threshold following Exponentiated Exponential distribution,
expected time to recruit and variance have been obtained by S. Parthasarathy
and R. Vinoth [10]. S. Mythili and R. Ramanarayanan have done probabilistic
analysis of time to recruit and recruitment time [11].

In this paper, we consider MPS with two groups A and B. Group A consists
of manpower other than top management level executives; group B consists of
top management level executives. Group A is exposed to CSP and the shortage
process of group B has varying shortage rates. In this model, we apply a new
concept introduced as Setting the Clock Back to Zero (SCBZ) by Raja Rao
[7] and studied by S. Murthy and R. Ramanarayanan [9]. Sathiyamoorthi.
R. and Parthasarathy. S. [8] have found the expected time to recruit when
threshold distribution has SCBZ property. The shortage rate changes after an
exponential time from one rate to another.

The time to recruit T is given by T = min{T1, T2} where T1 and T2 are
the times to breakdown of groups A and B respectively. Assuming that the
recruitment time R of a shortage is independent of the shortage magnitude,
we find the joint Laplace-Stieltjes transform of time to recruit and recruitment
time. Numerical illustration is given.
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2 Model Description

In this section, we consider the case when group A of the MPS is exposed
to CSP and shortage process of group B has varying shortage rates. When
breakdown occurs in group B, recruitment begins immediately.

2.1 Assumptions

1. Shortages occur in group A in accordance with a renewal process with

inter occurrence time distribution F (x) such that

∫ ∞
0

xdF (x) <∞.

2. N is the random number of shortages required for breakdown of group A.
The group can function with k shortages with probability Pk = P (N >
k) for k = 0, 1, 2, . . . , {Pk} is assumed to be a decreasing sequence of

numbers in the unit interval, such that
∞∑
k=0

Pk <∞, P0 = 1.

3. Let pk = (Pk−1 − Pk) be the probability that group A has breakdown
on the kth shortage. Let pk be given by the generating function φ(s),
0 ≤ s ≤ 1.

4. Let T1 be the time at which the N th shortage of group A occurs neces-
sitating immediate recruitment.

5. Group B has shortage process with varying shortage rates. At time 0,
the shortage rate of the group is a. After an exponential time with
parameter c, the rate becomes b. Rate a is higher than rate b. Let T0 be
the truncation point at which the parameter changes.

6. Let T2 be the time at which the breakdown of group B occurs necessi-
tating immediate recruitment. Let the p.d.f of T2 be h(y).

7. Recruitment for MPS starts if either of the groups A or B has a break-
down. All the shortages due to manpower loss are compensated by re-
cruitment.

8. The recruitment time of the ith shortage of group A is Ri. Ri’s are
independent and identically distributed random variables with distribu-
tion function R(y). The recruitment time of group B is assumed to
be R, independent of Ri’s with distribution function R(y) such that∫ ∞
0

ydR(y) <∞. All the recruitments are done one by one.
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2.2 Analysis

Based on the assumptions, recruitment starts at time T = min{T1, T2}. T2
has p.d.f h(y). Considering the truncation point T0 at which the parameter
changes,

h(y) =

{
ae−ay, if y ≤ T0

be−bye(b−a)T0 , if y > T0

T0 itself is a random variable with p.d.f = ce−cT0 .
h(y) = ae−aye−cy + be−by

∫ y
0
e(b−a)T0ce−cT0dT0 = (a−b)(c+a)

(c+a−b) e
−(c+a)y + cbe−by

(c+a−b) with
distribution function

H(y) = 1− pe−(c+a)y − qe−by (2.2.1)

where p =
(a− b)
c+ a− b

, q =
c

(c+ a− b)
and p+ q = 1.

The recruitment time RT is given by RT = R1 +R2 + · · ·+Ri where i is the
number of shortages occurred during T . If breakdown occurs due to group A,
RT = R1+R2+· · ·+RN . On the other hand, if breakdown occurs due to group
B, then we have to rejuvenate group B and recruit for the n (< N) shortages
occurred in group A during time to recruit. Then RT = R1 +R2 + · · ·+Rn+1.
The joint distribution function of T and RT is

P (T ≤ x,RT ≤ y) = P (T1 ≤ x,RT ≤ y) + P (T2 ≤ x,RT ≤ y)

=
∞∑
n=1

pnRn(y)

∫ x

0

[1−H(z)]dFn(z)

+
∞∑
n=0

PnRn+1(y)

∫ x

0

h(z)[Fn(z)− Fn+1(z)]d(z) (2.2.2)

where Rn(y) and Fn(y) are n-fold convolutions of R(y) and F (y) respectively.
F0(y) is defined as, F0(y) = 1, for y ≥ 0. F0(y) = 0, otherwise.

Substituting the values of H(·) and h(·) in (2.2.2), we get,

P (T ≤ x,RT ≤ y) =
∞∑
n=1

pnRn(y)

∫ x

0

(pe−(c+a)z + qe−bz)dFn(z)

+
∞∑
n=0

PnRn+1(y)

∫ x

0

[p(c+ a)e−(c+a)z + qbe−bz][Fn(z)− Fn+1(z)]dz (2.2.3)

The term under the first summation is the joint probability that the MPS

breakdown occurs due to groupA on the nth shortage during (0, x) and
n∑
i=1

Ri ≤
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y. The term under the second summation is the joint probability that the MPS
breakdown occurs due to group B during (0, x), group A survives the n short-

ages occurred to it before threshold level and
n+1∑
i=1

Ri ≤ y.

From (2.2.3), the Laplace-Stieltjes transform of the joint distribution of T
and RT is given by

E(e−εT e−ηRT ) =

∫ ∞
0

∫ ∞
0

e−εxe−ηy
∞∑
n=1

pn(pe−(c+a)x + qe−bx)dRn(y)dFn(x)

+

∫ ∞
0

∫ ∞
0

e−εxe−ηy
∞∑
n=0

Pn[p(c+ a)e−(c+a)x + qbe−bx][Fn(x)− Fn+1(x)]dRn+1(y)dx

=
∞∑
n=1

pn[R∗(η)]n{p[F ∗(ε+ c+ a)]n + q[F ∗(ε+ b)]n}

+
∞∑
n=0

Pn[R∗(η)]n+1

{
p(c+ a)

(ε+ c+ a)
[1− F ∗(ε+ c+ a)][F ∗(ε+ c+ a)]n

+
qb

ε+ b
[1− F ∗(ε+ b)][F ∗(ε+ b)]n

}
where * denotes Laplace-Stieltjes transform.

Since Pi = 1−
i∑

j=1

pj,

E(e−εT e−ηRT ) = pφ[R∗(η)F ∗(ε+ c+ a)] + qφ[R∗(η)F ∗(ε+ b)]

+

{
p(c+ a)R∗(η)[1− F ∗(ε+ c+ a)]

(ε+ c+ a)[1−R∗(η)F ∗(ε+ c+ a)]

}
{1− φ[R∗(η)F ∗(ε+ c+ a)]}

+

{
qbR∗(η)[1− F ∗(ε+ b)]

(ε+ b)[1−R∗(η)F ∗(ε+ b)]

}
{1− φ[R∗(η)F ∗(ε+ b)]} (2.2.4)

The dependence of recruitment time on the corresponding time to recruit
can be seen easily.

From (2.2.4), for η = 0 and ε = 0, we get respectively.

E(e−εT ) =
pε

(ε+ c+ a)
φ[F ∗(ε+ c+ a)]

+
qε

(ε+ b)
φ[F ∗(ε+ b)] +

p(c+ a)

(ε+ c+ a)
+

qb

(ε+ b)
(2.2.5)
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E(e−ηRT ) =
p

[1−R∗(η)F ∗(c+ a)]

× {φ[R∗(η)F ∗(c+ a)][1−R∗(η) +R∗(η)(1− F ∗(c+ a))]}

+
q

[1−R∗(η)F ∗(b)]
{φ[R∗(η)F ∗(b)][1−R∗(η) +R∗(η)(1− F ∗(b))]}

(2.2.6)

Differentiating (2.2.5) and (2.2.6)

E(T ) =
p

(c+ a)
[1− φ(F ∗(c+ a))] +

q

b
[1− φ(F ∗(b))] (2.2.7)

E(RT ) = pE(R)
[1− φ(F ∗(c+ a))]

[1− F ∗(c+ a)]
+ qE(R)

[1− φ(F ∗(b))]

[1− F ∗(b)]
(2.2.8)

2.3 Numerical Illustration

We consider the case in which F (x) = 1− e−λx. By taking different values for
pk, we draw the graph of E(T ) and E(RT ).

Take pk =
1

2k
. F ∗(c+ a) =

λ

λ+ c+ a
, φ(F ∗(c+ a)) = λ

λ+2(c+a)
.

F ∗(b) =
λ

λ+ b
, φ(F ∗(b)) = λ

λ+2b
.

E(T ) =
2

c+ a− b

[
a− b

λ+ 2(c+ a)
+

c

λ+ 2b

]
.

E(RT ) =
2E(R)

c+ a− b

[
(a− b)(λ+ c+ a)

λ+ 2(c+ a)
+
c(λ+ b)

λ+ 2b

]
.

Taking values for λ from 1 to 10, we draw the graph of E(T ) and E(RT )
by giving values to a, b, c, E(R). Keeping 3 values the same, one of the values
is increased and corresponding graphs are drawn.

Table 1: pk = 1/2k, a = 0.5, b = 0.2, c = 2, E(R) = 3
λ 1 2 3 4 5 6 7 8 9 10

E(T ) 1.29 0.76 0.54 0.42 0.35 0.3 0.26 0.23 0.2 0.18
E(RT ) 4.93 5.29 5.45 5.55 5.61 5.66 5.7 5.73 5.75 5.77
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Figure 1

Table 2: pk = 1/2k, a = 0.5, b = 0.2,
c = 4, E(R) = 3

λ E(T ) E(RT )
1 1.34 5.01
2 0.79 5.36
3 0.56 5.52
4 0.43 5.6
5 0.35 5.66
6 0.3 5.7
7 0.26 5.73
8 0.23 5.76
9 0.21 5.78
10 0.19 5.79

Table 3: pk = 1/2k, a = 0.5, b = 0.2,
c = 2, E(R) = 5

λ E(T ) E(RT )
1 1.29 8.21
2 0.76 8.81
3 0.54 9.08
4 0.42 9.24
5 0.35 9.35
6 0.3 9.43
7 0.26 9.49
8 0.23 9.54
9 0.2 9.58
10 0.18 9.62
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Figure 2 Figure 3

Table 4: pk = 1/2k, a = 0.8, b = 0.2,
c = 2, E(R) = 3

λ E(T ) E(RT )
1 1.17 4.75
2 0.7 5.11
3 0.51 5.28
4 0.4 5.39
5 0.33 5.46
6 0.28 5.52
7 0.25 5.57
8 0.22 5.61
9 0.2 5.64
10 0.18 5.66

Table 5: pk = 1/2k, a = 0.5, b = 0.4,
c = 2, E(R) = 3

λ E(T ) E(RT )
1 1.07 4.61
2 0.69 5.08
3 0.51 5.31
4 0.41 5.44
5 0.34 5.53
6 0.29 5.6
7 0.25 5.65
8 0.22 5.69
9 0.2 5.72
10 0.18 5.74

As λ increases, E(T ) decreases and E(RT ) increases. As c increases, both
E(T ) and E(RT ) increase. As E(R) increases, there is no change in E(T );
but E(RT ) increases. As a increases, both E(T ) and E(RT ) decrease. As b
increases both E(T ) and E(RT ) decrease.
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