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Abstract

The application of the Wavelet-Galerkin method to the solution of
nonlinear partial differential equations with non-periodic boundary con-
ditions and discontinuities in the initial conditions is investigated nu-
merically. First the one-dimensional Burgers equation is considered,
and then an equation with nonlinear viscosity,

ut − 1
2
ux = (u2ux)x.

A semi-implicit difference scheme in time direction is followed by Wavelet-
Galerkin approximation in space, using Coiflet scaling functions as basis
functions. Accuracy of the numerical results is determined by compar-
ing the wavelet solutions with exact solutions, and with solutions by a
classical high-resolution finite difference scheme which uses flux-limiter
functions to approximate the convective term.
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1 Introduction

Nonlinear partial differential equations, and in particular the equations of fluid
dynamics, are difficult to solve analytically. Instead, one relies on numerical
techniques, such as the finite difference or finite element methods.
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Often the solutions of these equations are highly irregular; an example
are the shock waves which can form in compressible gas flow. The standard
numerical methods deal poorly with this type of behaviour. Low-order mono-
tone schemes tend to smooth-out the steep gradients, while linear higher-order
(second-order) schemes give solutions which exhibit overshoots or oscillations.
In order to obtain accurate solutions, special finite difference techniques such
as flux limiters had to be designed [8, 14, 19, 20, 21, 22].

The development of the theory of wavelets was initially motivated by ap-
plications in signal processing [3, 16, 17]. However, it was realized early-on
that their particular features should make them a useful tool for the solution
of partial differential equations [6, 7]. This is because wavelet methods pro-
vide for basis functions which are well localized in space, and are of arbitrarily
small scale, and they should thus permit to represent the irregular solutions
of nonlinear equations with good accuracy.

The Wavelet-Galerkin method for the solution of the Burgers equation has
already been studied by several authors, beginning with [13]. Discretizing the
Burgers equation in time, one obtains an ordinary differential equation in the
spatial domain,

uk+1 − uk

Δt
+ uk(uk+1)x = ν(uk+1)xx,

and the resulting boundary value problem is then solved by the Galerkin
method, using an approximation space spanned by the wavelets or scaling
functions of a multiresolution analysis [16]. Most authors impose periodic
boundary conditions, which allow one to employ periodized wavelets or scal-
ing functions, and have the advantage of forming an orthonormal basis over the
domain. Lin and Zhou [15] have solved the Burgers equation for non-periodic
initial conditions as well, and their numerical experiments have shown that the
Wavelet-Galerkin method can produce substantially better approximations to
the exact solution than the classical Galerkin method. However, their exam-
ples involve only medium to high levels of viscosity, and it is not clear how this
method performs at low viscosity.

Kumar and Mehra [11] have chosen a forward second order Taylor expan-
sion for discretization in time,

uk
t =

uk+1 − uk

Δt
− Δt

2
(utt)

k,

in order to obtain higher accuracy at each time step. Their solutions of some
periodic boundary value problems exhibit very good correspondence with the
exact shockwave solution, again at a medium-high level of viscosity. They have
applied the same method to the Kortweg-de Vries equation as well [12]. Thus,
the partial differential equations studied to date by means of the Wavelet-
Galerkin method involve nonlinearity in the first derivative term, yet are still
linear in the second derivative.
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In this paper, we apply the Wavelet-Galerkin method to the study of an
equation with nonlinear diffusion term,

ut − ux

2
= (u2ux)x, (1.1)

using the Coiflet scaling functions of [5] as basis functions. We impose a non-
smooth initial condition and non-periodic boundary conditions, and, by means
of numerical experiments, compare the wavelet solution with both, the exact
solution and solutions by various finite difference schemes. In addition, we
investigate numerically how scale and time step size affect the accuracy of the
solution.

Along the way we revisit the Burgers equation, and verify by numerical
experiments that the Wavelet-Galerkin method can be used at lower viscosities
with success. We also investigate by examples how the choices of scale, time
step size and Coiflet order influence the accuracy of the wavelet solutions,
which we compare with solutions obtained by finite difference schemes and
high-order difference schemes based on flux limiter functions.

This paper is organized as follows. In Section 2 we review the background
from wavelet theory required throughout. Section 3 is used to analyzing the
wavelet solutions of the Burgers equation with initial discontinuity. In Sec-
tion 4 the same type of investigation is applied to equation (1.1).

2 Basic Background

In order to establish concepts and notation, we begin with a review of the
mathematical tools used throughout, with emphasis on compactly supported
wavelets and their connection coefficients. Details can be found in standard
references, such as [4] or [9] for example, and the paper [15].

2.1 Wavelets from Multiresolution Analysis

Almost all wavelets, in particular all wavelets of compact support, can be
obtained by a construction called multiresolution analysis [16].

Definition 2.1 A multiresolution analysis (MRA) on L2(R) is a sequence
of closed subspaces {Vj}j∈� of L2(R) satisfying:

(M1) Vj ⊆ Vj+1 for all j ∈ Z,

(M2)
⋃
j∈�

Vj is dense in L2(R),

(M3)
⋂
j∈�

Vj = {0},

(M4) f(x) ∈ V0 if and only if f(2jx) ∈ Vj, for all j,
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(M5) there exists a function ϕ(x) ∈ V0, called the scaling function, such that
the collection of translates {ϕ(x− k)}k∈� is an orthonormal basis of V0.

By (M4), the dilation operator D : f(x) �→ √
2f(2x) maps each space Vj onto

Vj+1. Repeated application of this linear isometry shows that the collection

{ϕj,k}k∈�=
{
2j/2ϕ(2jx− k)

}
k∈� (2.1)

is an orthonormal basis of Vj, for each j. Now by (M1), the scaling function
can be expressed in terms of the basis (2.1) of V1 by the scaling relation

ϕ(x) =
∑
k∈�

akϕ(2x− k) (2.2)

where

ak =
√

2〈ϕ, ϕ1,k〉L2(�) = 2

∫ ∞

−∞
ϕ(x)ϕ(2x− k) dx. (2.3)

The sequence {ak}k∈� is called the scaling filter, and by Parseval’s identity,∑
k∈�

|ak|2 = 2.

Thus, the associated wavelet which is defined by

ψ =
∑
k∈�

bkϕ1,k, bk = (−1)ka1−k (2.4)

is an element of V1 as well. It turns out that the family

{ψj,k}k∈�=
{
2j/2ψ(2jx− k)

}
k∈�

forms an orthonormal basis of the orthogonal complement Wj of Vj inside Vj+1,
for all j. Thus by (M4), each approximation space Vj has a decomposition

Vj = Vjo ⊕Wjo ⊕Wjo+1 ⊕ · · · ⊕Wj−1

whenever j > jo.
One can show [23] that if the scaling function and the wavelet are both

integrable, for example if ϕ has compact support, then after a succinct choice
of argϕ, ∫ ∞

−∞
ϕ(x) dx = 1 and

∫ ∞

−∞
ψ(x) dx = 0, (2.5)

which we will assume throughout.
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2.2 Compactly Supported Wavelets

For computational purposes, it is desirable to have scaling functions ϕ of com-
pact support. Then by (2.3), the scaling filter will be of finite length, and
hence by (2.4), the associated wavelet ψ will also have compact support. In
addition, one wishes these functions to be smooth. While there exist no C∞-
wavelets with compact support, for each positive integer r there exist a scaling
function ϕ and associated wavelet ψ which are both r-times differentiable and
have compact supports [4, 9].

There is a connection between the length of the scaling filter {ak} and the
support of ϕ [4]:

Theorem 2.2 Let [N1, N2] be the smallest interval with integer endpoints
satisfying ak = 0 for all k /∈ [N1, N2]. Then supp(ϕ) ⊂ [N1, N2].

Vanishing Moments

Let ϕ be a compactly supported scaling function with associated wavelet ψ.
For each p ∈ N0 and k ∈ Z, set

Mp
k =

∫ ∞

−∞
xp ϕ(x− k) dx,

the p-th moment of ϕ(x− k). It turns out that when ψ has vanishing moments
of order p ≤ L, then any polynomial of degree less or equal to L can be
reconstructed from the translates of the scaling function:

Theorem 2.3 Suppose, ∫ ∞

−∞
xpψ(x) dx = 0

for p = 0, . . . , L. Then for each p, 0 ≤ p ≤ L,∑
k∈�

Mp
kϕ(x− k) = xp, (2.6)

with convergence in L2(I) for every bounded interval I, and with pointwise
convergence a.e.

Observe that by (2.5), M0
k = 1 for all k, while ψ has vanishing zero moment.

Applying Theorem 2.3 to the case p = 0, it follows that∑
k∈�

ϕ(x− k) = 1 a.e. (2.7)

A large number of vanishing moments ensures that the scaling and wavelet
coefficients of a smooth function f decrease rapidly. In fact, one has [23]:
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Theorem 2.4 Let g ∈ L2(R) be compactly supported and suppose that∫ ∞

−∞
xpg(x) dx = 0 (0 ≤ p ≤ r − 1).

If f ∈ Cr(R) and f (r) is bounded, then there exists a constant C = C(f, r)
with

|〈f, gj,k〉| ≤ C2−j(r+1/2)

for all j and k, where gj,k(x) = 2−j/2g(2jx− k).

The Coiflets

The Coiflets [5] are a frequently used family of real valued and compactly
supported wavelets. The scaling function ϕ of the Coiflet C3N , N an even
positive integer, is supported on the interval [N1, N2] = [−N, 2N − 1], and the
scaling filter has length 3N . The special feature of the Coiflets is that ϕ has
vanishing first moments: Mp

0 = 0 for 1 ≤ p ≤ N . On the other hand, the
wavelet ψ has vanishing p-th moments for 0 ≤ p ≤ N − 1.

The scaling functions of many wavelet families, including the Coiflets, can
not be written in closed form. However, since the scaling filters are known
[1, 4, 5], the scaling relation (2.2) leads to a simple algorithm which allows for
the computation of their values on any dyadic grid { j

2m : j ∈ Z}.

2.3 The Wavelet-Galerkin Method

Consider a variational problem

a(w, v) = F (v) ∀v ∈ H = H1(0, 1), (2.8)

where a is a coercive and continuous bilinear form and F a continuous linear
functional, to be solved by the Galerkin method. It would be natural to
consider one of the spaces Vj of a MRA as the Galerkin approximation space.
In fact, if the scaling function ϕ is sufficiently differentiable, then all the basis
functions ϕj,k will be elements of H. (To be precise, the restrictions ϕj,k|[0,1]

will be in H.) The spaces Vj , however, are not finite dimensional.
Assume now that ϕ is compactly supported and sufficiently continuously

differentiable, and set Vj [0, 1] = {f|[0,1] : f ∈ Vj}. Clearly, this is an increasing
sequence of finite dimensional subspaces of H1(0, 1) whose union is dense in
L2[0, 1], and each is spanned by the collection {ϕj,k|[0,1]}k∈�. Since ϕ has com-
pact support, for each j only finitely many of the restrictions ϕj,k|[0,1] will be

nonzero, thus forming a collection Φj = {ϕj,k |[0,1]}L2
k=L1

for some integers L1, L2

depending on j. This remaining collection is a (no longer orthonormal) basis
of Vj [0, 1], since the ϕj,k are linearly independent in L2(R) and are translates of
each other. One can now apply the Galerkin method to the finite dimensional
subspace Vj[0, 1] of H1(0, 1).
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2.4 Connection Coefficients

Suppose we want to find an approximate solution of the variational boundary
value problem (2.8) in some space Vj[0, 1] by the Wavelet-Galerkin method.
As an example, consider

a(w, v) =

∫ 1

0

(w′v′ + bw′v + cwv) dx (w, v ∈ H) ,

with b and c constant. Expressing w and v in terms of the basis Φj ,

w =
∑

k

ckϕj,k and v =
∑

l

blϕj,l,

the above becomes

a(w, v) =
∑
k,l

akbl

[∫ 1

0

ϕ′
j,kϕ

′
j,l dx+ b

∫ 1

0

ϕ′
j,kϕj,l dx+ c

∫ 1

0

ϕj,kϕj,ldx

]
.

Since the function ϕ is not known in closed form, one can not evaluate these
integrals directly. Instead, they can be computed from the scaling filter as
outlined in [15] and explained in detail in what follows.

2.4.1 Definition of the Connection Coefficients

Assuming that ϕ is sufficiently many times continuously differentiable and has
compact support, let ϕ

(n)
j,l denote the n-th derivative of the function ϕj,l,

ϕ
(n)
j,l (x) = 2j(n+1/2)ϕ(n)(2jx− l).

The integrals of the form

Γj,d1,d2

l1,l2
= 2−jd

∫ 1

0

ϕ
(d1)
j,l1

(x)ϕ
(d2)
j,l2

(x) dx, (l1, l2 ∈ Z) (2.9)

Γj,d1,d2,d3

l1,l2,l3
= 2−j(d+1/2)

∫ 1

0

ϕ
(d1)
j,l1

(x)ϕ
(d2)
j,l2

(x)ϕ
(d3)
j,l3

(x) dx, (l1, l2, l3 ∈ Z) (2.10)

where d =
∑
di, are called two-term and three-term connection coefficients of

ϕ on [0, 1] at level j, respectively. After a change of variables, we obtain

Γj,d1,d2

l1,l2
=

∫ 2j

0

ϕ(d1)(x− l1)ϕ
(d2)(x− l2) dx (2.11)

and

Γj,d1,d2,d3

l1,l2,l3
=

∫ 2j

0

ϕ(d1)(x− l1)ϕ
(d2)(x− l2)ϕ

(d3)(x− l3) dx. (2.12)

These coefficients possess the following properties:
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1. Symmetry. Clearly, Γj,d1,d2

l1,l2
= Γj,d2,d1

l2,l1
. For the three-term coefficients,

several variations of symmetry exist, for example, Γj,d1,d2,d3

l1,l2,l3
= Γj,d2,d1,d3

l2,l1,l3
.

2. Level-up. The connection coefficients at level j+1 can easily be computed
from those at level j. In fact, splitting the interval of integration in (2.11)
into two equal halves yields that

Γ
(j+1),d1,d2

l1,l2
= Γj,d1,d2

l1,l2
+ Γj,d1,d2

l1−2j ,l2−2j

and similarly,

Γ
(j+1),d1,d2,d3

l1,l2,l3
= Γj,d1,d2,d3

l1,l2,l3
+ Γj,d1,d2,d3

l1−2j ,l2−2j ,l3−2j .

3. Finite collection. Since ϕ has compact support, then for each j, only
finitely many connection coefficients are nonzero.

4. Partial sums. Partial sums of three-term connection coefficients yield
two-term coefficients. For example, by (2.5) and (2.7), for all l1, l2 ∈ Z,

Γj,1,0
l1,l2

=
∑
l3

Γj,1,0,0
l1,l2,l3

.

2.4.2 The Moment Equations

Suppose, the assumption of Theorem 2.3 is satisfied. Differentiating the locally
finite sum (2.6) d times (d ≤ p), provided that ϕ is sufficiently differentiable,
yields

p!

(p− d)!
xp−d =

∑
l∈�

Mp
l ϕ

(d)(x− l). (2.13)

Now consider the collection of two-term connection coefficients Γj,d1,d2

l1,l2
for a

given pair (d1, d2). Multiplying two equations of type (2.13), where di ≤ pi ≤
L, and integrating from 0 to 2j, one obtains a moment equation

p1!p2!2
jr

r(p1 − d1)!(p2 − d2)!
=
∑
l1,l2

Mp1

l1
Mp2

l2
Γj,d1,d2

l1,l2
. (2.14)

For the three-term coefficients, one obtains a similar family of moment equa-
tions,

p1!p2!p3!2
jr

r(p1 − d1)!(p2 − d2)!(p3 − d3)!
=
∑

l1,l2,l3

Mp1

l1
Mp2

l2
Mp3

l3
Γj,d1,d2,d3

l1,l2,l3
. (2.15)

In both cases, we have set r = 1 +
∑

i(pi − di). Observe that

Mp
k =

∫ ∞

−∞
(x+ k)pϕ(x) dx =

p∑
i=0

(
p

i

)
kp−i

∫ ∞

−∞
xiϕ(x) dx =

p∑
i=0

(
p

i

)
kp−iM i

0
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for all p ∈ N. Thus, in the case of Coiflets C3N , the coefficients Mp
k are

especially easy to obtain: Since M i
0 = 0 for i = 1, . . . , N then Mp

k = kp for
p = 1, . . . , N . Furthermore, (2.14) and (2.15) hold for 0 ≤ di ≤ pi ≤ N − 1, as
the wavelet ψ has vanishing moments of order ≤ N − 1.

2.4.3 Computation of the Connection Coefficients

The starting point is again scaling relation (2.2), which we differentiate n
times,

ϕ(n)(x) =

N2∑
k=N1

2nakϕ
(n)(2x− k).

Substituting this representation of the derivatives into (2.11), one obtains

Γj,d1,d2

l1,l2
= 2d

∫ 2j

0

[∑
k

akϕ
(d1)(2x− 2l1 − k)

][∑
m

amϕ
(d2)(2x− 2l2 −m)

]
dx

= 2d−1
∑
k,m

akam

∫ 2j+1

0

ϕ(d1)
(
x− (k + 2l1)

)
ϕ(d2)
(
x− (m + 2l2)

)
dx

= 2d−1
∑
k,m

akam

[∫ 2j

0

ϕ(d1)
(
x− (k + 2l1)

)
ϕ(d2)
(
x− (m + 2l2)

)
dx

+

∫ 2j

0

ϕ(d1)
(
x− (k + 2l1 − 2j)

)
ϕ(d2)
(
x− (m+ 2l2 − 2j)

)]
dx

= 2d−1
∑
k,m

akam

[
Γj,d1,d2

k+2l1,m+2l2
+ Γj,d1,d2

k+2l1−2j ,m+2l2−2j

]
, (2.16)

where as usual, d = d1 + d2. In a similar way,

Γj,d1,d2.d3

l1,l2,l3
= 2d−1

∑
k,m,n

akaman

[
Γj,d1,d2,d3

k+2l1,m+2l2,n+2l3
+ Γj,d1,d2,d3

k+2l1−2j ,m+2l2−2j ,n+2l3−2j

]
(2.17)

where d = d1 + d2 + d3.

Computation of the two-term coefficients without symmetry

Let us determine which coefficients vanish with certainty. For the integral
(2.11) to be nonzero, the supports of ϕ(d1)(x − l1) and ϕ(d2)(x − l2) must
necessarily

(i) overlap on a set of positive measure, and
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(ii) both intersect the interval (0, 2j).

Recall that supp(ϕ) ⊂ [N1, N2] where N1 and N2 are as in Theorem 2.2, and
hence

supp(ϕ(di)(x− li)) ⊂ [N1 + li, N2 + li] (2.18)

for all di and li. In particular, these functions vanish at the two endpoints
N1 + li and N2 + li. A simple computation shows that (i) requires that

|l2 − l1| ≤ N2 −N1 − 1 = N − 2. (2.19)

As for condition (ii), note that by (2.18),

supp(ϕ(di)(x− li)) ∩ (0, 2j) �= ∅
requires that

−N2 + 1 ≤ li ≤ 2j −N1 − 1. (2.20)

Combining (2.19) and (2.20) we see that a connection coefficient Γj,d1,d2

l1,l2
can

be nonzero only if the pair (l1, l2) lies in the set

Δj =
{
(l1, l2) ∈ Z × Z : −N2 + 1 ≤ l1 ≤ 2j −N1 − 1 and

min(−N2 + 1, N1 −N + 2) ≤ l2 ≤ max(2j −N1 − 1, N1 +N − 2)
}
.

This set has cardinality K = (2j − 2N2 + 1)(2N − 3) + 3N2 − 9N, provided
that 2j−1 ≥ N2.

Equations (2.16) can now be written as

Γj,d1,d2

l1,l2
= 2d−1

∑
(k,m)∈Δj

[ak−2l1am−2l2 + ak−2l1+2jam−2l2+2j ] Γj,d1,d2

k,m , (2.21)

where by Theorem 2.2, ai = 0 whenever i �∈ [N1, N2]. Fixing a bijection γ :
Δj → {1, 2, . . . , K} with inverse σ, and setting p = γ(l1, l2) and r = γ(k,m),
then system (2.21) takes the form

Γj,d1,d2

σ(p) = 2d−1

K∑
r=1

αp,rΓ
j,d1,d2

σ(r) (p = 1, . . . , K) (2.22)

where we have set αp,r = ak−2l1am−2l2 + ak−2l1+2jam−2l2+2j . In matrix form,

X = 2d−1AX

where A = [αp,r] is a square matrix, and X =
[
Γj,d1,d2

σ(1) , . . . ,Γj,d1,d2

σ(K)

]T
is the

vector of connection coefficients. Now as the linear system[
A− 21−dI

]
X = 0 (2.23)

is homogeneous, it has no unique solution, and one must add one or several
of the nonhomogeneous moment equations (2.14) to this system, until one has
obtained an augmented matrix of rank K.
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Computation of the two-term coefficients using symmetry

When d1 = d2, then symmetry of the connection coefficients, Γj,d1,d1

l1,l2
= Γj,d1,d1

l2,l1
,

allows one to reduce the complexity of system (2.23). Here one replaces Δj by
the set

Δj
s = { (l1, l2) ∈ Δj : l1 ≤ l2 }

of cardinality Ks = 2j(N − 1) + 3N2 − 3N − 2 − 2NN2 + 3N2/2. After fixing
a bijection γ : Δj

s → {1, 2, . . . , Ks} with inverse σ and setting p = γ(l1, l2) and
r = γ(k,m), system (2.22) is modified to

Γj,d1,d2

σ(p) = 2d−1

Ks∑
r=1

αp,rΓ
j,d1,d2

σ(r) (p = 1, . . . , Ks)

where now

αp,r =

{
ak−2l1ak−2l2 + ak−2l1+2jak−2l2+2j if k = m

2[ak−2l1am−2l2 + ak−2l1+2jam−2l2+2j ] if k < m .

System (2.23) is thus of reduced form; in particular, the matrix A − 21−dI is
of lower rank deficiency, so that fewer moment equations need to be added.

Computation of the three-term coefficients

The above reasoning shows that a three-term connection coefficients Γj,d1,d2,d3

l1,l2,l3

will vanish unless

|lj − li| ≤ N − 2 for all 1 ≤ i < j ≤ 3, (2.24)

and

−N2 + 1 ≤ li ≤ 2j −N1 − 1 (i = 1, 2, 3). (2.25)

As before, we let

Δj =
{

(l1, l2, l3) ∈ Z
3 : (l1, l2, l3) satisfy conditions (2.24) and (2.25)

}
,

and K = card(Δj). After fixing a bijection γ : Δj → {1, 2, . . . , K} with inverse
σ, then (2.17) can be written as

Γj,d1,d2,d3

σ(p) = 2d−1

K∑
r=1

αp,rΓ
j,d1,d2,d3

σ(r) (p = 1, . . . , K), (2.26)

where now p = γ(l1, l2, l3), r = γ(k,m, n), and

αp,r = ak−2l1am−2l2an−2l3 + ak−2l1+2jam−2l2+2jan−2l3+2j .
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Setting A = [αp,r] and X =
[
Γj,d1,d2,d3

σ(1) , . . . ,Γj,d1,d2,d3

σ(K)

]T
, system (2.26) takes

the form (2.23). Again, one adds one or several of the moment equations
(2.15) to this system in order to obtain the unique solution. Under presence
of symmetry, for example if d2 = d3, the complexity of this system can be
reduced as in the case of two-term coefficients.

3 The Burgers Equation Revisited

In this section we apply the Wavelet-Galerkin Method to the Burgers equation
following the algorithm of [15]. The emphasis is on numerical experiments,
in order to compare the wavelet solutions with solutions by a variety of finite
difference schemes, and to evaluate how the choices of coiflet order and scale
influence the accuracy of the solution.

3.1 Problem Formulation

Consider the homogeneous Burgers equation

ut + uux = νuxx (3.1)

with Dirichlet boundary conditions

u(x, 0) = u0(x) (0 < x < 1)

u(0, t) = h0(t), u(1, t) = h1(t) (0 < t ≤ T ).

We apply the semi-implicit scheme with regards to time t,

uk+1 − uk

Δt
+ uk∂u

k+1

∂x
= ν

∂2uk+1

∂x2
(0 < x < 1)

uk(0) = h0(t) uk(1) = h1(t)

for k = 0, 1, 2, . . . , where uk = u(x, tk) with tk = kΔt. Setting w = uk+1 and
g = uk, at each time step k one now has to solve a boundary value problem

−νΔtw′′ + Δtgw′ + w = g (3.2)

w(0) = h0(tk+1), w(1) = h1(tk+1). (3.3)

The variational form of Eq. (3.2) is

a(w, v) = F (v)
(
w ∈ H1(0, 1), v ∈ H1

o (0, 1)
)

(3.4)

where the bilinear form a(·, ·), after integrating the first term by parts, is given
by

a(w, v) =

∫ 1

0

(
νΔtw′v′ + Δtgw′v + wv

)
dx, (3.5)
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and

F (v) =

∫ 1

0

gv dx. (3.6)

It is easy to see that a(·, ·) and F (·) are continuous on H1(0, 1), and that a(·, ·)
is coercive when time step size is sufficiently small in relation to viscosity,
namely for Δt < ν‖g‖−2

∞ . It follows by the Lax-Milgram Theorem that the
equation a(w, v) = F (v) ∀v ∈ H1(0, 1), has a unique solution w ∈ H1(0, 1).

In order to obtain a solution w of Eq. (3.4) which also satisfies boundary
condition (3.3), we split the variational problem into three parts: Let w0, w1

and w2 denote the unique solutions to the three equations

a(w, v) = F (v), a(w, v) = v(0), a(w, v) = v(1), ∀ v ∈ H1(0, 1), (3.7)

respectively. Next set

w = w0 + λ1w1 + λ2w2 (3.8)

and determine values of λ1, λ2 so that w satisfies the boundary conditions (3.3).
This is easily done, since by (3.8), λ1 and λ2 must be solutions to the system

w1(0)λ1 + w2(0)λ2 = h0(tk+1) − w0(0)

w1(1)λ1 + w2(1)λ2 = h1(tk+1) − w0(1).
(3.9)

By superposition, the function w solves boundary value problem

a(w, v) = F (v) + λ1v(0) + λ2v(1), w(0) = h0(tk+1), w(1) = h1(tk+1)

for all v ∈ H1(0, 1), so that in particular, (3.3)–(3.4) hold for all v ∈ H1
o (0, 1).

3.2 Solution by the Wavelet Galerkin Method

Begin by choosing a suitably large approximation space Vj [0, 1] with basis
Φj = {ϕj,k|[0,1]}L2

k=L1
. Replacing g by its projection onto Vj [0, 1], we thus have

to solve the following three problems in this space,

a(w, v) = F (v), a(w, v) = v(0), a(w, v) = v(1), ∀ v ∈ Vj[0, 1]. (3.10)

Expressing the solution w0 of the first equation and also g in the basis Φj ,

w0 =

L2∑
k=L1

ckϕj,k and g =

L2∑
m=L1

dmϕj,m
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and employing (2.9)–(2.10), the first equation of (3.10) yields the linear system

∑
k

ck

(
22jνΔtΓj,1,1

k,l + 23j/2Δt
∑
m

dmΓj,1,0,0
k,l,m + Γj,0,0

k,l

)
=
∑
m

dmΓj,0,0
m,l

for all l = L1, . . . , L2. Denoting each expression in parentheses by alk, and
each right-hand sum by bl, this can be expressed as a matrix equation

AX0 = B0,

where A = [alk], X0 = [ck] is the vector of unknowns, and Bo = [bl]. Observe
that A is a band matrix whose upper and lower bands each have width N − 2,
since Γkl = 0 whenever |k − l| > N − 2. The second and third equations in
(3.10) can be treated in a similar way, leading to linear systems

AX1 = B1 and AX2 = B2,

where B1 =
{
ϕj,l(0)

}L2

l=L1
and B2 =

{
ϕj,l(1)

}L2

l=L1
. After having obtained the

values of λ1 and λ2 from (3.9), then the vector

X = X0 + λ1X1 + λ2X2

will contain the coefficients of the approximate solution w ∈ Vj[0, 1] of problem
(3.5)–(3.6) in the basis Φj .

3.3 Solution by Finite Difference Schemes

For the purpose of comparing the wavelet solution with traditional methods,
numerical experiments using a high-resolution finite difference scheme with and
without flux limiter functions were performed. Partitioning the interval [0, 1]
into subintervals of length Δx each with grid points xi = iΔx, one naturally
obtains the scheme

uk+1
i − uk

i

Δt
+
uk

i

(
uk

i+1 − uk
i−1

)
2Δx

=
ν(uk

i+1 − 2uk
i + uk

i−1)

Δx2
,

where we have set uk
i = u(xi, tk) with tk = kΔt. In order to describe schemes

with flux limiter functions, we modify the above.
Consider an equation without diffusion term,

∂Q

∂t
+
∂(vQ)

∂x
= 0 (3.11)

where v = v(x, t) is a velocity field and Q = Q(x, t) is a conserved quantity.
For example, in the inviscid Burgers equation we have v = u/2 and Q = u.
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The flux of quantity Q is defined by F = vQ. To maintain the conservative
property of (3.11) the numerical flux F̂ (x, t) is implicitly defined by

F (x, t) =
1

�x
∫ x+�x/2

x−�x/2

F̂ (x, t)dx,

hence the derivative ∂F/∂x is calculated exactly by the formula

∂F

∂x
(x, t) =

F̂ (x+ �x/2, t) − F̂ (x−�x/2, t)
�x .

Discretization of Eq. (3.11) is now obtained in conservative form and expressed
explicitly in time as

Qk+1
i −Qk

i

Δt
+
F̂ k

i+1/2 − F̂ k
i−1/2

Δx
= 0 (3.12)

where Qk
i = Q(xi, tk), and F̂ k

i±1/2 are the numerical Q fluxes through the right

and left boundaries of the i-th grid cell [xi−1/2, xi+1/2], respectively. Differ-

ent numerical approximations of the F̂i±1/2 give finite difference schemes with

different properties. The most straightforward approximation to F̂ k
i+1/2 is cer-

tainly a linear approximation,

F̂ k
i+1/2 = vk

i+1/2Q
k
i+1/2 = vk

i+1/2

Qk
i +Qk

i+1

2
(3.13)

with a similar approximation of F̂ k
i−1/2. This gives an approximation of the

partial derivative ∂(vQ)/∂x by central differences, and (3.12) becomes

Qk+1
i −Qk

i

Δt
+
vk

i+1/2(Q
k
i+1 +Qk

i ) − vk
i−1/2(Q

k
i +Qk

i−1)

2Δx
= 0. (3.14)

Applying this concept of numerical flux to the Burgers equation (3.1) (v =
u/2, Q = u) we obtain

uk+1
i − uk

i

Δt
+
F̂i+1/2 − F̂i−1/2

Δx
=
ν(uk

i+1 − 2uk
i + uk

i−1)

Δx2
.

The scheme (3.14) becomes

uk+1
i − uk

i

Δt
+
uk

i+1/2(u
k
i+1 + uk

i ) − uk
i−1/2(u

k
i + uk

i−1)

4Δx
=
ν(uk

i+1 − 2uk
i + uk

i−1)

Δx2
.

Using linear approximation for uk
i+1/2 and uk

i−1/2 then we have a second order
approximation scheme

uk+1
i − uk

i

Δt
+

(uk
i+1 + uk

i )
2 − (uk

i + uk
i−1)

2

8Δx
=
ν(uk

i+1 − 2uk
i + uk

i−1)

Δx2
.
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The choice of second order numerical flux (3.13), however, can lead to the
appearance of spurious oscillations in the numerical solution. One strategy
to avoid nonphysical oscillations and excessive numerical diffusion is a hybrid
method which uses the second order numerical flux in smooth regions and
limits the solution in vicinity of high gradients or discontinuities, by using the
monotonic upwind method in these regions. This procedure is carried out by
introducing a flux-limiter based on the local gradient of the solution. We write
the interface value Qk

i+1/2 as the sum of the diffusive first order upwind term
and an “anti-diffusive” one. The higher order antidiffusive part is multiplied by
the flux limiter, which depends locally on the nature of the solution by means
of the non-linear function θi+1/2. This function is expressed by the slope ratios
at the neighborhood of the interfaces in the upwind direction,

θi+1/2 =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
Qk

i −Qk
i−1

Qk
i+1 −Qk

i

= θ+
i+1/2 if vk

i+1/2 ≥ 0,

Qk
i+2 −Qk

i+1

Qk
i+1 −Qk

i

= θ−i+1/2 if vk
i+1/2 < 0.

(3.15)

Introduction of this new parameter θ and a limiter function Ψ(θ), leads to the
flux limiter version of the hybrid scheme as

Qk
i+1/2 =

{
Qk

i + 1
2
(Qk

i+1 −Qk
i ) Ψ
(
θ+

i+1/2

)
if vk

i+1/2 ≥ 0,

Qk
i+1 − 1

2
(Qk

i+1 −Qk
i ) Ψ
(
θ−i+1/2

)
if vk

i+1/2 < 0.
(3.16)

The interface value Qk
i−1/2 is obtained by using the same formula as for Qk

i+1/2,

replacing the index i with i − 1. From Eq. (3.16), one can see that if Ψ = 0
we find the upwind first order scheme, and if Ψ = 1 the scheme is reduced
to the central one. The following limiter functions were used in this study
[14, 19, 20, 21]:

Minmod : Ψ(θ) = max(0,min(1, θ)), (3.16.1)

Superbee : Ψ(θ) = max(0,min(1, 2θ),min(2, θ)), (3.16.2)

Van Leer : Ψ(θ) = (θ + |θ|)/(1 + |θ|). (3.16.3)

3.4 Results of Numerical Experiments

We now present the results of the numerical experiments with the Burgers
equation (3.1) for Reynolds numbers Re = 1/ν = 200 and Re = 2000, respec-
tively, and compare them with the exact solution, given the following boundary
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conditions with initial jump:

u0(x) =

{
1, 0 ≤ x ≤ 1/2,

0, 1/2 < x ≤ 1,

h0(t) = 1, h1(t) = 0 (0 < t ≤ T ).

The exact solution of this problem, easily obtained by means of the Cole-Hopf
transformation [2, 10], is

ue(x, t) =
erfc
(

x−t
2
√

νt

)
erfc
(

x−t
2
√

νt

)
+ e

2x−t
4ν erfc

(
−x

2
√

νt

) .
3.4.1 Re = 200

In this case, viscosity is sufficiently large so that the initial jump smoothes out
quickly.

Figure 1 shows graphs of the wavelet solutions by C12 Coiflets for the scale
j = 9 at time scales Δt = 10−2 to 10−5. The left-hand plot depicts the solution
over the jump interval, while the right-hand plot gives a zoomed image into
the center of the jump. Plots for lower scales j exhibit the same qualitative
behaviour and are therefore not shown. The graphs show that at time steps
10−4 or smaller, the wavelet solution approximates the exact solution very well;
both are visually indistinguishable when Δt = 10−5. This fact is corroborated
in Table 1 which shows the errors of approximation, in both the infinity and
the second norms. It can be noticed that when the time steps are relatively
large, a change of scale j has little effect on accuracy. On the other hand, at
the smallest time step Δt = 10−5, increasing scale improves accuracy, at least
until j = 8, so that the error falls below 0.001.
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Figure 1: Wavelet solutions of the Burgers equation for scale j = 9 at various
time resolutions, Re = 200 (t = 0.4).
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Scale Norm Δt = 10−3 Δt = 10−4 Δt = 10−5

j = 6 ‖u − ue‖∞ 0.092354 0.011483 0.009464

‖u − ue‖2 0.014836 0.002194 0.001544

‖u − ue‖2

‖ue‖2
0.017661 0.002612 0.001838

j = 7 ‖u − ue‖∞ 0.091507 0.009812 0.001445

‖u − ue‖2 0.015025 0.001569 0.000214

‖u − ue‖2

‖ue‖2
0.017986 0.001878 0.000256

j = 8 ‖u − ue‖∞ 0.092935 0.009705 0.000989

‖u − ue‖2 0.015096 0.001576 0.000158

‖u − ue‖2

‖ue‖2
0.018122 0.001892 0.000190

j = 9 ‖u − ue‖∞ 0.092974 0.009794 0.000983

‖u − ue‖2 0.015107 0.001580 0.000159

‖u − ue‖2

‖ue‖2
0.018161 0.001899 0.000191

Table 1: Errors computing the wavelet solution of the Burgers equation at
various time steps and scales for Re = 200 using C12 Coiflets (t = 0.4). u :
wavelet solution, ue : exact solution.

The pair of plots in Figure 2 represents a visual comparison of the wavelet
solution with solutions by various finite difference methods, at low scale j = 6
and for time step Δt = 10−4. The first of the two plots again shows the graphs
over the overall interval on which the solution decreases to zero, while the
second plot is a zoomed view into the center of this interval. The scheme by
central differences (3.14) does not exhibit monotonicity, while the first order
monotone scheme (Ψ = 0) gives a solution with smoothed-out gradient. On the
other hand, the van-Leer flux limiter scheme (3.16.3) gives a good approximate
solution. The wavelet solution is closest to the exact solution.

Table 5 in the Appendix shows some of the data used for these two plots,
together with the errors of approximation. The error of the wavelet solution is
noticeably below that of any of the finite difference solutions, while the three
flux-limiter schemes exhibit similar performance. It should be noted that all
plots were created by linear interpolation of the discrete data, while the error
norms were computed from the discrete data without interpolation.

Finally, Table 6 in the Appendix gives a comparison of the wavelet solutions
by varying orders of the Coiflet scaling function C3N , namely for N = 4, 6, 8
and 10, at j = 6 and Δt = 10−4 in vicinity of the steep gradient. The choice of
N does not affect the solution noticeably. Since increasing N leads to a larger
number of connection coefficients and hence to a larger computation time, the
Coiflets C12 are a reasonably good choice.
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3.4.2 Re = 2000

As the Reynolds numbers increases, the initial jump smoothes out very slowly,
and thus a fine spatial grid is required for a good solution.

The left-hand plot in Figure 3 shows that a grid spacing of Δx = 2−8 –
corresponding to scale j = 8 for the wavelet method – still produces oscillations
in vicinity of the jump for all schemes. As all limiter schemes perform similarly,
only the solution by van-Leer limiter is shown. At the finer grid Δx = 2−9

of the right-hand plot, only the central difference scheme (Ψ = 1) retains
oscillations. The enlarged graphs around the jump interval in Figure 4 show
that the wavelet and limiter schemes produce the best results. Table 7 in the
Appendix lists some of the data and the approximation errors of the various
schemes.

4 An Equation with Nonlinear Diffusion Term

In this section we investigate suitability of the Wavelet-Galerkin method for
a partial differential equation with nonlinear viscosity. We again compare the
wavelet solution of a particular boundary value problem with the exact solution
and solutions by finite difference schemes.

4.1 Problem Formulation

Consider an equation

ut + [f(u)]x = [c(u)ux]x (4.1)
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Figure 2: Comparison of wavelet solutions of the Burgers equation with so-
lutions by various finite difference schemes, Re = 200 (t = 0.4, Δt = 10−4,
Δx = 2−6).
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Figure 3: Comparison of the wavelet solution of the Burgers equation with
solutions by various finite difference schemes, Re = 2000 (t = 0.8, Δt = 10−5).
Left: Δx = 2−8, right: Δx = 2−9.
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Figure 4: Comparison of the wavlet solution of the Burgers equation with
solutions by various finite difference schemes, Re = 2000 (t = 0.8, Δx = 2−9).
Left: Δt = 10−5, right: Δt = 10−6.

where f(x) and c(x) are continuously differentiable functions. We impose the
usual initial condition

u(x, 0) = u0(x) (0 < x < 1)

u(0, t) = h0(t), u(1, t) = h1(t) (0 < t ≤ T ).

In order to obtain a variational problem, we rewrite (4.1) as

ut + f ′(u)ux = [c(u)ux]x

and apply the semi-implicit scheme

uk+1 − uk

Δt
+ f ′(uk)

(
uk+1
)

x
=
[
c(uk)

(
uk+1
)

x

]
x

(4.2)

where uk(x) = u(x, tk) with tk = kΔt, k = 0, 1, . . . . At each time step we
set w = uk+1 and g = uk and obtain the nonlinear ordinary boundary value
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problem

−Δt [c(g)w′]′ + Δtf ′(g)w′ + w = g (0 < x < 1)

w(0) = h0(tk+1), w(1) = h1(tk+1).

When Eq. (4.1) is given homogeneous endpoint conditions, then the varia-
tional form of this problem is a(u, v) = F (v), ∀v ∈ H1

o (0, 1), where, after an
integration by parts, the bilinear form a(·, ·) is given by

a(u, v) =

∫ 1

0

(
Δtc(g)w′v′ + Δtf ′(g)w′v + wv

)
dx, (4.3)

and F (v) is as in (3.6).

As for existence and uniqueness of solutions of this problem, we have:

Theorem 4.1 Suppose that m = min
0≤x≤1

c
(
g(x)
)
> 0 and let

M = max
0≤x≤1

∣∣f ′(g(x))∣∣ .
Then for every Δt < 4m2/M , the equation

a(w, v) = F (v) ∀v ∈ H

has a unique solution w ∈ H, where H = H1(0, 1) or H = H1
o (0, 1).

Proof: We verify the assumptions of the Lax-Milgram theorem. Clearly, the
bilinear form a(w, v) is continuous. To verify coerciveness, note that for each
α > 0,

a(v, v) =

∫ 1

0

(
Δtc(g) (v′)2

+ Δtf ′(g)v′v + v2
)
dx

=

∫ 1

0

(
Δt
[
c(g) − α2f ′(g)2

]
(v′)2

+ Δt
[
f ′(g)αv′ +

v

2α

]2
+

[
1 − Δt

4α2

]
v2

)
dx

≥
∫ 1

0

(
Δt
[
c(g) − α2M2

]
(v′)2 +

[
1 − Δt

4α2

]
v2

)
dx.

As m is positive, the first bracket will be greater than some positive constant
when α < m/

√
M . Similarly, the second bracket will be greater than some

positive constant when Δt < 4α2, thus yielding coerciveness of a(·, ·). The
assertion thus follows from the Lax-Milgram Theorem. �
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4.2 The Specific Equation

We now make a particular choice of f(u) and c(u), by letting f(u) = −u/2
and c(u) = u2, and obtain an equation discussed in [18],

ut − 1

2
ux =

(
u2ux

)
x
. (4.4)

One easily verifies that each function in the family

uα(x, t) = [ max(0, x+ t+ α) ]1/2 (α const) (4.5)

is a solution of this equation on the domain −∞ < x <∞.
Scheme (4.2) becomes

uk+1 − uk

Δt
− 1

2

(
uk+1
)

x
=
[(
uk
)2 (

uk+1
)

x

]
x
.

At each time step, we thus obtain the ordinary boundary value problem

−Δt
(
g2w′)′ − Δt

2
w′ + w = g (0 < x < 1)

w(0) = h0(tk+1), w(1) = h1(tk+1),

(4.6)

and the bilinear form (4.3) is

a(w, v) =

∫ 1

0

(
Δtg2w′v′ − Δt

2
w′v + wv

)
dx.

4.3 Solution by the Wavelet Galerkin Method

We now discuss the numerical solution of problem (4.6). Similar to the Burgers
equation, we let w0, w1 and w2 denote the solutions of the three variational
problems (3.7), and then find λ1 and λ2, so that w = w0 + λ1w1 + λ2w2

satisfies the two boundary conditions in (4.6) by solving the system (3.9).
All computations are done in a suitably chosen approximation space Vj [0, 1]
with basis Φj = {ϕj,k |[0,1]}L2

k=L1
: we replace g and g2 by their projections onto

Vj [0, 1],

g =

L2∑
m=L1

dmϕj,m, g2 =

L2∑
m=L1

emϕj,m,

and proceed by looking for solutions of the form w =
∑

k ckϕj,k in Vj[0, 1]. For
example, the first equation in (3.10) becomes∫ 1

0

(
Δt

[∑
m

emϕj,m

] [∑
k

ckϕj,k

]′
ϕ′

j,l −
Δt

2

[∑
k

ckϕj,k

]′
ϕj,l

+

[∑
k

ϕj,k

]
ϕj,l

)
dx =

∫ 1

0

[∑
m

dmϕj,m

]
ϕj,l dx
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for all l = L1, . . . , L2. That is,

∑
k

ck

(
Δt
∑
m

em

∫ 1

0

ϕj,mϕ
′
j,kϕ

′
j,l dx−

Δt

2

∫ 1

0

ϕ′
j,kϕj,l dx+

∫ 1

0

ϕj,kϕj,l dx

)
=
∑
m

dm

∫ 1

0

ϕj,mϕj,l dx.

By (2.9) and (2.10) this becomes

∑
k

ck

(
25j/2Δt

[∑
m

emΓj,0,1,1
m,k,l

]
− 2j−1ΔtΓj,1,0

k,l + Γj,0,0
k,l

)
=
∑
m

dmΓj,0,0
m,l (4.7)

for all l = L1, . . . , L2. So if we let A denote the band matrix whose entries alk

are given by the expression in parentheses, then the three equations in (3.10)
take the form of the three matrix equations

AX0 = B0, AX1 = B1 and AX2 = B2,

where X0 = [ck], B0 is the vector whose entries bl are given by the right-hand
sum in (4.7), B1 = [ϕj,l(0)] and B2 = [ϕj,l(1)]. Computing the values of λ1

and λ2 from (3.9), then the vector X = [xk] given by

X = X0 + λ1X1 + λ2X2

will contain the coefficients of the approximate solution w of our problem in
the basis Φj . Since the values of the scaling function at the dyadic rationals
are known, the solution w can by computed by

w(x) =
∑

k

xkϕj,k(x)

at the dyadic rationals x in [0, 1].

4.4 Solution by Finite Difference Schemes

For the purpose of comparison, we again performed computations to solve
system (4.6) with and without flux limiter functions, now by the scheme

uk+1
i − uk

i

Δt
+
F̂i+1/2 − F̂i−1/2

Δx
=

(
uk

i+1/2

)2

(uk
i+1 − uk

i ) −
(
uk

i−1/2

)2

(uk
i − uk

i−1)

Δx2
.

Fluxes on the boundary of the computational domain were computed according
to the exact solution.
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4.5 Results of Numerical Experiments

We now present the results of the numerical experiments with Eq. (4.4) at time
t = 0.25. Choosing α = −0.5, the boundary conditions imposed according to
the exact solution (4.5) were

u0(x) =
√

max(0, x− 0.5) (0 < x < 1)

h0(t) =
√

max(0, t− 0.5), h1(t) =
√
t+ 0.5 (0 < t ≤ T ).

(4.8)

The two plots in Figure 5 depict the solutions by the finite difference
method (Δt = 10−4, Δx = 2−6) and by the wavelet method (C12 Coiflets,
j = 6) in vicinity of the point of singularity x = 0.25. Time-step sizes for the
wavelet method are Δt = 10−2 on the left and Δt = 10−3 on the right. For
better readability, the discrete data points of the numerical solutions have not
been interpolated in the plots.
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Figure 5: Sketch of the finite difference solution (Δx = 2−6, Δt = 10−4) and
the wavelet solution (j = 6, left: Δt = 10−2, right: Δt = 10−3) of Eq. (4.4)
with boundary conditions (4.8).

Table 2 lists the errors of approximation in each case, ue denoting the exact
solution, uw the solution by the wavelet method, and ud the solution by the
first order monotone finite difference scheme. The last column lists the point
at which the maximum uniform error occurs. At the relatively large time step
Δt = 10−3, the wavelet solution already gives a good approximation of the
exact solution.

Solution u ‖u − ue‖2
‖u−ue‖2
‖ue‖2

‖u − ue‖∞ max. error
at x =

ud, Δt = 10−4 0.006645 0.01754 0.07003 0.250000
uw, Δt = 10−2 0.009027 0.01702 0.06903 0.265625
uw, Δt = 10−3 0.003417 0.00644 0.02498 0.250000

Table 2: Approximation errors: solution by finite difference versus wavelet
solution (j = 6, various time steps Δt).
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Figure 6 shows how the choice of time step Δt influences accuracy of ap-
proximation at the point of singularity for scales j = 7 (left) and j = 9 (right).
A value of Δt = 10−2 is certainly not sufficient: all plots show a smoothed-out
and delayed ascent at this level. On the other hand, a value of Δt = 10−3

appears already sufficient for the wavelet method.

-0.05

 0

 0.05

 0.1

 0.15

 0.2

 0.25

 0.3

 0.35

 0.4

 0.16  0.18  0.2  0.22  0.24  0.26  0.28  0.3  0.32  0.34

u

x

t=0.25

wavelet j=7 ts=0.01
wavelet j=7 ts=0.001

wavelet j=7 ts=0.0001
exact solution

-0.05

 0

 0.05

 0.1

 0.15

 0.2

 0.25

 0.22  0.23  0.24  0.25  0.26  0.27  0.28  0.29  0.3

u

x

t=0.25

wavelet j=9 ts=0.01
wavelet j=9 ts=0.001

wavelet j=9 ts=0.0001
exact solution

Figure 6: Influence of time step size on approximation error at scales j = 7
(left) and j = 9 (right).

Figure 7 compares the approximate solutions in the vicinity of the point
of singularity for various scaling levels, at time steps Δt = 10−3, respectively
Δt = 10−4. Table 3 shows the respective errors of approximation over [0, 1].
For j ≤ 8 there are substantial errors close to the left-hand endpoint when
Δt = 10−4. However, these errors vanish as j increases.

 0

 0.05

 0.1

 0.15

 0.2

 0.22  0.23  0.24  0.25  0.26  0.27  0.28

u

x

t=0.25

wavelet j=6 ts=0.001
wavelet j=7 ts=0.001
wavelet j=8 ts=0.001
wavelet j=9 ts=0.001

wavelet j=10 ts=0.001
exact solution

 0

 0.05

 0.1

 0.15

 0.2

 0.22  0.23  0.24  0.25  0.26  0.27  0.28

u

x

t=0.25

wavelet j=6 ts=0.0001
wavelet j=7 ts=0.0001
wavelet j=8 ts=0.0001
wavelet j=9 ts=0.0001

wavelet j=10 ts=0.0001
exact solution

Figure 7: Influence of scale on approximation error (left: Δt = 10−3, right:
Δt = 10−4).

Finally, Figure 8 shows the best approximation obtained, choosing j = 10
and Δt = 10−5. The graphs of both, the exact and approximate solution,
merge to one single graph, and as Table 4 shows, the mean square error of
approximation is of order 10−3. A mild oscillation can be observed at the
point of singularity in all graphs.
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Δt j ‖uw − ue‖2
‖uw−ue‖2

‖ue‖2
‖uw − ue‖∞ max. error

at x =

10−3 6 3.417e − 03 6.443e − 03 2.498e − 02 0.2500000000
7 1.382e − 03 2.607e − 03 1.209e − 02 0.2500000000
8 1.046e − 03 1.973e − 03 1.388e − 02 0.2539062500
9 1.827e − 03 3.444e − 03 0.251e − 02 0.2519531250
10 4.025e − 03 7.590e − 03 6.590e − 02 0.2548828125

10−4 6 1.488e − 02 2.806e − 02 7.345e − 02 0.0468750000
7 5.238e − 03 9.877e − 03 3.501e − 02 0.0234375000
8 2.268e − 02 4.278e − 02 1.046e − 01 0.0312500000
9 4.514e − 04 8.512e − 04 9.390e − 03 0.2500000000
10 1.878e − 04 3.540e − 04 3.687e − 03 0.2500000000

Table 3: Errors of the wavelet method at various scaling levels j.
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Figure 8: The best approximation is achieved at j = 10 (Δt = 10−4).

Table 8 in the Appendix lists the results of the computations by the wavelet
method and by the finite difference methods at coarse spatial resolution, in-
cluding the errors of approximation. We note that while the Coiflet data at
scale j = 8 was computed at grid size Δx = 2−8, only the data values at
the coarser grid Δx = 2−6 were used for computing the error norms. Table
9 lists the data at higher spatial resolution and wavelet scale. The accu-
racy of the wavelet method is comparable with that of the central difference
method, whereas the flux limiter schemes do not show improved accuracy over
these two. The first order monotone scheme performs worst. Observe that the
wavelet method uses coarser time resolutions than the finite difference schemes
throughout.

Δt ‖u − ue‖2
‖u−ue‖2
‖ue‖2

‖u − ue‖∞ max. error
at x =

10−2 1.248e − 02 2.353e − 02 9.300e − 02 0.2646484375
10−3 4.025e − 03 7.590e − 03 6.590e − 02 0.2548828125
10−4 1.878e − 04 3.540e − 04 3.687e − 03 0.2500000000

Table 4: Errors of the wavelet method at various time step sizes Δt (j = 10).
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5 Conclusion

In this paper, the application of the Wavelet-Galerkin method to two examples
of nonlinear partial differential equations was studied by means of numerical
experiments, using Coiflet scaling functions as basis functions. The emphasis
was on obtaining solutions which either are discontinuous, or have discon-
tinuous derivatives, and on comparing these with solutions by various finite
difference schemes. The results of the numerical simulation can be summarized
as follows:

1. The Wavelet-Galerkin method does produce reasonably accurate solu-
tions for our equations with nonlinear viscosity and/or with jumps in
the derivative of the solution.

2. In case of the Burgers equation with initial discontinuity, the Wavelet-
Galerkin method produces solutions of better accuracy than the finite
difference schemes without flux limiter, and of similar accuracy as the
flux limiter schemes.

3. In case of Eq. (4.4), all methods perform similarly. However, at the given
required accuracy, larger time steps could be used with the Wavelet-
Galerkin scheme, of up to two orders of magnitude larger than in the
finite difference schemes.

4. The Wavelet-Galerkin solutions exhibit mild oscillations at the point of
singularity in the solution of Eq. (4.4), while the finite difference solutions
do not.

5. Increasing the scaling level j does in general not improve accuracy of the
wavelet solution, unless time step size Δt is decreased concurrently.

6. The choice of Coiflet type does not significantly affect the accuracy of
the solution.

Altogether, these experiments demonstrate that wavelets can be applied suc-
cessfully to simulate solutions of nonlinear partial differential equations which
have discontinuities.
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Appendix – Tables of Solution Data

Exact CoifletC12 Central 1st order Maxmod SuperBee van-Leer
solution j = 6 difference monotone limiter limiter limiter

x ue uw6 ucd u1m umm usb uvl

0.562500 1.00000 1.00000 1.00000 0.99999 1.00000 1.00000 1.00000
0.593750 0.99999 0.99999 1.00002 0.99984 0.99998 1.00000 1.00000
0.625000 0.99975 0.99977 0.99957 0.99814 0.99959 0.99991 0.99984
0.656250 0.99432 0.99087 1.00671 0.97986 0.99190 0.99661 0.99513
0.671875 0.97336 0.97328 1.02369 0.93744 0.96532 0.98013 0.97417
0.687500 0.88424 0.88968 0.90299 0.82395 0.86532 0.89383 0.87760
0.703125 0.61518 0.60370 0.55394 0.59593 0.60323 0.59640 0.59809
0.718750 0.25073 0.24134 0.22445 0.31241 0.26474 0.24360 0.25431
0.734375 0.06543 0.05894 0.06888 0.11587 0.08378 0.06873 0.07696
0.750000 0.01441 0.01487 0.01877 0.03420 0.02308 0.01820 0.02074
0.765625 0.00304 0.00489 0.00492 0.00917 0.00607 0.00474 0.00542
0.781250 0.00063 0.00109 0.00127 0.00238 0.00157 0.00122 0.00140
0.796875 0.00013 0.00007 0.00033 0.00061 0.00040 0.00032 0.00036
0.812500 0.00003 0.00000 0.00008 0.00016 0.00010 0.00008 0.00009
0.828125 0.00001 0.00000 0.00002 0.00004 0.00003 0.00002 0.00002

‖u − ue‖∞ 0.01148 0.06125 0.06168 0.01893 0.01878 0.01710
at x = 0.703125 0.703125 0.718750 0.687500 0.703125 0.703125

‖u − ue‖2 0.00219 0.01084 0.01387 0.00431 0.00300 0.00288

‖u−ue‖2
‖ue‖2

0.00261 0.01290 0.01651 0.00513 0.00357 0.00343

Table 5: Exact solution of the Burgers equation vs. solutions by Coiflets and
by the various finite difference schemes in vicinity of the steep gradients, for
Re = 200. (t = 0.4, Δt = 10−4, Δx = 2−6).

Exact Coiflet Coiflet Coiflet Coiflet
solution C12 C18 C24 C30

x ue uw12 uw18 uw24 uw30

0.562500 1.00000 1.00000 1.00000 0.99999 0.99999
0.593750 0.99999 0.99999 0.99998 0.99996 0.99999
0.625000 0.99975 0.99977 0.99967 0.99970 0.99991
0.656250 0.99432 0.99087 0.99379 0.99518 0.99565
0.671875 0.97336 0.97328 0.96907 0.96904 0.96944
0.687500 0.88424 0.88968 0.88535 0.88342 0.88248
0.703125 0.61518 0.60370 0.60470 0.60488 0.60494
0.718750 0.25073 0.24134 0.24232 0.24307 0.24347
0.734375 0.06543 0.05894 0.06292 0.06383 0.06407
0.750000 0.01441 0.01487 0.01558 0.01489 0.01441
0.765625 0.00304 0.00489 0.00303 0.00256 0.00258
0.781250 0.00063 0.00109 0.00037 0.00060 0.00076
0.796875 0.00013 0.00007 0.00012 0.00018 0.00013
0.812500 0.00003 0.00000 0.00003 0.00001 0.00001
0.828125 0.00001 0.00000 0.00000 0.00001 0.00001

‖u − ue‖∞ 0.01148 0.01048 0.01030 0.01024
at x = 0.703125 0.703125 0.703125 0.703125

‖u − ue‖2 0.00219 0.00180 0.00171 0.00168
‖u−ue‖2
‖ue‖2

0.00261 0.00215 0.00204 0.00200

Table 6: Wavelet solutions of the Burgers equation by various Coiflets in vicin-
ity of the steep gradients, for Re = 200 and j = 6. (t = 0.4, Δt = 10−4).
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Exact CoifletC12 Central 1st order Maxmod SuperBee van-Leer
solution j = 9 difference monotone limiter limiter limiter

x ue uw9 ucd u1m umm usb uvl

0.882812500 1.00000 1.00000 1.00011 1.00000 1.00000 1.00000 1.00000
0.886718750 1.00000 1.00002 0.99942 0.99998 1.00000 1.00000 1.00000
0.888671875 1.00000 0.99999 1.00105 0.99992 1.00000 1.00000 1.00000
0.890625000 0.99997 0.99990 1.00248 0.99961 0.99997 1.00000 1.00000
0.892578125 0.99977 1.00029 0.99110 0.99818 0.99975 0.99996 0.99994
0.894531250 0.99841 0.99379 0.99367 0.99167 0.99804 0.99952 0.99928
0.896484375 0.98893 0.98415 1.05900 0.96333 0.98520 0.99386 0.99152
0.898437500 0.92684 0.94241 0.97105 0.85923 0.90463 0.93323 0.91957
0.900390625 0.64243 0.62085 0.54810 0.60413 0.61509 0.61344 0.61111
0.902343750 0.20307 0.18829 0.18014 0.27825 0.22655 0.20447 0.21544
0.904296875 0.03488 0.02612 0.04265 0.08209 0.05578 0.04411 0.05001
0.906250000 0.00510 0.00783 0.00901 0.01870 0.01192 0.00908 0.01046
0.908203125 0.00073 0.00298 0.00185 0.00391 0.00246 0.00186 0.00214
0.910156250 0.00010 0.00010 0.00038 0.00080 0.00050 0.00038 0.00044
0.912109375 0.00001 −0.00016 0.00008 0.00016 0.00010 0.00008 0.00009
0.914062500 0.00000 0.00000 0.00002 0.00003 0.00002 0.00002 0.00002
‖u − ue‖∞ 0.02158 0.09433 0.07517 0.02735 0.02899 0.03132

at x = 0.900390625 0.900390625 0.902343750 0.900390625 0.900390625 0.900390625

‖u − ue‖2 0.00144 0.00567 0.00538 0.00212 0.00141 0.00169
‖u−ue‖2
‖ue‖2

0.00152 0.00598 0.00567 0.00223 0.00148 0.00178

Table 7: Exact solution of the Burgers equation vs. solutions by Coiflets and
the finite difference schemes in vicinity of the steep gradients, for Re = 2000.
(t = 0.8, Δt = 10−6, Δx = 2−9).

Exact CoifletC12 Central 1st order Maxmod SuperBee van-Leer
solution j = 6 j = 8 difference monotone limiter limiter limiter

x ue uw6 uw8 ucd u1m umm usb uvl

0.140625 0.00000 0.00000 0.00000 0.00000 0.00001 0.00000 0.00000 0.00000
0.171875 0.00000 0.00003 0.00000 0.00000 0.00013 0.00000 0.00000 0.00000
0.187500 0.00000 −0.00019 0.00000 0.00000 0.00049 0.00001 0.00000 0.00000
0.203125 0.00000 0.00016 0.00000 0.00004 0.00180 0.00005 0.00000 0.00000
0.218750 0.00000 0.00247 0.00000 0.00035 0.00662 0.00048 0.00000 0.00000
0.234375 0.00000 −0.00710 −0.00004 0.00308 0.02367 0.00424 0.00001 0.00090
0.250000 0.00000 0.02498 −0.00006 0.02606 0.07043 0.03491 0.01868 0.02906
0.265625 0.12500 0.12009 0.12202 0.11066 0.13104 0.11797 0.11263 0.11685
0.281250 0.17678 0.17240 0.17566 0.17315 0.17710 0.17247 0.17437 0.17314
0.296875 0.21651 0.21349 0.21598 0.21431 0.21488 0.21325 0.21529 0.21403
0.312500 0.25000 0.24780 0.24975 0.24837 0.24755 0.24732 0.24916 0.24806
0.328125 0.27951 0.27782 0.27941 0.27822 0.27670 0.27723 0.27887 0.27790
0.343750 0.30619 0.30483 0.30618 0.30513 0.30324 0.30421 0.30569 0.30482
0.359375 0.33072 0.32960 0.33077 0.32984 0.32776 0.32898 0.33031 0.32953
0.375000 0.35355 0.35261 0.35364 0.35280 0.35065 0.35202 0.35322 0.35251
0.500000 0.50000 0.49970 0.50013 0.49971 0.49800 0.49930 0.49987 0.49954
0.625000 0.61237 0.61226 0.61247 0.61222 0.61113 0.61200 0.61229 0.61212
0.750000 0.70711 0.70707 0.70716 0.70701 0.70637 0.70690 0.70704 0.70696
0.875000 0.79057 0.79056 0.79059 0.79050 0.79020 0.79045 0.79051 0.79048
‖u − ue‖∞ 0.02498 0.00298 0.02606 0.07043 0.03491 0.01868 0.02906

at x = 0.250000 0.265625 0.250000 0.250000 0.250000 0.250000 0.250000

‖u − ue‖2 0.00342 0.00041 0.00379 0.00946 0.00459 0.00283 0.00385
‖u−ue‖2
‖ue‖2

0.00644 0.00077 0.00716 0.01783 0.00865 0.00533 0.00725

Table 8: Exact solution of Eq. (4.4) vs. solutions by Coiflets and the finite
difference schemes. (t = 0.25,Δx = 2−6; Δt = 10−3 for the wavelet solutions
and Δt = 10−4 for the finite-difference solutions).
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Exact CoifletC12 Central 1st order Maxmod SuperBee van-Leer
solution j = 9 difference monotone limiter limiter limiter

x ue uw9 ucd u1m umm usb uvl

0.000000000 0.000000 0.000000 0.000000 0.000000 0.000000 0.000000 0.000000
0.187500000 0.000000 0.000000 0.000000 0.000000 0.000000 0.000000 0.000000
0.218750000 0.000000 0.000000 0.000000 0.000000 0.000000 0.000000 0.000000
0.234375000 0.000000 0.000000 0.000000 0.000003 0.000000 0.000000 0.000000
0.238281250 0.000000 0.000002 0.000000 0.000033 0.000000 0.000000 0.000000
0.240234375 0.000000 0.000010 0.000000 0.000116 0.000000 0.000000 0.000000
0.242187500 0.000000 −0.000068 0.000002 0.000409 0.000003 0.000000 0.000000
0.244140625 0.000000 0.000061 0.000015 0.001443 0.000023 0.000000 0.000000
0.246093750 0.000000 0.000895 0.000131 0.005045 0.000200 0.000000 0.000001
0.248046875 0.000000 −0.002631 0.001156 0.016290 0.001764 0.000004 0.000388
0.250000000 0.000000 0.009390 0.009685 0.036972 0.014057 0.006679 0.011294
0.251953125 0.044194 0.042681 0.039873 0.055031 0.043360 0.039920 0.042386
0.253906250 0.062500 0.061017 0.061521 0.069243 0.061919 0.061677 0.061763
0.255859375 0.076547 0.075472 0.075987 0.081323 0.076077 0.076128 0.076066
0.257812500 0.088388 0.087569 0.087974 0.091994 0.087974 0.088096 0.088008
0.259765625 0.098821 0.098165 0.098489 0.101649 0.098442 0.098595 0.098495
0.261718750 0.108253 0.107701 0.107975 0.110527 0.107901 0.108070 0.107964
0.263671875 0.116927 0.116450 0.116687 0.118785 0.116598 0.116774 0.116666
0.265625000 0.125000 0.124580 0.124788 0.126537 0.124690 0.124870 0.124760
0.267578125 0.132583 0.132209 0.132393 0.133864 0.132289 0.132469 0.132361
0.269531250 0.139754 0.139418 0.139582 0.140827 0.139476 0.139653 0.139547
0.273437500 0.153093 0.152814 0.152946 0.153851 0.152839 0.153010 0.152909
0.277343750 0.165359 0.165123 0.165230 0.165890 0.165125 0.165289 0.165192
0.281250000 0.176777 0.176573 0.176661 0.177139 0.176559 0.176715 0.176624
0.285156250 0.187500 0.187322 0.187395 0.187732 0.187296 0.187445 0.187358
0.289062500 0.197642 0.197486 0.197546 0.197773 0.197451 0.197593 0.197510
0.292968750 0.207289 0.207150 0.207200 0.207339 0.207108 0.207244 0.207165
0.296875000 0.216506 0.216381 0.216423 0.216492 0.216335 0.216464 0.216389
0.300781250 0.225347 0.225235 0.225269 0.225279 0.225184 0.225308 0.225236
0.304687500 0.233854 0.233752 0.233780 0.233742 0.233698 0.233817 0.233748
0.308593750 0.242061 0.241969 0.241992 0.241914 0.241913 0.242027 0.241961
0.312500000 0.250000 0.249916 0.249934 0.249822 0.249858 0.249968 0.249904
0.375000000 0.353553 0.353529 0.353516 0.353240 0.353470 0.353535 0.353498
0.437500000 0.433013 0.433006 0.432987 0.432730 0.432957 0.432999 0.432975
0.500000000 0.500000 0.500000 0.499981 0.499767 0.499960 0.499988 0.499972
0.562500000 0.559017 0.559019 0.559001 0.558830 0.558987 0.559007 0.558995
0.625000000 0.612372 0.612375 0.612359 0.612226 0.612349 0.612363 0.612355
0.687500000 0.661438 0.661441 0.661426 0.661325 0.661419 0.661429 0.661424
0.750000000 0.707107 0.707109 0.707097 0.707022 0.707092 0.707098 0.707095
0.812500000 0.750000 0.750002 0.749991 0.749939 0.749988 0.749992 0.749990
0.875000000 0.790569 0.790571 0.790561 0.790529 0.790559 0.790562 0.790560
0.937500000 0.829156 0.829157 0.829149 0.829133 0.829148 0.829149 0.829148
1.000000000 0.866025 0.866025 0.866019 0.866019 0.866019 0.866019 0.866019

‖u − ue‖∞ 0.009390 0.009685 0.036972 0.014057 0.006679 0.011294
at x = 0.250000 0.250000 0.250000 0.250000 0.250000 0.250000

excluding 0.25:

‖u − ue‖∞ 0.002631 0.004322 0.016290 0.001764 0.004275 0.001809
at x = 0.248047 0.251953 0.248047 0.248047 0.251953 0.251953

‖u − ue‖2 0.000451 0.000476 0.001923 0.000632 0.000354 0.000510

‖u−ue‖2
‖ue‖2

0.000850 0.000896 0.003622 0.001190 0.000666 0.000960

Table 9: Exact solution of Eq. (4.4) vs. solutions by Coiflets and the finite
difference schemes. (t = 0.25,Δx = 2−9; Δt = 10−4 for the wavelet solution
and Δt = 10−6 for the finite-difference solutions).


