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Abstract

Herein, problems pertaining to the conjugate diameters of a nonde-
generate ellipse are studied within a matrix analytic framework. Pride
of place is reserved for the construction of the matrix associated with the
positive definite quadratic form defining a nondegenerate ellipse from a
pair of its conjugate diameters.
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1 Historical Context

The history of conic sections [3] may be traced back to antiquity where
they were introduced by Menaechmus (circa 350 B.C.) and subsequently stud-
ied intensively by Euclid (circa 300 B.C.), Apollonius (3rd Century B.C.) and
Pappus (4th Century A.D.). Serious interest in them then went dormant and
languished for eleven centuries, undergoing a resurgence only in the 16th Cen-
tury that was initiated by mathematicians such as Desargues and Pascal. The
17th Century witnessed the twin blessings of their application to celestial me-
chanics by Kepler and Newton as well as the birth of the analytic approach to
them by Fermat, Descartes and Newton. This analytic approach was exten-
sively developed throughout the 18th and 19th Centuries, finally achieving a
state of maturity with classic treatises such as that of Salmon [16].
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Because this analytic development was essentially completed prior to the
introduction of matrices in the mid-19th Century by Sylvester and Cayley [19,
p. 588], most 20th Century analytic treatments neglected matrices entirely [18]
while those that employed matrices at all [1] were restricted to the Principal
Axis Theorem [20, p. 296] relating to the eigenstructure of the symmetric
matrix associated with the positive definite quadratic form defining the ellipse.
Readily accessible 21st Century texts are similarly restricted [7, 8].

Figure 1: Concentration Ellipse

However, a matrix analytic approach provides a unifying structure to the
study of conic sections. The present paper attempts to illustrate this for the
specific instance of conjugate diameters of an ellipse. The focus is so narrowed
for essentially two reasons. Firstly, that this is a historically important topic is
illustrated by Newton’s application of the Second Theorem of Apollonius [22,
p. 101] in the Principia [13, Book I, Propostion X] to the motion of bodies
under a central force. Secondly, the present author is particularly interested
in conjugate diameters as they relate to the concentration ellipse of statistics
(Figure 1) [9]. For example, the First Theorem of Apollonius [22, p. 100]
may be combined with the Galton-Pearson-McCartin Theorem to yield an
interesting relation between the best and worst lines of oblique regression which
is independent of the direction of oblique regression [10].

2 Matrices and the Ellipse



Matrix approach to conjugate diameters 1799

Figure 2: Singular Value Decomposition

Definition 1 (Ellipse) Consider the linear transformation x = Ay where A
is a nonsingular 2 × 2 real matrix. An ellipse centered at the origin is defined
to be the image of the unit circle under this transformation.

Theorem 1 (Matrix Representation of Ellipse) The equation of the el-
lipse so defined is

xT Mx = 1, (1)

where the unique symmetric positive definite matrix M is defined by

M := (AAT )−1. (2)

Conversely, any symmetric positive definite matrix M determines a unique
ellipse through Equation (1).

Proof: The unit circle is described by yTy = 1. Performing the substitution
y = A−1x and subsequent rearrangement yields xT (AAT )−1x = 1. The unique-
ness of M follows from the fact that every quadratic form is associated with
a unique, symmetric coefficient matrix [15, p. 85]. Conversely, any symmet-
ric positive definite matrix M is nonsingular and the inverse matrix M−1 is
also symmetric and positive definite [14, Problem 14, p. 415]. Consequently,
this inverse matrix possesses a (unique) Cholesky decomposition M−1 = LLT

where L is lower triangular with positive diagonal elements [14, Problem 15, p.
415]. Thus, M = (LLT )−1 determines the unique ellipse defined by Equation
(1) via the nonsingular linear transformation defined by L. �

This mapping between nonsingular linear transformations A and nonde-
generate ellipses M is many-to-one. The precise nature of this correspondence
is best illuminated by the singular value decomposition (Figure 2) [21, pp.
81-83].
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Theorem 2 (Singular Value Decomposition (SVD) [12]) A possesses a
singular value decomposition A = UΣV T where U and V are orthogonal matri-
ces and Σ is positive-diagonal. The diagonal elements of Σ = diag(σ1, σ2) are
called the singular values of A while the columns of U = [u1|u2] and V = [v1|v2]
are called the corresponding left and right singular vectors of A, respectively.

Proof: [12, p. 411] �

The positive square roots of the eigenvalues of AT A and AAT coincide and
are the singular values σ1, σ2 while the corresponding eigenvectors of AAT are
the left singular vectors u1, u2 and the corresponding eigenvectors of AT A are
the right singular vectors v1, v2. The SVD is unique except for interchanging
(σ1, u1, v1) with (σ2, u2, v2) or replacing (u1, v1) by (−u1,−v1) or (u2, v2) by
(−u2,−v2).

With reference to Figure 2, the action of A may be decomposed into three
stages. The orthonormal vectors v1, v2 are first rotated/reflected onto the
standard unit basis vectors i, j via multiplication by the orthogonal matrix
V T . Then, multiplication by the diagonal matrix Σ stretches/shrinks these
basis vectors by the factors σ1 and σ2, respectively. Finally, multiplication by
the orthogonal matrix U rotates/reflects these scaled basis vectors onto the
principal axes of the ellipse. Thus, the left singular vectors u1, u2 point in the
direction of the principal axes, the singular values σ1, σ2 are the lengths of the
principal semi-axes, and the right singular vectors v1, v2 are the pre-images of
the principal axes under the transformation A.

Thus, if B = UΣ(PV )T = UΣV T P T where P is an orthogonal matrix then
(BBT )−1 = (UΣ2UT )−1 = (AAT )−1 so that A and B correspond to the same
ellipse. Hence, to each ellipse defined by a positive definite symmetric matrix
M there corresponds an equivalence class of nonsingular linear transformations
where the equivalence relation is specified by A ∼ B if and only if A = BP
for some orthogonal matrix P .

3 Matrices and Conjugate Diameters

Definition 2 (Conjugate Diameters) A diameter of an ellipse is a line
segment passing through the center connecting two antipodal points on its pe-
riphery. If the diameter contains the vector x with tail at the center and tip at
the periphery then it is said to be generated by x. The conjugate diameter to
a given diameter is that diameter which is parallel to the tangent to the ellipse
at either peripheral point of the given diameter (see Figure 3, where the dashed
line is the major axis).
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Figure 3: Conjugate Diameters

Definition 3 (Rotation Matrix) The rotation matrix

R =

[
0 −1
1 0

]
(3)

rotates any vector counterclockwise by 90◦ and has the properties RT = R−1

and R2 = −I.

Lemma 1 (Inversion Formula) For any nonsingular 2 × 2 matrix A

A−1 =
1

det (A)
RT AT R. (4)

Proof: [2, Fact 2.14.11, p. 68] �

Theorem 3 (Construction of Diameter Conjugate to Given Diameter)

1. A tangent vector to the ellipse xT Mx = 1 at x is perpendicular to Mx
and thus is parallel to the vector RMx.
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2. The vector x̂ generates a diameter conjugate to that generated by x if
and only if x̂Mx̂ = 1 and x̂T Mx = 0.

3. The diameter conjugate to that generated by x is generated by the vectors

x̂ =
±1√

det (M)
RMx. (5)

Proof:

1. Taking the total differential of both sides of xT Mx = 1 yields dxT Mx = 0
thus establishing that dx ⊥ Mx and hence that dx ‖ RMx.

2. This follows directly from 1.

3. Clearly x̂ ‖ RMx and, by Lemma 1, its tip lies on the ellipse since

x̂T Mx̂ = xT M

[
1

det (M)
RT MR

]
Mx = xT MM−1Mx = xT Mx = 1.

Thus, x and x̂ generate conjugate diameters. �

Corollary 1 (Conjugacy is Symmetric) Conjugacy of diameters is a sym-
metric relation.

Proof: Let us find the diameter conjugate to that generated by y. Utilizing
Equation (5) followed by Equation (4),

±1√
det (M)

RMy = ±R2

[
1

det (M)
RT MR

]
Mx = ±R2M−1Mx = ±R2x = ±x,

so that the diameter conjugate to that generated by y contains ±x. �

Theorem 3 leads naturally to the definition:

Definition 4 (Conjugate Vectors) If M is a symmetric positive definite
matrix then x and y are said to be M-orthogonal or M-conjugate if yTMx = 0.

This notion of conjugacy lies at the heart of the conjugate gradient method
for solving large sparse systems of linear algebraic equations [6].

Armed with this matrix formulation of conjugate diameters, their basic
properties are readily established. This will first be illustrated with a pair of
theorems due to Apollonius [5, 22].

Theorem 4 (First Theorem of Apollonius) [22, p. 100] The sum of
squares of the lengths of any pair of conjugate semidiameters is constant and
equal to the sum of squares of the principal semiaxes, σ2

max + σ2
min.
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Proof: Suppose that the vectors {u, v} generate a pair of conjugate diameters
of the ellipse associated with the nonsingular linear transformation A.

• By Theorem 1, the equation of the ellipse is xT Mx = 1 with M =
(AAT )−1 so that

det (M) = det [(AAT )−1] =
1

det (AAT )
=

1

det (A) det (AT )
=

1

[det (A)]2
.

Also [2, Fact 4.9.1, p. 148], tr(A−1) = tr(A)/ det (A) so that

tr(M) = tr[(AAT )−1] =
tr(AAT )

det (AAT )
=

||A||2F
[det (A)]2

= det (M) · ||A||2F ,

where ||A||F =
√∑

i,j a2
i,j is the Frobenius norm of A [2, Equation (9.2.7),

p. 348]. I.e.,
tr(M)

det (M)
= ||A||2F .

• The characteristic polynomial of M is χ(λ) = λ2 − tr(M)λ + det (M) [2,
Fact 4.9.1, p. 148]. By the Cayley-Hamilton Theorem [2, Theorem 4.4.6,
p. 133],

M2 − tr(M)M + det (M)I = 0 ⇒ det (M)I + M2 = tr(M)M.

• We are finally in a position to calculate the sum of squares of the lengths
of the conjugate semidiameters generated by {u, v}:. By Theorem 3,

||u||2 + ||v||2 = uTu + vT v = uT +
1

det (M)
uT M2u

=
1

det (M)
uT [det (M)I + M2]u =

tr(M)

det (M)
uT Mu =

tr(M)

det (M)
= ||A||2F .

Thus, ||u||2+ ||v||2 is the same for all pairs of conjugate semidiameters. In par-
ticular, by the SVD Theorem (Theorem 2), the sum of squares of the prinicipal
semiaxes is equal to σ2

max + σ2
min. �

Historical Aside: It is of interest from a historical perspective that the Cayley-
Hamilton Theorem which made a surprise appearance in the above proof was
first stated in all generality by Cayley but was itself only proved by him for
this simplest case of 2 × 2 matrices [19, p. 588].

Theorem 5 (Second Theorem of Apollonius) [22, p. 101] The area of
any circumscribing parallelogram which touches an ellipse in the extremities of
a pair of conjugate diameters is a constant equal to 4σmaxσmin where σmax is
the length of the semimajor axis and σmin is the length of the semiminor axis.
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Figure 4: Circumscribing Parallelogram

Proof: With reference to Figure 4, the circumscribing parallelogram is the
image under the linear transformation A of the square circumscribing the unit
circle [1, p. 37]. Moreover, the area of this parallelogram is equal to | det (A)|
times the area of its square pre-image [1, p. 67]. By the SVD Theorem
(Theorem 2),

| det (A)| = | det (UΣV T )| = | det (U) det (Σ) det (V T )| = det (Σ) = σmaxσmin.

Since the area of the original square is equal to 4, the area of the image
parallelogram is equal to 4σmaxσmin. �

Corollary 2 (Area of Parallelogram/Triangle) The area of the parallel-
ogram defined by any pair of conjugate semidiameters is a constant equal to
σmaxσmin. The area of the triangle defined by any pair of conjugate semidiam-
eters is a constant equal to 1

2
σmaxσmin.

Proof: Apply the logic of the preceding proof to the image of the square/triangle,
respectively, formed from a pair of orthogonal radii of the unit circle under the
linear transformation A. �

Corollary 3 (Area of Ellipse/Elliptical Sectors) The area of the ellipse
is equal to πσmaxσmin. Any pair of conjugate diameters subdivides the ellipse
into four regions each of which has the area π

4
σmaxσmin independent of which

pair of conjugate diameters is chosen.
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Proof: Apply the logic of the preceding proof to the image of the quarter-
circle formed from a pair of orthogonal radii of the unit circle under the linear
transformation A. As this linear transformation scales all areas by | det (A)|
[4, p. 174], the corollary follows. �

Figure 5: Supplemental Chords

The efficacy of the matrix analytic approach to conjugate diameters is
further illustrated by a treatment of supplemental chords of an ellipse.

Definition 5 (Supplemental Chords) The chords formed by joining the
extremities of any diameter to a point lying on the ellipse are called supple-
mental chords [16, p. 171] (see Figure 5).

Theorem 6 (Supplemental Chords Parallel to Conjugate Diameters)
The diameters parallel to any pair of supplemental chords are conjugate [16,
p. 171].

Proof: With reference to Figure 5, define the vectors z =
−→
CQ and x =

−→
CP

so that −x =
−−→
CP ′. Thus, x − z =

−→
QP and −x − z =

−−→
QP ′ comprise a pair of

supplemental chords. Furthermore

(−x − z)T M(x − z) = zT Mz − xT Mx = 1 − 1 = 0.

Hence, any pair of conjugate diameters generated by a pair of vectors u =
α(x− z), v = β(−x− z), parallel to the given pair of supplemental chords, are
thereby conjugate since vT Mu = 0 (Theorem 3). �

We now return to the subject of Section 2 and explore the relevance of
conjugate diameters to the previously developed correspondence between non-
singular matrices A and symmetric positive definite matrices M .
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Theorem 7 (Matrix Characterization of Conjugate Diameters) The
images of any pair of orthonormal vectors under the nonsingular linear trans-
formation A generate conjugate diameters of the corresponding ellipse xT Mx =
1 with M = (AAT )−1 which is the image of the unit circle under A. Conversely,
the pre-images under A of any pair of vectors generating conjugate diameters
of the ellipse corresponding to M are orthonormal.

Proof: Let y and ŷ be orthonormal vectors where x = Ay and x̂ = Aŷ. By
Theorem 1,

M = (AAT )−1 ⇒ x̂T Mx = ŷTAT (AAT )−1Ay = ŷTAT A−T A−1Ay = ŷTy = 0.

Thus, by Theorem 3, the vectors x and x̂ are M-conjugate and the correspond-
ing diameters generated by them are conjugate to one another. Conversely,
suppose that the vectors x and x̂ generate conjugate diameters of the ellipse
corresponding to M so that, by Theorem 3, x̂T Mx = 0. Letting y = A−1x and
ŷ = A−1x̂,

ŷTy = x̂T A−T A−1x = x̂T (AAT )−1x = x̂T Mx = 0. �

Corollary 4 (Conjugate Diameters as Column Vectors) The columns of
any nonsingular linear transformation A generate conjugate diameters of the
corresponding ellipse xT Mx = 1 with M = (AAT )−1.

Proof: The columns of A are the images under A of the orthonormal standard
unit basis {i, j}. �

That is to say, within the equivalence class of nonsingular matrices map-
ping the unit circle onto a fixed ellipse, any individual matrix A is that one
mapping {i, j} onto the conjugate diameters generated by its columns. More-
over, any other matrix B = AP , with P orthogonal, in the same equivalence
class generates the same matrix M since BBT = APP TAT = AAT . However,
B maps {i, j} onto its own columns and maps a different pair of orthonormal
vectors onto the columns of A. In point of fact, B maps the columns of P T ,
alternatively the rows of P , onto the columns of A.

Corollary 5 (Angle Between Conjugate Diameters) The angle θ between
any pair of vectors u and v generating conjugate diameters satisfies [16, p. 169]

| sin (θ)| =
σmaxσmin

||u|| ||v|| . (6)

Proof: By Theorem 1, the nonsingular linear transformation A = [u|v] maps
the unit circle onto the ellipse xT Mx = 1 with M = (AAT )−1 and, by Corol-
lary 4, maps {i, j} onto the vectors {u, v} which generate a pair of conjugate
diameters. By Corollary 2, the area of the parallelogram defined by {u, v} is
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Figure 6: Diagonals of Circumscribing Parallelogram

equal to det (A) = σmaxσmin. However, the area of this parallelogram is also
equal to | sin (θ)| ||u|| ||v|| [1, p. 16]. Equating these two expressions for the
area yields the desired identity, Equation (6). �

Corollary 6 (Diagonals of Circumscribing Parallelogram) If the sides
of a parallelogram touch an ellipse then its diagonals will contain conjugate
diameters of the ellipse [17, p. 100].

Proof: With reference to Figure 6, the preimage of the parallelogram KLMN
is a square circumscribing the unit circle whose diagonals are orthogonal. Un-
der the linear transformation A associated with the ellipse, these diagonals
are the preimages of the diagonals of this parallelogram [1, p. 35]. Thus, by
Theorem 7, these diagonals contain conjugate diameters of the ellipse. �

The foregoing development of a matrix analytic approach to the conjugate
diameters of an ellipse reaches a climax with the computation of the prinicipal
axes of an ellipse from a given pair of conjugate diameters.

Theorem 8 (Principal Axes from Given Pair of Conjugate Diameters)

Given any pair of vectors A1 =

[
a11

a21

]
, A2 =

[
a12

a22

]
, there is a unique el-

lipse xT Mx = 1 for which they generate conjugate diameters. Specifically,
M = (AAT )−1 where A = [A1|A2]. Moreover the principal semiaxes point in
the directions

dmajor =

⎡
⎣ a11a21 + a12a22

a2
21 + a2

22 − 1
2

[
||A||2F +

√
||A||4F − 4[det (A)]2

]
⎤
⎦ , (7)

dminor =

⎡
⎣ a11a21 + a12a22

a2
21 + a2

22 − 1
2

[
||A||2F −

√
||A||4F − 4[det (A)]2

]
⎤
⎦ , (8)



1808 B. J. McCartin

with corresponding squared magnitudes

σ2
major =

1

2

[
||A||2F +

√
||A||4F − 4[det (A)]2

]
, (9)

σ2
minor =

1

2

[
||A||2F −

√
||A||4F − 4[det (A)]2

]
, (10)

where ||A||2F = ||A1||2 + ||A2||2.
Proof: By the SVD Theorem (Theorem 2),

σ2 = λ(AAT ) =
1

λ(M)
,

and, by [2, Fact 4.9.1, p. 148],

λ(M) =
1

2

[
tr(M) ±

√
[tr(M)]2 − 4 det (M)

]
.

However, by the Proof of the First Theorem of Apollonius (Theorem 4),

det (M) =
1

[det (A)]2
, tr(M) =

||A||2F
[det (A)]2

.

Therefore,

λ(M) =
||A||2F ±

√
||A||4F − 4[det (A)]2

2[det (A)]2
,

so that the squared magnitudes of the principal semiaxes are given by

σ2 =
1

2

[
||A||2F ±

√
||A||4F − 4[det (A)]2

]
.

The corresponding directions of the principal semiaxes are given by the eigen-
vectors of

M = (AAT )−1 =
1

[det (A)]2

[
a2

21 + a2
22 −(a11a21 + a12a22)

−(a11a21 + a12a22) a2
11 + a2

12

]
,

with the eigenvector corresponding to λmin(M) pointing along the major axis
and the eigenvector corresponding to λmax(M) pointing along the minor axis.
A straight forward computation yields

d =

[
a11a21 + a12a22

a2
21 + a2

22 − λ[det (A)]2

]
=

⎡
⎣ a11a21 + a12a22

a2
21 + a2

22 − 1
2

[
||A||2F ±

√
||A||4F − 4[det (A)]2

]
⎤
⎦ ,

with selection of the plus/minus sign for the major/minor axis, respectively.

�
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4 Aftermath

In the foregoing, the utility of a matrix analytic approach to the study
of the conjugate diameters of an ellipse has been established. In turn, this
will form the basis for a vector analytic approach to the construction of the
principal axes of an ellipse from any pair of its conjugate diameters [11].
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