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Abstract

We consider a general model describing the collective bacterial move-
ment due to a chemical stimulus which is driven by sources terms, i.e.,
the growth of bacteria cells, in one spatial dimension

⎧⎨
⎩

ut + ∇χ(s)u∇s = f(u, s), x ∈ R, t > 0

st = g(u, s)

The aim of this work is to investigate the entropy solution of generalized
Riemann problem with source terms, in which initial conditions consist
of two smooth functions separated by a small discontinuity at the origin.
The method consists on an asymptotic approximation of the solution at
cell interfaces in the same state-expansion approach as in [17]. The spe-
cific structure allows for a possibility to determine the spatial derivatives
at the origin and identify some properties of the solution.
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1 Introduction

In mathematical biology, population dynamics (Predator-prey) is modeled by
a nonlinear coupled system of partial differential equations. Chemotaxis, the
movement of cells towards a chemically more favorable environment for their
survival, was for decades the subject of a large class of models. Especially,
self-organization cells, which are often governed by chemotaxis like aggrega-
tion patterns and various aspects of information, have triggered considerable
attention by biologists, mathematicians and physicists in the hope to achieve a
better understanding of the macroscopic spatial, temporal or functional struc-
ture changes [1, 3, 8, 19]. The Patlack and Keller-Segel model for chemotaxis
is one of the most studied models [14, 15, 20], widely used to describe the col-
lective transport (diffusion and aggregation) of cells attracted by a self-emitted
chemical substance.

This paper focuses on the analysis of a specific problem, the asymptotic ap-
proximation of a one space dimensional hyperbolic Keller-Segel system. The
general structure of the model leads to looking for positive functions u (the
concentration of bacteria) and s (the concentration of the chemotaxis agent:
substrate), solutions of the following system:

⎧⎨
⎩

∂u
∂t

+ ∂
∂x

(χ(s)u ∂s
∂x

) = f(u, s)

∂s
∂t

= −k(s)u
(1)

System (1) is a first order system of conservation laws which is perturbed by
source terms in the right-hand side. The basic assumption is that the dynamic
of cells is described by two equations strongly coupled: the first equation ex-
presses the bacteria conservation where χ(s) and f(u, s) represent respectively
the chemotactic sensitivity and the population growth of bacteria. The second
equation describes the degradation of substrate by bacteria with rate k(s).

Special emphasis has been put on the effects observed in population dynamics,
in particular the phenomenon of collapse or blow-up. In the literature, this
phenomenon results of a competition of several physical and biologic param-
eters such as diffusion, chemotactic flux and source terms; see [11, 12, 13, 22]
for surveys on different models for chemotactical movement and [7, 10, 23] for
surveys on the hyperbolic approach to chemotaxis.

A mathematical analysis of the phenomenon of blow-up and collapse for the
system (1) without second member shows that when disregarding diffusion
terms the system becomes then hyperbolic and the solution can blow up at
the end of a finite time even if the initial condition is very regular. That is due
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to the apparition of shock waves, contact discontinuities and other complex
waves. We refer to [22, 23] and [6] for an extended discussion on this subject.

In this article, we are interested in the hyperbolic chemotaxis equations with
term sources and initial condition in which we study their effect on the phe-
nomenon of collapse. By using the auxiliary variable v = sx, the system (1)
can be rewritten under the form

∂U

∂t
+

∂

∂x
F (x, t, U) = g(x, t, U), x ∈ R, t > 0 (2)

where

U =

⎛
⎝ u

v
s

⎞
⎠ ; F (x, t, U) = F (U) =

⎛
⎝ F1(U) = uvχ(s)

F2(U) = k(s)u
F3(U) = 0

⎞
⎠ ;

g(U) =

⎛
⎝ g1(U) = f(u, s)

g2(U) = 0
g3(U) = −k(s)u

⎞
⎠

The issue is looking for existence of entropy solutions for the Cauchy problem
associated to the system (2), with discontinuous initial data of the form

U(x, t) =

{
U−(x), x < 0
U+(x), x > 0

(3)

Here we suppose that U− (resp. U+) is smooth from ] −∞, 0] (resp. [0, +∞[)
in R

3, both satisfying U− �= U+). Furthermore, since the functions U− and U+

are constant, we obtain the classical Riemann problem that was been explicitly
solved in [10], particularly in the case of F (x, t, U) = F (U) and g ≡ 0.

The outline of this paper is as follows. In Section 2, we give an explicit approx-
imation to the entropy solution U of the problem (2)-(3) in a neighborhood
of the origin in the case where g �≡ 0. Then, we show the solution’s behavior
across the transition curve that separates the two solution’s regions in Section
3. In Sections 4 and 5, we discuss the condition on board and the solution’s
behavior at infinity. The process to compute the functions expansion is finally
provided in Section 6.

2 Asymptotical expansion

The nonlinear system of conservation laws (1) is hyperbolic, i.e., ∂
∂U

F (x, t, U) :=
A(U) has 3 distinct real eigenvalues for all (x, t, U) ∈ RxR

+xR
3

λ1(x, t, U) =
χv −√

Δ

2
≤ λ2(x, t, U) = 0 ≤ λ3(x, t, U) =

χv +
√

Δ

2
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where

Δ = χ2v2 + 4kχu

The i − th characteristic field is either genuinely nonlinear (GNL) or linearly
degenerate (LD). It is well known that since F (x, t, U) = F (U), g ≡ 0, the
classical Riemann problem has self-similar solutions which consist of at most
4 constant states separated by i-waves 1 ≤ i ≤ 3 (i-shock wave or i-rarefaction
wave if the i− th characteristic field is GNL, and i-contact discontinuity if the
i − th characteristic field is LD) [16]. In general, the entropy solution U of
(2)-(3) is no longer self-similar. However, it keeps the same wave structure for
small time t > 0 [2, 9, 17, 18]. More precisely, if this solution contains an i-
shock wave for the classical Riemann problem , it holds true for the generalized
Riemann problem and so on [4, 5]. The transition curves are smoothness
curves passing through the origin and characteristic in the case of rarefaction or
contact discontinuity. We assume that these curves are defined for sufficiently
small time.

To further study the entropy solution U of the problem (2)-(3) we want to find
an asymptotic expansion of the form

U(x, t) = V0(
x

t
) + tV1(

x

t
) + t2V2(

x

t
) + ..... (4)

This expansion remains valid only in the neighborhood of the origin along the
plane (x, t) and in each domain of smoothness of U . In the next sections we
will determine the two first terms V0 and V1 given in (4). More precisely, we
will prove that the leading term V0 is simply a solution of the classical Riemann
problem

⎧⎪⎪⎨
⎪⎪⎩

∂U0

∂t
+ ∂

∂x
F (0, 0, U0) = 0

U(x, t) =

{
U−(0), x < 0
U+(0), x > 0

(5)

and V1 a solution of a linear problem.

Therefore, by looking for an expansion in terms of self-similar functions, it is
convenient to set variables change to ζ = x

t
in each smoothness domain of U
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to write

∂U

∂t
= −1

t
ζU ′

0 + (U1 − ζU ′
1) + O(t)

∂

∂x
F (x, t, U) =

1

t

d

dζ
F (0, 0, U0) +

d

dζ
[ζ

∂F

∂x
(0, 0, U0) +

∂F

∂t
(0, 0, U0) +

∂F

∂U
(0, 0, U0)U1] + O(t)

g(x, t, U) = g(0, 0, U0) + O(t)

We then substitute (4) in (2) and proceed by identifying the coefficients ac-
cording to the powers of t. We get linear systems therefore to non constant
coefficients ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

−ζV ′
0 + F ′(V0).V

′
0 = 0

V1 − ζV ′
1 + F ′(V0).V

′
1 + F”(V0)(V

′
0 , V1) = g(V0)

2V2 − ζV ′
2 + F ′(V0).V

′
2 + F”(V0)(V

′
0 , V2)+

F”(V0)(V
′
1 , V1) + 1

2
F (3)(V0)(V

′
0 , V1, V1) = g′(V0).V1

.............

(6)

Remark 2.1 The first equation is compatible with the fact that V0 is solu-
tion of Ut + F (U)x = 0. By a straight computation, we obtain

F ′(U) =

⎛
⎝ vχ(s) uχ(s) uvχ′(s)

k(s) 0 uk′(s)
0 0 0

⎞
⎠ , g′(U) =

⎛
⎝

∂f
∂u

0 ∂f
∂s

0 0 0
−k(s) 0 −uk′(s)

⎞
⎠

(7)

F”1(U) =

⎛
⎝ 0 χ(s) vχ′(s)

χ(s) 0 uχ′(s)
vχ′(s) uχ′(s) uvχ”(s)

⎞
⎠ , F”2(U) =

⎛
⎝ 0 0 k′(s)

0 0 0
k′(s) 0 uk”(s)

⎞
⎠
(8)

and F”3(U) = 0
From (6) we get⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

u1 − ζu′
1 + v0χ(s0)u

′
1 + u0χ(s0)v

′
1 + u0v0χ

′(s0)s
′
1 + χ(s0)v

′
0 + v0χ

′(s0)s
′
0]u1+

(χ(s0)u
′
0 + u0χ

′(s0)s
′
0)v1 + (v0χ

′(s0)u
′
0 + u0χ

′(s0)v
′
0 + u0v0χ”(s0)s

′
0)s1 = f(u0, s0)

V1 − ζV ′
1 + k(s0)u

′
1 + u0k

′(s0)s
′
1 + s′0k

′(s0)u1 + [k′(s0)u
′
0 + u0k”(s0)s

′
0]s1 = 0

v1 − ζv′
1 + k(s0)u

′
1 + u0k

′(s0)s
′
1 + s′0k

′(s0)u1 + [k′(s0)u
′
0 + u0k”(s0)s

′
0]s1 = 0

s1 − ζs′1 = −k(s0)u0

(9)
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where Vi = (ui, vi, si)
T , V ′

i = (u′
i, v

′
i, s

′
i)

T for i = 0, 1.

3 Solution behavior across the transition curve

Let us assume that x = φ(t) be a transition curve Γ which separates two
smoothness regions of the solution U : Ωi , i = 1,2. As φ(0) = 0, one can write

φ(t) = σ0t + σ1t
2 + σ2t

3 + ... (10)

Hence, in each region Ωi, we have

U(φ(t), t) = V0(σ0 + σ1t + ...) + tV1(σ0 + σ1t + ...) + ... = V0(σ0) + t(V1(σ0) + σ1V
′
0(σ0)) + ...

where V ′
0 = dV0

dζ

• Case where U is continuous across Γ in ζ = σ0: In this case, one
have

[V0] = 0 [V1] + σ1[V
′
0 ] = 0 (11)

where [V ] denotes the jump of V .

Remark 3.1 V1 is generally discontinuous in ζ = σ0.

• Case where U is discontinuous across Γ: Starting from the Rankine-
Hugoniot conditions, we have

φ′(t)[U ] = F (t, x, U), x = φ(t),

By replacing U and φ with their asymptotic expansions (4) and (10)
respectively in ζ = σ0, we find

σ0[V0] = [F (0, 0, V0)] [(
∂F

∂U
(0, 0, V0) − σ0I)V1] = σ1[V0] (12)

Then we can use a Taylor expansion in powers of t around the origin to
write

U(x, t) = U(0, 0) + t(
x

t

∂U

∂x
(0, 0) +

∂U

∂t
(0, 0)) + t2(

x2

2t2
∂2U

∂x2
(0, 0) + ...)

we denote V (0, 0) as

V (0, 0) = lim
x,t→0

x
t
≥ζ0

V (x, t)
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For initial condition x < 0, we get

lim
t→0

U(x, t) = U−(x) = lim
ζ→−∞

U(ζ)

with,

U(ζ) = V0(ζ) + tV1(ζ) + ... V0(ζ) = V0(0) + ζV ′
0(0) + ... V1(ζ) = V1(0) + ζV ′

1(0) + ...

V ′
i (0) represents the derivative of Vi with respect to ζ at the origin. So

we have,

U(x, t) = V0(0) + ζV ′
0(0) + ... + tV1(0) + xV ′

1(0) + ...

and since t → 0, one has

V0(0) + xV ′
0(0) + ... = U−(0) + xU ′

−(0) + ...

hence, ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

V0(0) = U−(0)

diV0

dζi (0) = 0 i ≥ 1

V ′
1(0) = U ′

−(0)

diV1

dζi (0) = 0 i ≥ 2

(13)

according to (12), V0 is steady and V1 is refined in a neighborhood of
t = 0 for x < 0. With the same approach we come to the same result for
x > 0.

Determination of the function V0: According to (6), (11), (12) and (13),
we deduce that the function V0 is a solution of (5).

4 Condition on ”board”

If V0 is continuous and V ′
0 discontinuous at ζ = σ0, then the ”board” is a curve

that separates a rarefaction and a constant state. In this case we have,

V +
0 = constant, (U−

0 )′ = Ri(V
−
0 )

and, according to (11), one get

V +
1 (σ0) = V −

1 (σ0) + σ1Ri(V
−
0 (σ0)) (14)
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with σ0 and σ1 such that

σ0 = φ′(0), σ1 =
φ′′(0)

2

Note that the sign + (resp. the sign −) corresponds to the constant state
situated on the right (resp. on the left) of ζ = σ0. On the other hand, if the
”board” is a curve that separates two steady states then V0 is discontinuous
at ζ = σ0 witch is corresponding to the shock wave or a contact discontinuity.
Hence, V1 is solution of (12).

5 Solution behavior at infinity

When ζ → +∞ (resp. ζ → −∞) and for ζ (resp. -ζ) large enough , we have,

V0(ζ) = U+(0) (resp.V0(ζ) = U−(0)) is constant

V1(ζ) = (ζI − A(U+(0)))U ′
+(0) − g(U+(0))

(resp.V1(ζ) = (ζI − A(U−(0)))U ′
−(0) − g(U−(0)))

Remark 5.1 in that,

v = sx, v = v0 + tv1 + t2v2 + ... and s = s0 + ts1 + t2s2 + ...

then

s′0 = 0 s′i = vi−1 for 1 ≤ i (15)

Let’s recall that V0 is a solution of the classical Riemann problem, S0 is contin-
uous through a shock and at the same time is an invariant of Riemann which
is also continuous. For an i-rarefaction wave (i = 1 or 3), it yields that

u0(ζ) =
1

k(s0)χ(s0)
(
ζ2

3
+ sgn(ζ)A

√
|ζ |, (16)

v0 =
1

χ(s0)
(
2

3
ζ − A√|ζ |)

and s0 = constant
s′0 permits us to simplify the previous system, thus

(χ0v0 − ζ)u′
1 + u0χ0v

′
1+ (17)

(1 + χ0v
′
0)u1 + χ0u

′
0v1 = f(u0, s0) − u0v0χ

′(s0)s
′
1 − (v0χ

′(s0)u
′
0 + u0χ

′(s0)v
′
0)s1

k0u
′
1 − ζv′

1 + v1 = −u0k
′(s0)s

′
1 − k′(s0)u

′
0s1 (18)

s1 − ζs′1 = −k(s0)u0 (19)
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6 Computation of the first corrective term V1

We start by determining s1 from (19) (or from (15)). Then, we substitute its
value in (17) and (18). Thus, two cases can be distinguished: rarefaction case
and constant state case. We summarize our findings in the following theorem

Theorem 6.1 In case of f ≡ 0, χ(s) = 1
s

and k(s) = κs (κ a positive
constant), the first corrective term V1 = (u1, v1, s1) can be given as follows

1. If the solution of the classical Riemann problem is an i-rarefaction wave
(i = 1, 3) then

⎧⎪⎨
⎪⎩

u1(ζ) = 0

v1 = 1
χ(s0)

(2
9
ζ3 − 5A

3
|ζ |32 + 2sgn(ζ)A2)

s1 = 1
χ(s0)

(1
3
ζ2 − 2sgn(ζ)A |ζ | 12 )

2. If V0 is a constant state then the first corrective term V1 is a refined
function in ζ

⎧⎨
⎩

u1(ζ) = aζ + b
v1(ζ) = cζ + d
s1(ζ) = v0ζ − k(s0)u0

(20)

with,

χ(s0)v0a + b + χ(s0)u0c + χ′(s0)u0v
2
0 = 0

k(s0)a + d + k′(s0)u0v0 = 0

Proof 6.2 One looks for a solution (for example the 2-rarefaction wave)
under the form

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

u1(ζ) =
∑+∞

i=−∞ ai(ζ
i)2

v1(ζ) =
∑+∞

i=−∞ bi(ζ
i)2

s1(ζ) =
∑+∞

i=−∞ ci(ζ
i)2

(21)

and by identification, the coefficients ai, bi, ci can be determined in the same
way as for the 1-rarefaction wave.
For a constant state U0, it is known that U1 is refined at ζ. Then, one can
therefore look for a solution in the form of (21). In any case, s1 can be obtained
from (15).
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Remark 6.3

• Taking into account the condition on board and the solution behavior at
±∞, the resolution will be complete.

• s1 is continuous through a shock. Indeed, the third equation of (12) sets

−σ0[s1] = σ1[s0] (22)

such that s0 is continuous through a shock (and not through a contact of
discontinuity). Thus, [s1] = 0 (because σ �= 0).

• one first calculates σ1 through (22) as well as s1 is known (s1 = v0ζ −
k(s0)u0).

• U(x, t) = V0(ζ) + tV1(ζ) for t, |U+(0) − U−(0)| is small enough.

Conclusion 6.4 This process can be generalized to determine the func-
tions expansion Vi of (5) for i ≥ 2. Therefore, with the same technic, one
comes to the equations and the jump conditions that are verified by Vi when
|U+(0) − U−(0)| is small enough. It remains to prove that such expansion
makes sense (i.e converge). For more details, see [2].
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burger Beitrëage zur Angewandten Mathematik, Preprint No 21, 2011.

[10] T. Hillen, Hyperbolic models for chemosensitive movement, Math. Models
Methods Appl. Sci., 12 (2002), 1-28.

[11] T. Hillen and K.J. Painter, A user’s guide to pde models for chemotaxis,
J. Math. Biol., 58 (2009), 183–217.

[12] S. Hilmi and C. Ziti, Possibility of amoebas’ aggregation in finite time,
To appear in A.S.U.O.C, XX (2012), fasc. 3.

[13] D. Horstmann, From 1970 until present: the keller-segel model in chemo-
taxis and its consequences, Max-Planck-Institut, Preprint n.3, 2003.

[14] E.F. Keller and L.A. Segel, Initiation of slime mold aggregation viewed
as an instability, J. Theor. Biol., 26 (1970), 399–415.

[15] E.F. Keller and L.A. Segel, Travelling bands of chemotactic bacteria, a
theoretical analysis, J. Theor. Biol., 30 (1971), 203–225.

[16] P. Lax, Hyperbolic systems of conservation laws II, Acta Appl. Math., 10
(1957), 537-556.

[17] P.G. LeFloch and P.A. Raviart, An asymptotic expansion for the solution
of the generalized Riemann problem, Part I: General theory. Ann.Inst. H.
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