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Abstract 

 

The present paper deals with the idea of quasi-pseudo metric space in fuzzy 

mapping. We extend some earlier result of Singh and Talwar [9]. 

Keywords: Fuzzy mapping, Complete Quasi-pseudo metric space, Common 

Fixed points 

1. Introduction 

 

Initially Zadeh[11] introduced the concept of Fuzzy sets in 1965, has been an 

attempt to develop a mathematical framework in which two system or phenomena 

which due to intrinsic indefiniteness – as distinguished from mere statistical 

variation  can’t  themselves  be  characterized  precisely.  This  classical  work  of  
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Zadeh[11] stimulated a great interest among mathematicians, engineers, 

biologists, economists, psychologists and experts in other areas who use 

mathematical methods in their research. The concept of Fuzzy Mappings was first 

introduced by Heilpern [3], who has proved a fixed point theorem for fuzzy 

contraction mappings. Afterwards the result of Heilpern [3], was extended by 

Bose and Sahani [1], to pair of generalized fuzzy contraction mappings. 

Recently, Gregori and Pastor [2], proved a fixed point theorem for fuzzy 

contraction mappings in left K sequentially complete quasi-pseudo metric spaces. 

In 2005, Sahin et. al [7] obtained common fixed point theorem for pairs of fuzzy 

mappings in left K sequentially complete quasi-pseudo metric spaces and right K 

sequentially complete quasi-pseudo metric spaces. In 2008, Pathak and Singh 

[6] obtained common fixed point theorems for contractive type fuzzy mappings in 

quasi-pseudo metric space which extend and generalize the result of Sahin et.al 

[7]. In 2010, Elida and Arben [4], prove common fixed point theorems for a 

class of fuzzy mappings in symth complete quasi metric space. In 2011, Elida 

and Arben [5], proved common fixed point theorem for fuzzy weakly contractive 

mappings in the settings of quasi metric spaces.  
 
In this paper, we shall prove fixed point theorems by exploiting the idea of Quasi-

pseudo metric space in Fuzzy Mapping, which extends some earlier results of 

Singh and Talwar[9]. 

 

For this purpose we need the following definitions and Lemmas. 

2. Preliminaries 

 

Definition 2.1. [7] A quasi-pseudo metric on a non-empty set X is a non-negative 

real valued function d on X x X such that for all x,y,z  X: 

i. d(x,x) = 0 and 

ii. d(x,y) ≤ d(x,z) + d (z,y). 

A pair (X,d) is called a quasi-pseudo metric space, if d is a quasi-pseudo metric 

on X. 

A quasi-pseudo metric d such that x=y whenever d (x,y)=0 is a quasi-metric. So in 

a quasi-pseudo metric space we do not assume that d(x,y) = d(y,x) for every x and 

y . 

Each quasi-pseudo metric d on X induces a topology (d) which has a base the 

family of all d-balls B(x), where 

B(x) = {y X : d(x,y) < }. 

If d is a quasi-pseudo metric on X, then the function d
-1

, defined on X×X by        

d
-1

(x,y) = d (y,x) is also quasi-pseudo metric  on X. By d˄d
-1

 and d˅d
-1

 we denote 

min{d,d
-1

} and max {d,d
-1

} respectively. 
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Definition 2.2. [2] Let (X,d) be a quasi-pseudo metric space and let A and B be 

non-empty subsets of X. then the Hausdorff distance between subsets of A and B 

is defined by 

H(A,B) = max {sup d(a,B), sup d(b,A)}, 
                       abB

where d(a,B)= inf{d(a,x) : xB}. 

 

Note that: H (A,B) ≥ 0 with H (A,B) = 0 if and only if c1A=c1B,  

H(A,B) = H(B,A) and H(A,B) ≤ H (A,C) + H (C,B) for any non-empty subset A,B 

and C of X. When d is a metric on X, clearly H is the usual Hausdorff distance. 


Definition 2.3.[7] A Fuzzy set on X is an element of I
X
 where I= [0,1]. The 

level set of a Fuzzy set A, denoted by A , is defined by 

 A= {x X :  A(x) ≥ }      for each [0,1], and 

 A0 = c1{x X : A(x) > 0}. 

For x X we denote by {x} the characteristic function of ordinary subset {x} of 

X. 

 

Definition 2.4.[7]  Let (X,d) be a quasi-pseudo metric space. The families W
*
(X) 

and Wꞌ(X) of Fuzzy sets on (X,d) are defined by 

W
*
(X) = {AI

X 
: A1 is non-empty d-closed and d

-1
 ─ compact} 

Wꞌ(X) = {A 
X
 : A1 is a non-empty d-closed and d ─ compact} 

In [3], the family W(X) of Fuzzy sets on metric linear space (X,d) is defined as 

follows : 

  A W(X) if and only if A is compact and convex in X for each  

 [0,1] and sup A(X) = 1. 
                       xX 

If (X,d) is a metric linear space, then we have 

 W(X) W
*
(X) = Wꞌ(X)  

   = {A I
X
 : A1 is nonempty and d-compact } 

X
. 

 

Definition 2.5. [7] Let (X,d) be a quasi-pseudo metric space and let A,B W
*
(X) 

or A,B Wꞌ(X) and [0,1]. Then we define 

 Dinf {d(x,y) : x A, y } = d(A,B), 

 D(A,B) = H (A B 

Where H is the Hausdorff distance deduced from the quasi-pseudo metric d on X, 

 D(A,B) = sup {D (A,B) : }. 

 

Definition 2.6.[2] Let X be an arbitrary set and Y be any quasi-pseudo metric 

space. F is said to a Fuzzy mapping if F is a mapping from the set X into W
*
(Y) or 

Wꞌ(Y). 

  

This definition is more general than the one given in [3]. 
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Definition 2.7.[7] A point x is a fixed point of the mapping F: X→I
X
, if            

{x} F(x). 

Note that : if A,B I
X
, then A means A(x) ≤ B(x) for each x X. 

 

Lemma 2.1. [2] Let (X,d) be a quasi-pseudo metric space and let x X and        

A W
*
(X). Then {x}  A iff D(x,A) = 0, for each . 

 

Lemma 2.2. [2] Let (X,d) be a quasi-pseudo metric space and let A W
* 

(X). 

Then D (x,A) ≤ d(x,y) + D (y,A) for any x,y X and  



Lemma 2.3. [2] If {x0}  A, then D (x0,B) ≤ H (A,B) for each B W
*
(X). 

 

Lemma 2.4. [2] Let (X,d) be a complete quasi-pseudo metric space and  

F : X → W
*
(X) be a Fuzzy mapping and x0 X then there exists x1 X such that 

{x1}  F{x0}. 

 

 Above lemmas were proved by Heilpern [3] for the family W(X) in a metric 

space. 

 

In 1993, Singh and Talwar [9] proved the following fixed point theorems for 

fuzzy mappings. 

 

Theorem 2.1. [9] Let X be a complete metric linear space and F, G fuzzy 

mappings from X to W(X) satisfying 

 H(F(x),G(y)) ≤ q max {d(x,y), D(x,F(x)), D(y,G(y)), 

 ½ [D(x,G(y)) + Dy,F(x)  

for all x,y in X and q  (0,1). Then there exists a point z in X such that  

{z}  F (z)  G(z). 

 

Corollary 2.1. [9] Let X be a complete metric linear space and F a fuzzy mapping 

from X to W(X) satisfying 

 H(F(x),F(y)) ≤ q max {d(x,y), D(x,F(x)), D(y,F(y)),  

 ½ [D(x,F(y)) + Dy,F(x)  

for all x,y in X and q  (0,1). Then there exists a point z in X such that  

{z}  F (z). 

 

Corollary 2.2. [9] Let X be a complete metric linear space and F, G fuzzy 

mappings from X to W(X) satisfying 

 H(F(x),G(y)) ≤ q max {d(x,y), D(x,F(x)), D(y,G(y))} 

for all x,y in X and q  (0,1). Then there exists a point z in X such that  
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{z}  F (z)  G(z). 

Following is a metric analogue of the Theorem 2.1. 

 

Corollary 2.3.[9] Let X be a complete metric linear space and F, G be multi-

valued mappings from X to C(X) (the set of all closed subsets of X). 

If there exists a positive number q<1, such that 

 H(Fx,Gy) ≤  max {d(x,y), D(x,Fx), D(y,Gy), ½ [D(x,Gy) + Dy,Fx)  

for all x,y in X, then F and G have a common fixed point. 

3. Main Results 
 

We extend the above results using the concept of complete quasi-pseudo metric 

space in Fuzzy mappings. 

 

Theorem 3.1 Let (X,d) be a complete quasi-pseudo metric space and F, G fuzzy 

mappings from X to W

(X) satisfying 

 H(F(x),G(y)) ≤ q max {d(x,y), D(x,F(x)), D(y,G(y)),  

              ½ [D(x,G(y)) + Dy,F(x)  (3.1.1) 

 x,y in X and q  (0,1). Then there exists a point z in X such that  

{z}  F (z)  G(z). 

Proof. Pick x0 in X. let {x1}  F{x0}. Choose x2 such that {x2}  G{x1} and 

d{x1,x2}≤ H1((Fx0),G(x1)). 

Continuing this process we construct a sequence {xn} such that 

{x2n+1} F(x2n), {x2n+2}G(x2n+1) 

and 

d(x2n+1,x2n+2) ≤ H1(F(x2n),G(x2n-1)),  n=0,1,2,3,4….. 

by (3.1.1), 

d(x2n+1,x2n) ≤ H1(F(x2n),G(x2n-1)) 

                 ≤ H(F(x2n),G(x2n-1)) 

                    ≤ q max {d(x2n,x2n-1), D(x2n,F(x2n)), D(x2n-1,G(x2n-1)),      
       ½ [D(x2n,G(x2n-1)) + D(x2n-1,F(x2n))]} 

which gives 

 d(x2n+1,x2n) ≤  max{q,q/(2-q)d(x2n,x2n-1)}. 

Thus 

 d(x2n,x2n-1) ≤ q d(x2n-1,x2n)   for each n= 1,2,3,4…. 

 

Hence {xn} is a Cauchy sequence in X. It has a limit in X. Call it z. 

 In the view lemmas 2.2 – 2.3, 

 D0(z,F(z)) ≤ d(z,x2n+2) + H0(G(x2n+1),F(z)) 

     ≤ d(z,x2n+2) + q max{d(z,x2n+1), D0(z,F(z)), D0(x2n+1,G(x2n+1)),  

      ½ [D0(z,G(x2n+1)) + D0(x2n+1,F(z))} 

     ≤ d(z,x2n+2) + q max{d(z,x2n+1), D0(z,F(z)), d(x2n+1,x2n+2),  
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      ½ [d(z,x2n+2) + d(x2n+1,z) +  D0(z,F(z))]}. 

Making n→∞ we get 

  D0(z,F(z)) ≤ qD0(z,F(z)) 

which gives D0(z,F(z)) = 0. 

Hence by Lemma 2.1,  {z}  F(z). 

Similarly     {z}  G(z). 

Thus    {z}  F(z)  G(z). 

 

Corollary 3.2. Let (X,d) be a complete quasi-pseudo metric space and F a fuzzy 

mapping from X to W
*
(X) satisfying 

 H(F(x),F(y)) ≤ q max {d(x,y), D(x,F(x)), D(y,F(y)),  

                                     ½ [D(x,F(y)) + Dy,F(x)  

for all x,y in X and q  (0,1). Then there exists a point z in X such that  

{z}  F (z). 

Proof . Taking F=G in Theorem 3.1, it can be easily proved. 

 

Corollary 3.3 Let (X,d) be a complete quasi-pseudo metric space and F, G fuzzy 

mappings from X to W
*
(X) satisfying 

 H(F(x),G(y)) ≤ q max {d(x,y), D(x,F(x)), D(y,G(y))} 

for all x,y in X and q  (0,1). Then there exists a point z in X such that  

{z}  F (z)  G(z). 
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