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Abstract

In this paper, we prove the existence theorem for a mapping defined
by T = T1 + T2 when T1 is a μ1-Lipschitz continuous and γ-strongly
monotone mapping, T2 is a μ2-Lipschitz continuous mapping, we have a
mapping T is Lipschitz continuous but not strongly monotone mapping.
This work is extend and improve the result of N. Petrot [17].
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1 Introduction

The theory of variational inequalities is a branch of the mathematical sciences
dealing with general equilibrium problems. It has a wide range of applications
in economics, operations research, industry, physical, and engineering sciences.
Many research papers have been written lately, both on the theory and ap-
plications of this field. Important connection with main areas of pure and
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applied science have been made, see for example [2, 5, 6] and the references
cited therein.

Variational inequalities theory, which was introduce by Stampacchia [18],
provides us with a simple, natural general and unified framework to study a
wide class of problems arising in pure and applied science. The development of
variational inequality theory can be viewed as the simultaneous pursuit of two
different lines of research. On the one hand, it reveals the fundamental facts on
the qualitative aspects of the solutions to important classes of problems. On
the other hand, it also enables us to develop highly efficient and powerful new
numerical methods for solving, for example, obstacle, unilateral, free, moving,
and complex equilibrium problems.

In this work we consider the condition for existence solution of variational
inequalities problems in nonconvex sets. We will proved that a mapping T =
T1+T2 when T1 is a μ1-Lipschitz continuous and γ-strongly monotone mapping,
T2 is a μ2-Lipschitz continuous mapping has a solution on nonconvex satisfying
uniformly r-prox regular subset of Hilbert space. The result extended and
improved result of N. Petrot [17].

Let H be a real Hilbert space and let C be a nonempty closed subset of
H . A mapping T of C into H is called γ − strongly monotone if there exists
a constant γ > 0 such that

〈Tx − Ty, x− y〉 ≥ γ‖x − y‖2, (1)

for all x, y ∈ C. T is called μ−Lipschitz if there exists a constant μ > 0 such
that

‖Tx − Ty‖ ≤ μ‖x − y‖, (2)

for all x, y ∈ C.

2 Preliminaries

In this section, we collect and give some useful lemmas that will be used
for our main result in the next section.

Let H be a real Hilbert space with inner product 〈·, ·〉 and norm ‖ · ‖
respectively. Let C be a closed convex subset of H , let PC be the matric
projection of H onto C i.e. for x ∈ H, PCx satisfies the property

‖x − PCx‖ = miny∈C‖x − y‖.
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It is know that PC is nonexpansive. Further, for x ∈ H and z ∈ C

z = PCx ⇔ 〈x − z, z − y〉 ≥ 0, ∀y ∈ C.

Definition 2.1. Let u ∈ H be a point not lying in C. A point v ∈ C is
called a closest point or a projection of u onto C if dC(u) = ‖u − v‖ when dC

is a usual distance. The set of all such closest points is denoted by projC(u);
that is,

projC(u) = {v ∈ C : dC(u) = ‖u − v‖}. (3)

Definition 2.2. Let C be a subset of H. The proximal normal cone to C
at x is given by

NP
C (x) = {z ∈ H : ∃ρ > 0; x ∈ projC(x + ρz)} (4)

The following characterization of NP
C (x) can be found in [3].

Lemma 2.3. Let C be a closed subset of a Hilbert space H. Then

z ∈ NP
C (x) if and only if ∃σ > 0, 〈z, y − x〉 ≤ σ‖y − x‖2, ∀y ∈ C. (5)

Clark et al. [4] and Poliquin et al. [16] have introduced and atudied a new
class of nonconvex sets, which are called uniformly prox-regular sets. This class
or uniformly prox-regular sets has played an important part in many nonconvex
applications such as optimization, dynamic systems, and differential inclusions.

Definition 2.4. For a given r ∈ (0, +∞], a subset C of H is said to be
uniformly prox-regular with respect to r if, for all x ∈ C and for all 0 = z ∈
NP

C (x), one has

〈 z

‖z‖ , x − x〉 ≤ 1

2r
‖x − x‖2, ∀x ∈ C. (6)

It is well known that a closed subset of a Hilbert space is convex if and only
if it is proximally smooth of radius r > 0. Thus, in definition 2.4, in the case of
r = ∞, the uniform r-prox-regularity C is equivalent to convexity of C. Then,
it is clear that the class of uniformly prox-regular sets is sufficiently large to
include the class p-convex sets, C1,1 submanifolds (possibly with boundary) of
H , the images under a C1,1 diffeomorphism of convex sets, and many other
nonconvex sets; see [4, 16].

Lemma 2.5. [17] Let C be a nonempty closed subset of H, r ∈ (0, +∞]
and set Cr; = {x ∈ H : d(x, C) < r}. If C is uniform r-uniformly prox-regular,
then the following hold:
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(1) for all x ∈ Cr, projC(x) = ∅,
(2) for all s ∈ (0, r), projC is Lipschitz continuous with constant r

r−s
on

Cs,

(3) the proximal normal cone is closed as a set-valued mapping.

For a given nonlinear operator T , we consider the problem of finding u ∈ Cr

such that

〈Tu, v − u〉 ≥ 0 ∀ v ∈ Cr (7)

which is called the nonconvex variational inequality. For the existence of a
solution and other aspects of the nonconvex variational inequalities and their
generalization, see [9, 15].

Similarly, if Cr is a nonconvex (uniformly prox-regular) set, then problem
(7) is equivalent to finding u ∈ Cr such that

0 ∈ Tu + NP
Cr

(u) (8)

where NP
Cr

(u) denotes the normal cone of Cr at u in the sense of nonconvex
analysis. Problem (8) is called the nonconvex variational inclusion problem
associated with nonconvex variational inequality (7).

3 Main Result

Let H be a real Hilbert space, and let C be a nonempty closed subset of
H . In this section, will consider the following problem: find x∗ ∈ C such that

−Tx∗ ∈ NP
C (x∗). (9)

The problem of type (9) was studied by Noor [7] but in a finite dimension
Hilbert space setting. In 2010 [17] Petrot intend to consider the problem (9)
in an infinite dimension Hilbert space for a mapping T satisfied μ-Lipschitz
continuous and γ-strongly monotone. In this section we extended the result of
[17] Petrot to a mapping T = T1 +T2 with T1 is a μ1-Lipschitz continuous and
γ-strongly monotone mapping, T2 is a μ2-Lipschitz continuous mapping. We
see that T is Lipschitz continuous but not strongly monotone mapping. To do
this, the following remark is useful.

Remark 3.1. Let T1 be a μ1-Lipschitz continuous and γ-strongly monotone
mapping, and let T2 be a μ2-Lipschitz continuous mapping. Then the function
f : (1, M) → (0,∞) which defined by
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f(t) =

√
(tγ − μ2)2 − (μ2

1 − μ2
2)(t

2 − 1)

t(μ2
1 − μ2

2)
, ∀ t ∈ M,

where M =
γμ2+

√
(μ2

1−γ2)(μ2
1−μ2

2)

γ2−(μ2
1−μ2

2)
.

In this work, we have to assume that μ2 < μ1. Thus, from now on, without
loss of generality we will always assume that μ2 < μ1.

Theorem 3.2. Let C be a uniformly r-prox-regular closed subset of a Hilbert
space H, and let T1, T2 : C → H be such that T1 is a μ1-Lipschitz continuous
and γ-strongly monotone mapping, T2 is a μ2-Lipschitz continuous mapping.
If T = T1 + T2 and 0 < δT (C) ≤ γr, then the problem (9) has a solution.

Proof. We first, defined a function h : [1, M) → (0,∞) which is defined by

h(x) =
r(t − 1)

tδT (C)

+ f(t), ∀t ∈ [1, M). (10)

We see that the net {ts}s∈(0,r) which is defined by ts = r
r−s

converges to 1 as

s ↓ 0. It follows that h(t) ↓ γ−μ
μ2

1−μ2
2

as ts ↓ 1, we can find s∗ ∈ (0, r) such that
γ−μ2

μ2
1−μ2

2
< h(t), Then we have

ts∗γ−2

ts∗(μ2
1 − μ2

2)
− f(ts∗) < h(ts∗) − f(ts∗) =

r(ts∗ − 1)

ts∗δT (C)
=

s∗

δT (C)
.

Now, we choose a fixed positive real number ρ such that

tsγ − μ2

μ2
1 − μ2

2

− f(ts∗) < ρ < min{tsγ − μ2

μ2
1 − μ2

2

+ f(ts∗),
s∗

δT (C)

}. (11)

Next, for an element x0 ∈ C and use an induction process to obtain a sequence
{xn} ⊂ C satisfying

xn+1 = projC(xn − ρTxn), ∀n = 0, 1, 2, .... (12)

Consequently, from (12) and Lemma 2.5, we have

‖xn+1 − xn‖ = ‖projC(xn − ρTxn) − projC(xn−1 − ρTxn−1)‖
= ts‖(xn − ρTxn) − (xn−1 − ρTxn−1)‖
= ts‖(xn − xn−1) − ρ(Txn − Txn−1)‖ (13)

≤ ts[‖xn − xn−1 − ρ(T1xn − T1xn−1)‖ + ρ‖T2xn − T2xn−1‖]
≤ ts[‖xn − xn−1 − ρ(T1xn − T1xn−1)‖ + ρμ2‖xn − xn−1‖].
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Since the mapping T1 is γ-strongly monotone and μ1-Lipschitz continuous, we
obtain

‖xn − xn−1 − ρ(T1xn − T1xn−1)‖2 = ‖xn − xn−1‖2 − 2ρ〈xn − xn−1, T1xn − T1xn−1〉
+ρ2‖T1xn − T1xn−1‖2

≤ ‖xn − xn−1‖2 − 2ργ‖xn − xn−1‖2 + ρ2μ2
1‖xn − xn−1‖2(14)

= (1 − 2ργ + ρμ2
1)‖xn − xn−1‖2.

It follows that

‖xn − xn−1 − ρ(T1xn − T1xn−1)‖ ≤
√

1 − 2ργ + ρμ2
1‖xn − xn−1‖2. (15)

From (14) and (15), we get

‖xn+1 − xn‖ ≤ ts(ρμ2 +
√

1 − 2ργ + ρμ2
1)‖xn − xn−1‖. (16)

Now, we see that for the choice of ρ, we know that {xn} is a Cauchy sequence
in C. Then {xn} is a convergence sequence, it follows that, if xn → x∗ as
n → ∞ we have x∗ ∈ projC(x∗ + ρ(−Tx∗)) for some ρ > 0. From definition
2.2, we have −Tx∗ ∈ NP

C (x∗). This completes the proof. �

Corollary 3.3. [17] Let C be a uniformly r-prox-regular closed subset of a
Hilbert space H, and let T : C → H be a γ-strongly monotone mapping and
μ-Lipschitz continuous mapping. If 0 < δT (C) ≤ γr, then the problem (9) has
a solution.

Proof. From Theorem 3.2, if T2 ≡ 0 we have a result. �
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