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Resumen

This article is based on the research project question How could the work

with inequalities contribute to the characterization of the generalization

thinking of engineering students? To answer this question a methodology to

observe the development of generalization capabilities through inequalities

was designed. This research project was conducted at District University

Francisco José de Caldas Engineering School in Bogotá, Colombia, within

the Differential Equations course. A sample of 24 students was taken.

1Corresponding author. ogarciah@udistrital.edu.co
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The project was developed in five stages: the first one refers to some

findings on the development of mathematical thought where generalization

is paramount. The second presents the didactic method and the heuristic

procedure based on the four steps method proposed by Polya and, besides,

it takes some of the concepts about generalization posited by Blanco, Polya,

Rubinstein and Tall. The third stage shows the research methodology used.

The fourth presents the design of the activities that were used to classify

students in four levels of generalization. Finally, the results, conclusion and

recommendations are presented.
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1. Introduction

Most studies related to the field of mathematics, like engineering, physics, che-

mistry, and the like, have contents of mathematical analysis in different courses

under the denomination “calculus” or “mathematics”where inequalities and curve

analysis occupy a significant amount of hours. These contents have been charac-

terized by their difficulties in students learning and development of their abilities.

These themes are often presented to students in a traditional manner with eva-

luations limited to the solving of type exercises. At the end, “good results”make

students and parents believe students have the necessary abilities; even professors

think they are on the right path. 1 This state of affairs blocks the possibility of

strengthening different ways of thinking in mathematics that are the ones that

contribute to true learning.

When an exercise is presented as a problem to the students, it is possible that a

an initial blockage is created since they will not know how to start; but when they

are motivated to find a solution, using their preconcepts and acquired concepts

during their learning process, then a contribution to the development of creative

thinking and a sense of respect for the professor will be achieved.

In most mathematics courses both at secondary and university levels optimiza-

tion problems are tackled with calculus as a tool for the solution. A pair of note-

worthy inequalities known as the non-negative real numbers inequality of arith-

metic means MA and the inequality of geometric means MG form the bases for

the development of what is known today as maxima and minima without calculus.

The inequality MA ≥MG gives an efficient tool to see some problems from a more

1GARCIA P., M. (2012). Oral presentation in the course “Tendencias de la Didáctica de las

Matemáticas y del Diseño Curricular”. [Didactics and Curricular Design Tendencies]. Masters

program in Mathematics Education, Antonio Nariño University.
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productive perspective that can foster generalization thinking and that does not

depend on differential calculus.

In this article, we explore how it is possible to develop generalization thinking

in the solving of problems of inequalities and maxima and minima without calculus

creating appropriate learning environments based on heuristics and Polya and

Schoenfeld ideas on problem solving; we also explore how these ideas contribute

to the students development of generalization thinking.

2. Methodology

In the development of the project a descriptive methodology was used. With it, we

came to know the dominant situations, customs and attitudes through the exact

description of activities, objects, processes and people; in this particular case the

methodology tries to observe students situations, events and characteristics by

registering all activities while the events happen.

The methodology was characterized by:

Knowing the processes and pathways students use to solve inequalities and

maxima and minima without calculus.

Observing attitudes and acceptance levels of the proposed activities.

In the activities’development we foster the ingenuity and creativity to solve

all proposed problems.

A quantitative measurement of the studentsévolution in each level of the

study group was made.

2.1. Methodology activities

1. Literature review on the problem.

2. Theoretical bases of Polya’s model on problem solving.

3. Activities design.

4. Activities analysis and results of their application to the selected sample.

2.2. Study subjects

The study was made with engineering students from District University “Fran-

cisco José de Caldas in Bogotá”. They were in the differential calculus course.



6998 O. Garćıa, C. Cañon and R. Poveda

2.3. Sample

A diagnostic activity was conducted in the group to be able to define the level

of the initial 32 students from which 24 were selected, since they presented the

complete programmed activities.

2.4. Diagnostic

The diagnostic consisted of four problems posited from the definitions, con-

cepts and a base proposition for the design of the other activities with the purpose

of classifying students in four levels according to the solutions proposed for each

problem.

3. Results

Now we will present some of the proposed problems with the solutions given

by some students.

Problem 1: Demonstrate the inequality 2

x2 + 4√
x2 + 3

≥ 2 (1)

The objective here was to demonstrate an inequality by using the base proposition

of this activity, the student had to see somehow that the expression
x2 + 4√
x2 + 3

≥ 2

could be expressed in two terms whose product were equal to one, to conclude,

thus, that the sum is greater than two.

Let’s see the solution proposed by a student:

2Modified from the solved problem presented by P.P. KOROVKIN. (1976). P 15.
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x2 + 4√
x2 + 3

≥ 2

To demonstrate this we have to divide into 2 the inequality so that when we mul-

tiply the result is 1, fulfilling the first theorem.
x2 + 4√
x2 + 3

≥ 2 +
1√

x2 + 3
≥ 2

x2 + 3

x2 + 3
= 1 This implies that the sum of the terms is ≥ 2

The student can express the initial expression in the sum of the two equivalent

expressions so that she verifies the initial condition of proposition 1, that their

product be equal to 1, to conclude that the sum is greater or equal to two.

Problem 2: Demonstrate that if x1, x2, . . . , xn are positive numbers we have:

x1

x2

+
x2

x3

+ · · ·+ xn−1

xn

+
xn

x1

≥ n.

With the particularity that the equality sign is correct only if x1 = x2 = · · · = xn.

Will this be a generalization of problem 1?

A generalization of problem 1 is proposed and it is worth noting that nine out of

the ten students that solved problem 1 could solve this problem too; lets see the

solution proposed by a student:

Demonstrate that if x1, x2, . . . , xn are positive numbers then

x1

x2

+
x2

x3

+ · · ·+ xn−1

xn

+
xn

x1

≥ n.

If you have any quantity of numbers and if we write quotients in the noted form

and they are multiplied between themselves, all numbers are in a numerator and
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in a denominator in different quotients from the given quotients, all and every

number will cancel and their result will be equal to 1. Because of proposition 1 we

can infer that the problem posited is true.

It is evident that the student understood proposition 1 and provides arguments

for the generalization.

Problem 3: We want to build a box that can hold as many 324cm3 bottles as

possible; the only restriction is that the sum of the dimensions of the box, width,

length and height must be exactly 54cm.

1. Which is the largest volume of such box?

2. How many bottles can it hold?

3. What dimensions could the box have?

4. If the sum of the box dimensions is a fix quantity, what is its maximum

volume?

The objective of this problem, presented as a contextualized situation, is to invite

the student to apply a result presented in an example of the activity by suggesting

to find a general expression in part (d); lets see a proposed solution by a student:

The sum of the dimensions is:

w + l + h = 54 then, applying the theorem:
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54
3
≥ 3
√
a · b · c

183 ≥ a · b · c
5832 ≥ a · b · c since a · b · c = volume

5832 ≥ V

The maximum volume is 5832cm3

b) 5832cm3

324cm3 = 18, It can hold 18 bottles

c) The dimension of the box that fits the inequality is 18cm so that the

volume is the same.

d) The maximum volume is the cube of the value that results when

dividing the sum of the sides in 3.

It is worth noting that the student defines the arithmetic mean of the dimension

of the box, so to apply the inequality MA MG noted as proposition 2, to find

the maximum value asked, with respect to d), it shows some difficulties in expres-

sing the results mathematically, but describes with his own words the term that

generalizes the volume of the box with fix dimensions.

In each activity the student is invited to reflect on the four step method posi-

ted by Polya, (1965), she proposes: “to understand the problem, conceive a plan,

execute the plan and examine the results”3 Note that the understanding of the

basic properties of the inequalities and proposition 1 were crucial in the students

proposed solutions, with this, the basic objective of the pilot and/or diagnostic

activity was fulfilled:

To foster the generalization thinking through the solution of problems

To understand and deduce some noteworthy inequalities.

To solve problems where noteworthy inequalities intervene.

4. Conclussions

In this research project we can infer the development of the generalization thin-

king, that is to say, each student betters her or his level as they carried out the

activities.

We could see that when a student arrives at a solution of an inequality or minima

and maxima without calculus, it is because the student understands, designs,

executes and verifies; these steps actually correspond to the four step method

proposed by Polya that supports the activities’design.

3POLYA, G. (1965): “How to posit and solve problems” Editorial Trillas, México D.F. p.

7-12.
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When a subject generalizes a particular object to a more general one she expe-

riences a transition; this kind of aptitude could be seen in various cases, although

we were not expecting it in this project. In this sense when talking about the

deficiencies detected in students we can mention:

1. The management of algebraic symbols and simplifications.

2. Problem interpretation.

3. Arithmetic calculus.

4. Results expression and justification.

These deficiencies had a great influence in not finishing successfully many problems

the students faced. However, when talking about successful procedures found in

students we can mention:

1. The use of analogies in the process of passing from a particular object to a

more general one by identifying and using a known methodology.

2. The transformation of a problem to an equivalent one where an already

acquired procedure can be used in its solution.

It could be shown, once more, that the four step method of Polya is effective in

the solving of problems, since it propitiates heuristic differences in students, as

seen in this project:

Analysis and development in concrete situations.

Transformation of one situation into a more accessible one that allows using

the concepts and propositions already acquired.

Following up of a particular solving structure and its adaptation to the

general solution, thus allowing a transition from the particular to the general

and vice versa; it is at this point where the generalization takes place.

Designing and applying of an effective path for its solution.

Argumentation and execution of the problem solving path, thus allowing

the acquisition of concepts and propositions posited in the activities.

Obtained results verification.
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It is considered that everything that has been concluded in this study is valid

only for generalization processes in the inequalities themes. We could conjecture

that in other themes we could find different behaviors; however, we could think

that under the same conditions, we could obtain similar results in other calculus

themes.
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[3] BLANCO, R., La generalización teórica como proceso fundamental del pen-

samiento. [Theoretical generalization as a fundamental thinking process.] ,

Universidad de Camaguey, Cuba, p 2., (2007)

[4] CAMPISTROUS L. Y C. RIZO., Aprende a resolver problemas aritméticos.
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media numérica. [Problem solving as a pathway to the development, for-

mation and generalization of the concept of numeric mean]., XVI Simpo-

sio Iberoamericano de enseñanza Matemática “Matemáticas para el Siglo

XXI” , septiembre 15-17, Castellón España. Downloaded 05-06-12 from URL:

http://www.iberomat.uji.es/carpeta/com.htm (2004)

[7] MEN., Lineamientos curriculares. [Curricular Guideli-
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