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Abstract

In this paper, we give a survey of the use of the Hopf bifucation theorem
in a special subset of a three-dimensional Lotka-Volterra dynamical system.
We show that a stable limit cycle can bifurcate. Our main result obtained is
illustrated with examples and simulations.
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1 Introduction

In the qualitative theory of dynamical systems the study of their limit cycles
become one of the main topics. Recall that a limit cycle of dynamical system
is periodic orbit which is isolated in the set of all periodic orbits of the sys-
tem. The behavior of limit cycle is observed in many physical and biological
systems. A main line of research for three-dimensional dynamical system of
Lotka-Volterra and many questions arise on their limit cycles.
The three-dimensional dynamical system of Lotka-Volterra has been well

studied in the literature and applied to actual biological systems for both
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�sheries and animal populations, the existence of equilibrium points and Hopf-
bifurcations have been studied for these models.
In 2000 S.M. Sharuhz [5] presented a thechnique by which the existence of

limit cycle (self-pulsation) in lasers can be estabilished. This technique is based
�rstly on the boundedness of the system states is realised and secondly on the
system parameters are chosen so that all equilibrium points of the system are
destabilized. In reference [4] the technique is applied to a three-dimensional
Lotka-Volterra system to determine the conditions under which this important
system has limit cycle.
The purpose of this paper is an answer to this problem. Thus, our main

results are in this direction. The existence of attracting limit cycle is in [4],
but our main result is based on Hopf bifurcation theorem.

2 The Limit Cycle Analysis of Lotka-Volterra
System in R3

Consider the three-dimensional Lotka-Volterra system:

�
x1 = r1 [1 + a� x1 � ax3]x1; x1(0) = x10 > 0
�
x2 = r2 [x1 � x2]x2; x2(0) = x20 > 0 (1)
�
x3 = r3 [x2 � x3]x3; x3(0) = x30 > 0

where, for all t � 0 the system state xi(t) 2 R for all i = 1; 2; 3.
In order to preserve the biological meaning of the model, the parameters

r1; r2; r3 and a are assumed to be stricly positive.
We are studying a special subset of Lotka-Volterra system that we can

interpret biologically.
As solid interpretation needs to be given for the particular system chosen.
In system (1), the �rst equation shows that x3 is a predator and x1 is a

prey.
And in the second one, x2 is a predator and x1 is a prey. Finally in the

third equation, x3 is a predator and x2 is a prey.
Problem 1 To �nd the stricly positive parameters r1; r2; r3 and a for which

system (1) has a stable limit cycle.
Lemma 2 The non negative orthant R3+ is an invariant set of system (1).
Remark 3 In R3+ the system (1) can have the following four equilibrium

points :
P1 = (0; 0; 0) ; P2 = (1 + a; 0; 0) ; P3 = (1 + a; 1 + a; 0)

and
P4 = (1; 1; 1)
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Remark 4 The equilibrium points P1; P2 and P3 of system (1) are unstable
for any strictly positive parameters r1; r2; r3 and a.
Next we give a stability result of the equilibrium point P4.
Theorem 5 The eqilibrium point P4 is unstable if only if :

a >
r1 + r2
r3

+
r1 + r3
r2

+
r2 + r3
r1

+ 2 (2)

For boundedness of solutions, let the scalar function of time be de�ned as :

V (t) = x1(t) + x2(t) + x3(t) (3)

Theorem 6 Let 0 <  < 1 be an arbitrary constant number. If :

r2 >
r3
4
and r1 >

r22
(1� ) (4r2 � r3)

(4)

then V (:) is a bounded function of time and so the same proprety of the system
states xi(:) for all i = 1; 2; 3.

3 Hopf bifurcation theorem for three-dimensional
dynamical system

The following three-dimensional nonlinear autonomous dynamical and para-
meters system is considered :

�
� = F (�; �) (5)

where � is the control parameter of the system (5), F (�; �) is an analytic
function and with ��as an equilibrium point of system (5), so that

F (��; �) = 0 (6)

Assume that the Jacobian matrix

A (�) =

�
@Fi
@�j

�
�=��

(7)

has three eigenvalues, such that a simple pair of complex-conjugate eigenvalues

�1 (�) = � (�) + i� (�) (8.1)

�2 (�) = � (�)� i� (�) (8.2)
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that cross the imaginary axis with strictly positive as � passes through 0. So
that satisfy conditions :

� (0) = 0; �0 (0) > 0 and � (0) > 0 (9)

Assume also that the remaining real eigenvalue

�3 (�) = � (�) (10)

satisfy condition
� (0) < 0 (11)

From the Hopf bifurcation theorem, when the control parameter � crosses the
critical value 0, a stable limit cycle of the system (5) will emerge and maintain
the vicinity of the equilibrium point ��.

4 Main result

4.1 The equilibrium point which will exhibit the Hopf
bifurcation

Remark 7 Since the equilibrium points P1; P2 and P3 of system (1) are always
unstable, we must put our interest in the equilibrium point P4.

4.2 Hopf bifurcation of limit cycle for three-dimensional
Lotka-Volterra system

Next we give the main result.
Theorem 8 The three dimensional Lotka-Volterra system (1) has a Hopf

bifurcation at the equilibrium point P4 with bifurcation value is

a� =
r1 + r2
r3

+
r1 + r3
r2

+
r2 + r3
r1

+ 2 (12)

Proof. Let put

� = a�
�
r1 + r2
r3

+
r1 + r3
r2

+
r2 + r3
r1

+ 2

�
(13)

thus
� = 0() a =

r1 + r2
r3

+
r1 + r3
r2

+
r2 + r3
r1

+ 2 (14)

and at the bifurcation value, the Jacobian matrix corresponding to the
unstable equilibrium point P4 is :
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M =

0B@ �r1 0 �(r1 + r2
r3

+
r1 + r3
r2

+
r2 + r3
r1

+ 2)r1

r2 �r2 0
0 r3 �r3

1CA
It can be easily veri�ed that the three eigenvalues of M are :

� (0) + i� (0) = �1(0) = 0 + i
p
r3r1 + r3r2 + r2r1 (15)

� (0)� i� (0) = �2(0) = 0� i
p
r3r1 + r3r2 + r2r1

� (0) = �3(0) = � (r3r1 + r3r2 + r2r1)

thus we have :

� (0) = 0 (16)

� (0) =
p
r3r1 + r3r2 + r2r1 > 0

� (0) < 0

�0 (0) > 0 (17)

Also the second member of system (1) is an analytic function.
Then all the conditions of Hopf bifurcation theorem are satis�ed for system

(1).
Therefore, when the control parameter � in (13) crosses the critical value

0, a stable limit cycle of the system (1) will emerge and maintain the vicinity
of the equilibrium point P4.

4.3 Examples

Example 1. Let :

 = 0:25; r1 = 2; r2 = 3 and r3 = 4 (18)

in system (1). By using (12), the bifurcation value is

a� = 8:75 (19)

Then for

a = 10 > a� = 8:75 (20)
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a stable limit cycle of system (1) will emerge and maintain the vicinity of
the unstable equilibrium point P4.

Fig. 1. The phase portraits of system (1)
with paramaters as in (18) and (20).

Example 2. Let the parameters values as in (18) and then for

a = 5 < a� = 8:75 (21)

system (1) does not have a limit cycle behavior surrounding the stable
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equilibrium point P4.

Fig. 2. The phase portraits of system (1)
with paramaters as in (18) and (21).

Remark 9 Before concluding, we give some remarks. It is that �gure 1
shows the stable limit cycle surrounding the unstable equilibrium point P4.
And �gure 2 shows the non-existence of limit cycle surrounding the locally
stable equilibrium point P4.

5 Conclusion

In this paper we considered bifurcation of attracting limit cycle for Lotka-
Volterra dynamical system. Special attention is paid to Hopf bifuraction theo-
rem which is applied to the three-dimensional Lotka-Volterra system to deter-
mine the bifurcation value and the existence of a stable limit cycle surrounding
an unstable equilibrium point.
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