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Abstract

Two optimal families of derivative-free methods with octic conver-
gence to solve univariate nonlinear equations are proposed along with
analyses on their convergence and computational properties. Numerical
examples are demonstrated to well support the underlying theory.

Mathematics Subject Classification: 41A25, 65B99, 65H05, 65H99

Keywords: eighth-order convergence, octic convergence, optimal order,
asymptotic error constant, derivative-free, efficiency index

1. Introduction

To locate an approximated simple root α of a given nonlinear equation f(x) = 0
with better accuracy, a variety of eighth-order multipoint iterative methods
have been developed by many researchers such as Bi et al.[2-3], Geum-Kim[4-
5], Kou et al.[7], Liu-Wang[9], Soleymani[10] and Wang-Liu[12]. The efficiency
index[11] for many of these methods is found to be 81/4 and optimal in the
sense of Kung-Traub[8]. Most of these methods are second derivative-free but
not totally free from all derivatives. Khattri-Argyros[6] has recently devel-
oped a four-parameter family of derivative-free sixth-order methods which are
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not fully optimal. Despite occupying more computational time due to some-
what lengthy computation of approximated derivatives than methods involving
some derivatives, derivative-free methods often have some merit when exact
derivatives are not readily computable.

Definition 1.1 (Error equation, asymptotic error constant, order of conver-
gence)
Let x0, x1, · · · , xn, · · · be a sequence of numbers converging to α. Let en =
xn − α for n = 0, 1, 2, · · · . If constants p ≥ 1, c �= 0 exist in such a way that
en+1 = c en

p +O(en)p+1 called the error equation, then p and η = |c| are said
to be the order of convergence and the asymptotic error constant, respectively.
It is easy to find c = limn→∞

en+1

en
p . Some authors call c the asymptotic error

constant.

Kung and Traub[8] carried out elegant analyses on developing a class of
methods with optimal convergence order of 2m−1 for an integer m ≥ 2. This
class consists of an m-point iteration of f with no evaluation of f ′ as shown
below by (1.1):⎧⎪⎪⎪⎨

⎪⎪⎪⎩

ψ0(f)(x) = x,
ψ1(f)(x) = x+ θf(x), with θ ∈ R as a nonzero constant,

...
ψj+1(f)(x) = Qj(0), for j = 1, 2, · · · , m− 1,

(1.1)

where Qj(y) is the inverse interpolatory polynomial for f at f(ψk(f)(x)), k =
0, 1, · · · , j. That is, Qj(y) is the polynomial of degree at most j satisfying
Qj(f(ψk(f)(x))) = ψk(f)(x), k = 0, 1, · · · , j. The corresponding error equa-
tion for (1.1) is given by: with en = xn − α for n = 0, 1, 2, · · ·

en+1 = S(ψm, f) e2
m−1

n +O(e1+2m−1

n ), (1.2)

where S(ψm, f) = Ym(f) Πm−1
k=1 S(ψk, f) with Ym(f) = (−1)m+1 F (m)(0)

m!F ′(0)m , F =

f−1(inverse function of f) and S(ψ1, f) = 1 + θf ′(α). Observe that method
(1.1) indeed uses multiple different first forward divided differences.

For the purpose of comparison, we choose m = 4 in (1.1) and express
explicitly in the form of a usual family of multipoint methods as follows:

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

yn = xn + θf(xn), with θ ∈ R as a nonzero constant,

zn = yn − f(yn)
f [xn,yn]

,

sn = zn − 1
(1−vn)(1−wn)

f(zn)
f [xn,yn]

, vn = f(zn)
f(yn)

, wn = f(zn)
f(xn)

,

xn+1 = sn −Wf(vn, wn, tn) f(sn)
f [xn,yn]

, tn = f(sn)
f(zn)

,

(1.3)

where f [x, y] = f(x)−f(y)
x−y

and Wf(v, w, t) = 1+vw−vwt
(1−v)(1−w)(1−t)(1−tv)(1−tw)

. Here, the
explicit form of Wf is obtained during the course of algebraic manipulation to
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involve only one kind of first forward divided difference f [xn, yn] from multiple
first forward divided differences f [xn, yn], f [yn, zn], f [zn, sn], f [sn, xn] with
the use of vn, wn, tn. The corresponding error equation for (1.3) is given by

en+1 = c22(2c
2
2 − c3)(5c

3
2 − 5c2c3 + c4)(1 + θf ′(α))4 e8n +O(e9n). (1.4)

Iterative method (1.1) in this form is still not expected to be computation-
ally fast since it adopts forward divided differences in many places to approx-
imate derivatives required for the construction of the inverse Hermite interpo-
latory polynomial. In general, forward divided differences do not deteriorate
the efficiency index but their inherent structure unfavorably requires frequent
usage of already computed function values, whose handling generally occupies
more CPU time especially for high-order methods. Hence the usage of less
number of forward divided differences is preferable to develop a fast method.
Many different first forward divided differences, indeed, can be expressed only
in terms of f [xn, yn], but may result in an introduction of a complicated Wf .

We will focus on developing a family of fast higher-order derivative-free
methods of optimal order in the sense of Kung-Traub with computing speed
taken into account for complex-valued as well as real-valued nonlinear equa-
tions. To proceed, we first assume that f : C → C has a simple root α and
is analytic[1] in a region containing α. We introduce constant parameters as
well as a single form of first forward divided difference f [xn, yn] to propose
a new optimal family of fast eighth-order derivative-free multipoint methods
described as follows: for n = 0, 1, · · · ,

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

yn = xn + βf(xn)3, with β �= 0 ∈ R as a constant parameter,

zn = yn − f(yn)
f [xn,yn]

,

sn = zn − (
1+vn

1−wn

) · f(zn)
f [xn,yn]

, vn = f(zn)
f(yn)

, wn = f(zn)
f(xn)

,

xn+1 = sn −Hf(vn, wn, tn) · f(sn)
f [xn,yn]

, tn = f(sn)
f(zn)

,

(1.5)

where Hf(v, w, t) = 1+δv+λw+γt
1+B1v+B2w+B3t

+ atv + bv2 is a three-variable complex-
valued function whose real constant parameters δ, λ, γ, B1, B2, B3, a, b are to
be chosen later for optimal convergence, being analytic in a region containing
the origin (0, 0, 0).

Observe that (1.5) requires four new function evaluations for f(xn), f(yn), f(zn),
f(sn) per iteration. The simple form of weighting function Hf enables us to
propose a faster method than the complicated weighting function Wf in (1.3).
Further analysis with this observation will lead to the successful development
of a new optimal family of fast eighth-order methods.
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2. Method Development and Analysis

The desired form of Hf will be derived via Theorem 2.1 describing the method
development and convergence analysis on iterative scheme (1.5).

Theorem 2.1 Assume that f : C → C has a simple root α and is analytic in

a region containing α. Let Δ = f ′(α) and cj = f(j)(α)
j!f ′(α)

for j = 2, 3, · · · . Let
c2c3c4 �= 0 and x0 be an initial guess chosen in a sufficiently small neighborhood
of α. If two cases of selecting parameters other than B2 = λ−1 in Hf of (1.5)
are possible as follows: with β �= 0, λ, a as free real constant parameters,

{
Case 1 : γ = a−1

2
, δ = 1 − λ, b = 1, B1 = −λ, B3 = a−3

2
,

Case 2 : γ = a−3
2
, δ = 3 − λ, b = 5, B1 = 2 − λ, B3 = a−5

2
.

(2.1)

then iterative scheme (1.5) defines two triparametric families of derivative-
free eighth-order optimal methods satisfying the error equations below: for n =
0, 1, 2, · · · ,

en+1 =
1

2
c2(3c

2
2 − c3)Ψ e8n +O(e9n), (2.2)

where, with Θ = βΔ3,

Ψ =

{
7(3a− 1)c42 + (a− 1)c23 + 2c2c4 − 2c22[(5a+ 1)c3 − (2λ+ 1)Θ)] for Case 1,
(79 − 3a)c42 + (a− 3)c23 + 2c2c4 − 2c22[(a+ 11)c3 − (2λ+ 3)Θ)] for Case 2.

Proof. Taylor series of f(xn) about α up to eighth-order terms yields with
f(α) = 0:

f(xn) = Δ{en + c2e
2
n + c3e

3
n + c4e

4
n + c5e

5
n + c6e

6
n + c7e

7
n + c8e

8
n +O(e9n)}. (2.3)

For brevity of notation, en will be denoted by e throughout the proof. With
the aid of symbolic computation of Mathematica[13], we have:

yn = xn+βf(xn)3 = α+e+Θe3+3c2Θe
4+3(c22+c3)Θe

5+(c32+6c2c3+3c4)Θe
6

+3(c22c3+c
2
3+2c2c4+c5)Θe

7+3(c22c4+2c3c4+c2(c
2
3+2c5)+c6)Θe

8+O(e9). (2.4)

In view of the fact that f(yn) = f(xn)|en→(yn−α), we get:

f(yn) = Δ[e+ c2e
2 + (c3 + Θ)e3 + (c4 + 5c2Θ)e4 + (c5 + 9c22Θ + 6c3Θ)e5

+
{
c6 + Θ(7c32 + 7c4 + c2(21c3 + Θ))

}
e6 +

{
c7 + Θ(2c42 + 12c23 + 24c2c4

+8c5 + 3c3Θ + 6c22(4c3 + Θ))
}
e7 +

{
c8 + 3Θ(9c22c4 + 9c3c4 + 3c6

+2c4Θ + c32(3c3 + 5Θ) + c2(9c
2
3 + 9c5 + 8c3Θ))

}
e8 +O(e9)]. (2.5)
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Hence we have:

f [xn, yn] = Δ[1 + 2c2e+ 3c3e
2 + (4c4 + c2Θ)e3 + (5c5 + 3(c22 + c3)Θ)e4

+3(2c6 + (c32 + 4c2c3 + 2c4)Θ)e5 +O(e6)]. (2.6)

Direct substitution of yn, f(yn), f [xn, yn] into zn, f(zn), vn, wn yields: after
simplifications

sn = α+(3c32−c2c3)e4−2(9c42−10c22c3+c23+c2c4)e
5+φ6e

6+φ7e
7+φ8e

8+O(e9),
(2.7)

where φ6 = 70c52+30c22c4−7c3c4+5c32(−26c3+Θ)+c2(42c23−3c5−2c3Θ), φ7 =
−222c62 +28c33−184c32c4−6c24 −10c3c5 + c42(576c3−23Θ)−5c23Θ+ c22(−344c23 +
40c5+38c3Θ)+c2(124c3c4−4c6−5c4Θ), φ8 = 624c72+799c42c4+122c23c4−17c4c5−
13c3c6−21c3c4Θ+c52(−2076c3+82Θ)+c22(−965c3c4+50c6+87c4Θ)+c2(−395c33+
91c24 + 164c3c5 + 2c7 + 102c23Θ + c5Θ) + c32(−239c5 + 2(931c23 − 92c3Θ + Θ2)).

By means of sn, f(sn) and Hf , we find:

xn+1 = sn −
(

1 + δv + λw + γt

1 +B1v +B2w +B3t
+ atv + bv2

)
· f(sn)

f [xn, yn]

= α + A5e
5 + A6e

6 + A7e
7 + A8e

8 +O(e9), (2.8)

where Ak = Ak(Bj , c�, a, b, δ, λ, γ) for k = 5, 6, 7, 8. To set A5 = A6 = A7 = 0,
we first explicitly write: A5 = c2(3c

3
2 − c2c3)(2 +B1 + B2 − δ − λ). From this

setting, we obtain: regardlessly of c2 and c3,

B2 = δ + λ−B1 − 2. (2.9)

Substituting (2.9) into A6 = 0 and extracting two relations regardlessly of c2
and c3, we have:

B3 = γ − 1, b = 2δ + 2λ− 1. (2.10)

Substituting (2.9) and (2.10) into A7 = 0 and extracting three relations re-
gardlessly of c2 and c3 and Δ, we find

δ = a− 2γ − λ, B1 = a− 2γ − λ− 1, (a− 2γ − 3)(a− 2γ − 1) = 0. (2.11)

From the third equation of (2.11), two cases of selecting parameters other than
B2 = λ− 1 are possible as follows:{

Case 1 : γ = a−1
2
, δ = 1 − λ, b = 1, B1 = −λ, B3 = a−3

2
,

Case 2 : γ = a−3
2
, δ = 3 − λ, b = 5, B1 = 2 − λ, B3 = a−5

2
.

(2.12)

Substituting (2.12) into A8 yields (2.2), which thus completes the proof. �

Table 1 below lists various methods K1-K6 with some interesting choices
of constant control parameters (a, λ, β) and function Hf (v, w, t).
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Table 1: Typical choices of (a, λ, β) and Hf (v,w, t)

Case Method (a, λ, β) Hf (v,w, t)
K1 (0,− 1

2 ,1) v2 + t−3v+w−2
3t−v+3w−2

1 K2 (1,− 1
2 ,1) tv + v2 + 3v−w+2

v−3w−2t+2

K3 (1
3 ,− 1

2 ,1) 1
3 tv + v2 + 9v−2t−3w+6

3v−8t−9w+6

K4 (-11,− 3
2 ,1) 11tv + 5v2 + 8t+9v−3w+2

6t+7v−5w+2

2 K5 (3,− 3
2 ,1) 3tv + 5v2 + 9v−3w+2

7v−2t−5w+2

K6 (0,0,1) 5v2 + 2−3t+6v
2−5t+4v−2w

3. Numerical Results and Discussion

On the basis of analyses in Section 2, using Mathematica program for high-
precision computation, we have performed numerical experiments with 800
precision digits, being large enough to minimize round-off errors as well as
to clearly observe the computed asymptotic error constants requiring small-
number divisions. For the sake of accurate computation of asymptotic error
constants and asymptotic order of convergence, the zero α, however, was given
with 850 significant digits, whenever its exact value is not known; in addition,
the error bound ε = 1

2
×10−250 was used. All numerical experiments have been

carried out on a personal computer equipped with an AMD 3.1 Ghz dual-core
processor and Windows 32-bit XP operating system.

Iterative methods identified in Table 1 have been successfully applied to
some sample test functions shown below:

Method K1 : F1(x) = sin(πx) + x+ 1 − π, α ≈ 2.03423802217242
Method K2 : F2(x) = x3 cos(πx) − x4 log(x2 − x

2
+ 17

16
) − 1

64
√

2
, α = 1

4

Method K3 : F3(x) = cos(x2−4x+ 21
4
)− log(x2−4x+ 25

4
)−1, α = 2− i

√
5

2

Method K4 : F4(x) = x3 + log(1 + x), α = 0
Method K5 : F5(x) = sin−1(x2 − 1) + x2

2
− 1, α ≈ 1.15289372243504

Method K6 : F6(x) = e−x2 sinx
x2−1

+ x2 log(x− π + 1), α = π.

Definition 3.1 (Asymptotic Convergence Order)

Assume that the asymptotic error constant η = limn→∞
|en|

|en−1|p is known as
described in Definition 1.1. Then we can define the asymptotic convergence
order pa = limn→∞

log |en/η|
log |en−1| , being abbreviated by A.C.O.

Each method in Table 2 clearly confirmed eighth-order convergence. Tables
2 lists iteration indexes n, approximate zeros xn, residual errors |f(xn)|, errors
|en| = |xn − α| and computational asymptotic error constants ηn = | en

en−1
8 | as

well as the theoretical asymptotic error constant η and computational asymp-
totic convergence order pn = log |en/η|

log |en−1| . The values of initial guess x0 were
selected close to α to guarantee the convergence of iterative methods. The
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Table 2: Convergence for sample test functions F1(x) − F6(x) with methods K1 − K6

�
Method

Fi

�
n xn |f(xn)| |en|

���� en
en−18

���� η
log |en/η|
log |en−1|

0 1.975 0.245052 0.0592380�
K1
F1

�
1 2.03423802216130 4.58×10−11 1.77×10−11 0.07331287625 0.1282040690 8.19775

2 2.03423802217242 1.23×10−88 2.99×10−89 0.128204069 8.00000

3 2.03423802217242 3.38×10−709 8.20×10−710 4.239454031
0 0.267 0.00167151 0.0170000�

K2
F2

�
1 0.249999999999995 4.51×10−16 4.61×10−15 0.6613394888 65.14863943 9.12655

2 0.250000000000000 1.30×10−114 1.33×10−113 65.14863943 8.00000

3 0.250000000000000 0.0×10−801 0.0×10−800

0
�

1.975
−1.07

�∗
0.118809 0.0541504�

K3
F3

�
1

�
2.00000000000318
1.11803398876226

�
2.85×10−11 1.27×10−11 0.1726425167 0.3069762458 8.19738

2
�
2.00000000000000
1.11803398874989

�
4.83×10−88 2.16×10−88 0.3069762458 8.0000

3
�
2.00000000000000
1.11803398874989

�
3.27×10−702 1.46×10−702

0 0.06 0.0584849 0.0600000�
K4
F4

�
1 2.37759×10−10 2.37×10−10 4.86×10−0 0.3909143552 0.3909143519 7.54262

2 3.99195×10−78 3.99×10−78 3.99×10−78 0.3909143552 8.00000

3 2.52094×10−620 2.52×10−620 2.52×10−620

0 1.19 0.137202 0.0371063�
K5
F5

�
1 1.15289372244883 4.95×10−11 1.37×10−11 3.838596764 0.8604218635 7.54601

2 1.15289372243504 4.05×10−87 1.12×10−87 0.8604218646 8.00000

3 1.15289372243504 8.16×10−696 2.27×10−696

0 3.06 0.796975 0.0815927�
K6
F6

�
1 3.14159265320880 3.76×10−9 3.80×10−10 0.1939574271 0.4434136565 8.32995

2 3.14159265358979 1.94×10−75 1.96×10−76 0.4434136566 8.00000

3 3.14159265358979 9.86×10−606 9.99×10−607

∗�1.975
−1.07

�
= 1.975 − 1.07i

computational asymptotic error constant agrees up to 10 significant digits with
the theoretical one. As expected, the computed asymptotic order of conver-
gence well approaches 8.

The convergence behavior of scheme (1.5) are tested for additional func-
tions:

f1(x) = (2 + x2) cos(πx
2

) − log(x2 + 2
x

+ 2), α = −1, x0 = −0.965

f2(x) = e−x cos 1
x2 + x− 2, α ≈ −1.36495753663887, x0 = −1.75

f3(x) = x2ex + x cos 1
x3 + 2, α ≈ −2.51629508052608, x0 = −2.0

f4(x) = 1 − xex2 − (3 + x2) log(1 + x+ x4), α = 0, x0 = 0.15

f5(x) = sin π
x
− x

√
x2 + 2x+ 7 + 3x+ 8, α ≈ −1.33287043603384, x0 = −1.50

f6(x) = 1 +
√

3 + 2 sin
(π(x2−4x+5)

3

) − cos
(π(x2−4x+7)

x2+1
), α = 2 − i

√
3,

x0 = 2.04 − 1.68i, i =
√−1

f7(x) = (x2 − 6) + 2
√

3 sin( π
x2 ), α =

√
3, x0 = 1.787,

where log z (z ∈ C) is a principal analytic branch with − π ≤ Im(log z) < π.

The values of |xn − α| are listed in Table 3 for derivative-free eighth-order
methods KT and K1, K2, K3, K4, K5, K6, where KT is specified with θ =
2 in (1.3). As Table 3 suggests, proposed methods show favorable performance
as compared with existing method KT. Under the same order of convergence,
one should note that the speed of local convergence of |xn − α| is dependent
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Table 3: Comparison of |xn − α| for f1(x) − f7(x) among methods KT and K1-K6

f x0 |xn − α| KT K1 K2 K3 K4 K5 K6
f1 −0.965 |x1 − α| 1.38e-5∗ 3.96e-9 4.89e-9 4.27e-9 1.53e-8 8.87e-9 3.54e-8

|x2 − α| 1.96e-35 1.29e-68 4.59e-68 2.08e-68 6.94e-62 2.41e-64 2.59e-57
|x3 − α| 3.29e-274 1.61e-544 2.76e-540 6.62e-543 1.22e-488 7.32e-509 2.09e-450

f2 −1.75 |x1 − α| 1.56e-7 4.28e-8 1.36e-8 2.35e-8 1.14e-7 1.47e-7 1.97e-7
|x2 − α| 6.49e-55 8.87e-60 4.16e-64 3.91e-62 4.85e-56 8.40e-55 1.37e-53
|x3 − α| 5.63e-434 3.01e-473 3.12e-508 2.26e-492 4.98e-443 9.18e-433 7.71e-423

f3 −2.0 |x1 − α| 1.92e-4 6.97e-7 3.99e-7 5.99e-7 2.64e-6 1.86e-7 2.21e-6
|x2 − α| 1.36e-35 3.36e-56 3.43e-58 3.74e-57 1.48e-50 3.94e-56 7.13e-53
|x3 − α| 8.84e-285 9.90e-451 1.02e-466 8.65e-459 1.46e-404 1.01e-449 1.28e-422

f4 0.15 |x1 − α| 7.31e-8 4.37e-12 1.00e-13 2.88e-12 3.75e-11 3.56e-13 1.34e-11
|x2 − α| 2.86e-56 4.78e-93 2.27e-106 1.50e-94 4.87e-85 9.13e-102 3.29e-88
|x3 − α| 1.56e-461 9.85e-741 1.61e-847 8.36e-753 3.93e-676 1.68e-810 4.29e-701

f5 −1.50 |x1 − α| 7.23e-10 2.00e-8 6.19e-9 1.13e-8 2.68e-7 2.12e-8 7.42e-8
|x2 − α| 4.39e-73 2.65e-65 2.60e-69 3.02e-67 3.68e-56 8.42e-65 1.28e-57
|x3 − α| 8.15e-579 2.59e-520 2.52e-552 7.56e-536 4.66e-447 5.17e-516 1.02e-455

f6 2.04 |x1 − α| 1.62e-2 3.82e-4 3.87e-4 1.55e-4 6.61e-3 2.55e-3 4.74e-3
-1.68i |x2 − α| 3.61e-8 2.43e-23 3.56e-23 3.70e-28 7.69e-13 6.43e-16 1.37e-13

|x3 − α| 1.96e-53 4.28e-178 1.83e-175 3.65e-217 2.91e-92 1.02e-116 5.33e-98
|x4 − α| 1.51e-415 0.0e-799 0.0e-799 0.0e-799 1.24e-727 0.0e-799 3.77e-773

f7 1.787 |x1 − α| 4.47e-9 1.44e-10 1.52e-10 1.47e-10 4.19e-11 1.74e-10 1.44e-10
|x2 − α| 1.37e-65 5.63e-79 7.75e-79 6.27e-79 1.00e-83 3.55e-78 1.27e-78
|x3 − α| 1.12e-517 3.02e-626 3.44e-625 6.91e-626 5.62e-664 1.06e-619 4.77e-623

∗ 1.38e-5 denotes 1.38 ×10−5

Table 4: Comparison of computational asymptotic convergence order pn = log |en/η|
log |en−1| for

f1(x) − f7(x) among methods KT and K1-K6

f x0 pn KT K1 K2 K3 K4 K5 K6
f1 -0.965 p1 6.19610 5.30467 5.11857 5.24661 6.29689 6.07725 7.18685

p2 8.00005 8.00000 8.00000 8.00000 8.00000 8.00000 8.00000
f2 -1.75 p1 7.90926 8.14088 8.29996 8.11210 8.00853 8.29075 8.38141

p2 8.00000 8.00000 8.00000 8.00000 8.00000 8.00000 8.00000
f3 -2.0 p1 -9.79502 -0.442002 0.865699 -2.95784 2.54258 3.08242 8.32578

p2 8.00001 8.00000 8.00000 8.00000 8.00000 8.00000 8.00000
f4 0.15 p1 8.10481 12.0322 13.7758 12.1811 11.5478 13.3367 12.5829

p2 8.00000 8.00000 8.00000 8.00000 8.00000 8.00000 8.00000
f5 -1.50 p1 12.7501 6.06742 6.80206 6.41159 4.77481 6.41560 9.35821

p2 8.00000 8.00000 8.00000 8.00000 7.99998 8.00000 8.00000
f6 2.04 p1 7.28808 6.73330 6.98314 5.76542 6.38616 6.87878 6.72845

-1.68i p2 7.98294 7.99857 8.00208 7.99519 8.02244 7.99772 7.95927
p3 8.00000 8.00000 8.00000 8.00000 8.00000 8.00000 8.00000

f7 1.787 p1 8.16071 8.18781 8.12481 8.16741 8.88954 8.24155 8.24155
p2 8.00000 8.00000 8.00000 8.00000 8.00000 8.00000 8.00000
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Table 5: Comparison of CPU times among methods KT and K1-K6

CPU time (sec)
f x0 KT K1 K2 K3 K4 K5 K6
f1 −0.965 12.453 3.906 3.813 4.937 4.812 3.641 3.781
f2 −1.75 3.703 3.172 3.125 3.953 3.859 2.985 2.984
f3 −2.0 8.437 5.969 5.859 7.500 7.296 5.641 5.656
f4 0.15 5.000 2.969 2.906 3.688 3.656 2.766 2.812
f5 −1.50 7.562 5.313 5.234 6.735 6.547 5.063 5.062
f6 2.04 − 1.68i 10.844 7.110 6.937 8.641 9.063 6.984 7.141
f7 1.787 0.953 0.734 0.735 0.906 0.875 0.687 0.688

on cj , namely f(x) and α. According to Table 4, proposed scheme (1.5) well
exhibits eighth-order convergence. In Table 5, CPU times are displayed for
the listed methods. Indeed, the CPU times of existing method KT increase
approximately by a factor of between 1.2 and 3.5, as compared with proposed
methods K2, K5 or K6. The least errors or CPU times are italicized in Tables
3 and 5.

Despite being limited to the particular test functions chosen for these
numerical experiments, K1 has shown best accuracy for f1, while K2 for
f2, f3, f4, f5 and K3 for f6, in addition to K4 for f7. Computational accuracy
generally depends on the structures of the iterative methods, the sought zeros
and the test functions as well as good initial approximations. The favorable
performance of proposed scheme (1.5) is not always expected and it should be
noted that no iterative method always shows best accuracy for all the test func-
tions. The corresponding efficiency index of proposed scheme (1.5) is found
to be 81/4, which is optimal in the sense of Kung-Traub[8]. Iterative scheme
(1.5) is believed to be computationally faster than other listed methods due
to the concise form of Hf as compared with the complicated form of Wf in
(1.3). The proposed methods with properly chosen parameters a, λ, β and a
weighting function Hf can be helpful in finding the accurate zero of a given
nonlinear equation. By extending the current analysis, a future research will
be focused on developing derivative-free sixteenth-order methods with optimal
convergence.
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