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Abstract

A G-design is said to be balanced if the degree of its vertices is
constant. We say that a G-design is strongly balanced, if for every i =
1, 2, ..., h, there exists a constant Ci such that dAi(x) = Ci, for every
vertex x, where Ai indicates an automorphism classes (orbits) of the
automorphism group of G, on its vertex-set, and dAi(x) is the number of
blocks containing x as an element of Ai. We say that a G-design is simply
balanced if it is balanced, but not strongly balanced. A problem is to
find conditions on G for which a balanced G-design is strongly balanced.
In this paper we prove that if G is regular then the correspondent G-
design is always balanced, but not necessarily strongly balanced.
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1 Introduction

Let λKv = (X, E) be the complete undirected graph defined on the vertex set
X, where every edge has multiplicity λ, i.e. it is repeated λ times. Let G be a
subgraph of λKv. A G-decomposition of λKv is a pair Σ = (X,B), where B is
a partition of the edge set of λKv into subsets generating graphs all isomorphic
to G. A G-decomposition of λKv is also called a G-design of order v, index λ,
and the classes of the partition B are said to be the blocks of Σ.

A G-design is called balanced if for each vertex x ∈ X, the number of blocks
of Σ containing x is a constant.
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Let G be a graph and let A1, A2, ..., Ar be the orbits (automorphism classes)
of the automorphism group of G on its vertex-set. Let Σ = (X,B) be a G-
design. We define the degree dAi

(x) of a vertex x ∈ X as the number of
blocks of Σ containing x as an element of Ai. We say that Σ = (X,B) is
strongly balanced if, for every i = 1, 2, ..., r, there exists a constant Ci such
that dAi

(x) = Ci, for every x ∈ X.
Since a strongly balanced G-design is always balanced, we say that a G-

design is simply balanced when it is balanced, but not strongly balanced.
Some balanced G-designs, when G is a path, have been studied in [5,10,11].

Strongly balanced G-designs were first introduced in [5], in which the spectrum
of simply balanced and strongly balanced P5 and P6-designs were determined
[Pk path with k vertices]. Further results about such systems can be found in
[3,4,7,9]. Balanced graph-designs have been studied also in [8].

In this paper we prove that for regular graphs G, the correspondent G-
designs are always balanced, but not necessarily strongly balanced.

2 Simply balanced G-designs

It is immediate to see that:

Theorem 2.1 A strongly balanced G-design is balanced.

Proof Let Σ = (X,B) be a strongly balanced G-design, where G is a graph
having A1, ..., Ar orbits. Clearly, since for each vertex x ∈ X the relation
d(x) =

∑r
i=1 dAi

(x) holds, the statement is immediately proved. �

There exist graph G for which all the correspondent G-designs are strongly
balanced.

Theorem 2.2 If Σ = (X,B) is a G-design where G is a graph with exactly
one orbit, then Σ is strongly balanced.

Proof Clearly, if G has exactly one orbit, the positions of the vertices in the
blocks of a G-design Σ are all equivalent. Therefore Σ is balanced and also
strongly balanced. �

In what follows, we will indicate by (x1, ..., xk) a cycle Ck with vertices
x1, ..., xk and edges {xi, xi+1}, and {x1, xk}, and by (x1, x2, x3, x4) − x5 the 4-
kite having vertices x1, x2, x3, x4, x5 and edges {xi, xi+1}, {x1, xk} and {x4, x5}.
Let Σ1 = (X1,B1) be the C4-design defined in Z9, where B1 = {(i, i + 1, i +
5, i + 2) : i ∈ Z9}. We can verify that Σ1 is strongly balanced.



Largely blocked C4-designs 6789

Let Σ2 = (X2,B2) be the 4-kite design defined on Z11, having for blocks:

(1, 3, 8, 5)− 7, (6, 1, 4, 2)− 3, (3, 7, 0, 4)− 5, (7, 2, 5, 6)− 4,

(6, 0, 5, 3)− 9, (10, 6, 9, 1)− 2, (9, 5, 10, 7)− 8, (4, 7, 1, 8)− 6,

(2, 8, 0, 9)− 10, (4, 9, 8, 10)− 0, (3, 10, 2, 0)− 1.

Σ2 is a simply balanced 4-kite design of order 11. Indeed, Σ2 is balanced, but
not strongly balanced : observe that the vertex 7 occurs in two 4-kites as a
middle vertex, while the vertex 4 occurs in no 4-kite as a middle vertex.

The following theorems give sufficient conditions for which a balanced G-
design is strongly balanced.

Theorem 2.3 If Σ = (X,B) is a G-design where G is a graph not regular
with n vertices, m edges and exactly two orbits, then Σ is strongly balanced.

Proof Necessarily, if G is not regular, then it has at least two vertices x, y
having different degree: d(x) �= d(y). If d(x) = r1, d(y) = r2, r1 < r2 and
A1, A2 are the two orbits of G, then x ∈ A1, y ∈ A2 and, for i = 1, 2, all the
vertices of G having degree ri belong to Ai. Further, considered that in any
G-design Σ of order v and index λ:

|B| = b = λv(v − 1)/2m, d(x) = dA1(x) + dA2(x), ∀ x ∈ X,

and that the number of pair of X containing a fixed vertex is v − 1, each
repeated λ times, it follows, for every x ∈ X:

r1 · dA1(x) + r2 · dA2(x) = λ(v − 1),

dA1(x) + dA2(x) = d(x) = n · b/v.

Hence, one can verify that:

dA1(x) =
λ(v − 1)(nr2 − 2m)

2m(r2 − r1)
,

dA2(x) =
λ(v − 1)(2m − nr1)

2m(r2 − r1)
.

This means that there exist two constant α, β such that, for every x ∈ X,
dA1(x) = α and dA2(x) = β. Therefore, Σ is strongly balanced. �
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3 Conclusive results

From previous section it follows that if we want to find simply balanced
G-designs, we must consider cases in which G has not an unique orbit and, if
G has exactly two orbits A1, A2, then G must be regular.

In regard to this, we prove the following

Theorem 3.1 If G is a regular graph, then the correspondent G-design is
always balanced.

Proof If G is a graph with n vertices, regular of degree r, and Σ = (X,B) is

a G-design of order v and index λ, then every vertex of X has degree λ(v−1)
r

in
Σ. Therefore, Σ is balanced. �

Theorem 3.2 There exist regular graph G for which the correspondent G-
design is balanced but not strongly balanced.

Proof Consider the graph Ω = (V, E) defined in V = {0, x, y, z, t} and having
for edges:

{0, x}, {0, y}, {0, z}, {0, t}, {x, y}(2), {x, z}, {y, t}, {z, t}(2),

where two of them have moltiplicity 2. Such a graph will be indicated by
Ω = [0, (x, y), (z, t)]. Observe that Ω is a graph regular of degree 4, which
admits exactly the two orbits: A1 = {0}, A2 = {x, y, z, t}.

If Σ = (X,B) is the system defined in X = Z5, having for blocks:

Ω1 = [0, (1, 2), (3, 4)], Ω2 = [0, (1, 4), (3, 2)],

then we can verify that Σ is an Ω-design of order v = 5 and index λ = 2.

Finally, Σ is balanced: indeed every vertex of X has degree 2. However, Σ
is not strongly balanced: for the vertex 0 it is dA1(0) = 2 and dA2(0) = 0, while
for the vertex 1 it is dA1(1) = 0 and dA2(1) = 2. So, the theorem is proved. �
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