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Abstract

The problem to determine the existence of possible blocking sets in
Steiner systems has been studied by many authors from many points of
view. In this paper, we study this problem for G-designs, determining
the first Ck-designs having the most large possible discrepancy.
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1 Introduction

Let Kv be the complete undirected graph defined in a vertex set X. Given a
graph with n vertices, a G-design of order v [briefly a G(v)-design ], for v ≥ n,
where G is a graph of order n ≤ v, is a pair Σ = (X,B), where B is a partition
of the edge set of Kv into classes generating graphs all isomorphic to G. The
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classes of B are said to be the blocks of Σ. A Kn-design of order v is a Steiner
systems S(2, n, v).

Let Σ = (X,B) be a G-design of order v. A blocking set B of Σ is a subset
of X such that every block intersects both B and CX(B). For a blocking set
B of Σ, the discrepancy is the number | |B| − |CXB| |. In what follows, we
will indicate by B(Σ) the set of all possible p ∈ N for which there exist in Σ
blocking sets of cardinality p. The number |B(Σ)| is called the discrepancy of
Σ and we will denote it by δ(Σ). Note the the perfect equivalence in a system
between existence of blocking sets and 2-vertex-colouring.

The problem to determine the existence of possible blocking sets in Steiner
systems and G-designs has been studied by many authors [see references].
With regards to this, we point out the open problem to determine blocking
sets in new G-designs defined recently [2,3,5,10,12] or to study blocking sets
in systems having some blocks in common [6,7,8,9,13].

In this paper, we study blocking sets in Ck-designs, determining the first
systems having the most great possible discrepancy.

In what follows, b will always indicate the number of blocks in a G-design; a
cycle Ck having vertices x1, x2, ..., xk and edges {xi, xi+1} for every i = 1, 2, ..., k
and {x1, xk} will be indicated by (x1, x2, ..., xk). Observe that, in the case of
systems with b = 1 [Steiner systems S(2, k, v) with v = k], the research of
blocking sets is trivial. Indeed, in these cases every h-subset of vertices, for
h = 1, 2, ..., k−1 is a blocking set. Therefore, in what follows, we will consider
systems with b > 1. It is known that:

Theorem 1.1 : If Σ = (X,B) is a Ck-design of order v then:
1) b = v(v − 1)/2k; 2) d(x) = (v − 1)/2, ∀x ∈ X.

2 Blocking sets in Ck-designs

We prove that:

Theorem 2.1 : If Σ = (X,B) is a Ck(v)-design and B is a blocking set of
cardinality p of Σ then:

k ≥ 4 and �v

2
−

√
kv[(k − 4)v + 4]

2k
� ≤ p ≤ 	v

2
+

√
kv[(k − 4)v + 4]

2k

.

Proof. Let Σ = (X,B) be a Ck(v)-design. Let B be a blocking set of Σ with
|B| = p. Since every block of B contains an even number of edges having an
extreme in B and the other in CXB, it follows:

|B| · |CXB| = p · (v − p) ≥ 2b =
v(v − 1)

k
.
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Hence: kp2 − kvp + v2 − v ≤ 0, from which the statement follows. �

Observe that the condition k ≥ 4 is already known in the literature. The
Theorem 2.1 gives us the possibility to define the two parameters β1,β2:

β1 = �v

2
−

√
kv[(k − 4)v + 4]

2k
�, β2 = 	v

2
+

√
kv[(k − 4)v + 4]

2k

 = v − β1.

Therefore, in every Ck-design it is: B(Σ) ⊆ [β1, β2] (closed interval of integers).

Definition: We say that a G-design Σ is largely blocked if B(Σ) = [β1, β2].

Note that a largely blocked system Σ has blocking sets with the minimum
possible cardinality. In the following sections, we will study the first Ck-designs
having blocking index maximum, in the case k = 4, 5, 6, 7, 8. Observe that for
these values Theorem 2.1 gives:

Theorem 2.2 : In Ck(v)-designs with blocking sets:

if k = 4, then: β1 = �v
2
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2
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if k = 6, then: β1 = �v
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� ; if k = 7, then: β1 = �v
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if k = 8, then: β1 = �v
2
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2v(v+1)

4
�.

3 C4-designs and C8-designs

It is known that:

Theorem 3.1 : 1) There exists a C4(v)-design if and only if v ≡ 1, mod 8,
v ≥ 9. 2) There exists a C8(v)-design if and only if v ≡ 1, mod 16, v ≥ 17.

We prove that:

Theorem 3.2 : 1) There exist largely blocked C4(9)-designs and largely blocked
C8(17)-designs.

Proof. 1) Let k = 4, v = 9. It is β1 = 3, β2 = 6. If we consider in Z9

the base block C = (0, 1, 5, 2) and B is the family of all the translates of C,
then we can verify that Σ = (Z9,B) is a C4(9)-design and B1 = {0, 3, 6} is a
blocking set of Σ. Further, if we consider B1∪{x}, for every x ∈ Z9−B1, then
B2 = B1 ∪ {x} is a blocking set of Σ, with |B2| = 4. Since CZ9B1 and CZ9B2

have cardinality 5, 6 respectively, the first part of the statement follows.
2) Let k = 8 and v = 17. It is β1 = 3, β2 = 14. If we consider in Z17

the base block C = (0, 2, 9, 10, 1, 12, 7, 4) and the family B of all the translates
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of C, we can verify that Σ = (Z17,B) is a C8-design of order 17 and that
B1 = {0, 3, 16} is a blocking set of Σ. Further, if Bi, for i = 1, 2, 3, 4, 5 is the
subset of Z17 obtained from B1 adding to it i vertices all distinct from 0, 3, 16
and at least one different from 1, 6, 8, 9, 11, then we have five blocking sets Bi

of cardinality 4, 5, 6, 7, 8. Since CZ15B is a blocking set, for B blocking set, the
statement is proved also for C8(17)-designs. �

4 C5-designs and C7-designs

It is known that:

Theorem 4.1 : 1) There exists a C5(v)-design if and only if v ≡ 1 or 5, mod
10, v ≥ 5. 2) There exist a C7(v)-design if and only if v ≡ 1 or 7, mod 14,
v ≥ 7.

We can see that C5-designs and C7-designs exist also for v = k. In these sys-
tems all vertex-subsets of cardinality 1, 2, ..., k−1 are blocking sets. Therefore
the first significative cases to study, considering both families v = 10h + 1,
v = 10h + 5 for k = 5 and v = 14 + 1,v = 14h + 7 for k = 7, are respectively
v = 11, v = 15 for k = 5 and v = 15, v = 21 for k = 7.

We prove that:

Theorem 4.2 : There exist C5(11)-designs, C5(15)-designs, C7(15)-designs,
C7(21)-designs, all largely blocked.

Proof. We will indicate by 1.1) and 1.2) the two cases of k = 5 and with
2.1), 2.2) the two cases of k = 7.

1.1) Let k = 5, v = 11. It is β1 = 3, β2 = 8. If we consider in Z11 the base block
C = (0, 1, 4, 8, 2) and B is the family of all the translates of C, then we can see
that Σ = (Z11,B) is a C5-design of order 11 and B1 = {0, 1, 6} is a blocking
set of Σ. Further, B2 = B1 ∪ {2}, B3 = B2 ∪ {3} are blocking sets of Σ, with
|B2| = 4, |B3| = 5. Therefore, considering that CZ11B1, CZ11B2, CZ11B3 are
three blocking sets of cardinality 8, 7, 6 respectively, the statement is proved
for C5(11)-designs.

1.2) Let k = 5, v = 15. It is β1 = 4, β2 = 11. If we consider in Z15 the base
blocks C = (0, 4, 9, 1, 2), D1 = (0, 3, 6, 9, 12), D2 = (0, 6, 12, 3, 9), and B is the
family of all the translates of C, D1, D2, then we can verify that Σ = (Z15,B)
is a C5-design of order 15. Note that the orbit of D1, D2 is equal to 3, while
for C is 15, as usually.
Now consider the two C5 cycles F1 = (12, 9, 6, 13, 14), F2 = (0, 3, 6, 1, 12),
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which does not belong to B, and the two blocks of Σ E1 = (12, 1, 6, 13, 14)
and E2 = (0, 3, 6, 9, 12). If B′ = B − {E1, E2} ∪ {F1, F2}, it is possible to
verify that Σ′ = (Z15,B′) is a C5-design of order 15. Further B1 = {0, 2, 4, 9}
is a blocking set of Σ′. If we consider B2 = B1 ∪ {1}, B3 = B2 ∪ {3}, B4 =
B3∪{5}, then B2, B3, B4 are blocking sets of Σ, with |B2| = 5, |B3| = 6, |B4| =
7. Considering that CZ15B1, CZ15B2, CZ15B3, CZ15B4, are blocking sets of
cardinality 11, 10, 9, 8, respectively, the first part of the statement is proved.

2.1) Let k = 7, v = 15. It is β1 = 3, β2 = 12. In Z15 the translates of the
base block C = (0, 1, 5, 7, 14, 8, 3) form a family B such that Σ = (Z15,B) is a
C7-design of order 15. We can see that B1 = {0, 5, 10} is a blocking set of Σ.
Further, if B2 = B1 ∪{1}, B3 = B2 ∪{2}, B4 = B3 ∪{3}, B5 = B4 ∪{4}, then
B2, B3, B4, B5 are blocking sets of Σ, with |B2| = 4, |B3| = 5, |B4| = 6, |B5| = 7.
Considering CZ15B1, CZ15B2, CZ15B3, CZ15B4, CZ15B5, we conclude this case.

2.2) Let k = 7, v = 21. It is β1 = 4, β2 = 17. Consider in Z21 the base blocks
C = (0, 2, 12, 5, 9, 17, 16), D1 = (0, 3, 6, 9, 12, 15, 18), D2 = (0, 6, 12, 18, 3, 9, 15),
D3 = (0, 9, 18, 6, 15, 3, 12), and B is the family of all the translates of C, D1, D2,
D3, then we can verify that Σ = (Z21,B) is a C7-design of order 21. Note that
the orbit of D1, D2, D3 is equal to 3, while for C is 21. Further, B = {5, 6, 7, 8}
is a blocking set of Σ and since also Bi = {1, 2, ..., i}, for every i = 5, 6, .., 10, is
a blocking set of Σ, considering the blocking sets CZ21B and CZ21Bi for every
i = 5, 6, .., 10, the statement is completely proved. �

5 C6-designs

It is known that:

Theorem 5.1 : There exists a C6(v)-design if and only if v ≡ 1 or 9, mod
12, v ≥ 9.

For k = 6, the spectrum is formed by the two families of values v = 12h+1
and v = 12h + 9, therefore the first systems to consider have order v = 9 and
v = 13.

Theorem 5.2 : There exist largely blocked C6(9)-designs and largely blocked
C6(13)-designs.

Proof. 1) For v = 9, it is β1 = 2, β2 = 7. If B is the following family of C6

defined in Z9:

(0, 1, 3, 5, 4, 2), (0, 8, 2, 7, 3, 4), (0, 5, 1, 8, 3, 6),
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(0, 7, 8, 6, 2, 3), (1, 2, 5, 7, 6, 4), (1, 6, 5, 8, 4, 7),

we can verify that Σ = (Z9,B) is a C6-design and B1 = {0, 1} is a blocking set
of Σ. Further, also B2 = B1 ∪ {2}, B3 = B2 ∪ {3} are both blocking sets, with
|B2| = 3, |B3| = 4. Considering CZ11B1, CZ11B2, CZ11B3 are blocking sets of
cardinality 7, 6, 5 respectively, the first part of statement is proved.

2) For v = 13, it is β1 = 3, β2 = 10. If B is the family of C6s having
for blocks the translates of the base block C = (0, 7, 6, 1, 11, 2), defined in Z13,
then Σ = (Z13,B) is a C13-design and B1 = {0, 3, 6} is a blocking set of Σ.
Further, also B2 = B1 ∪ {1}, B3 = B2 ∪ {2}, B4 = B3 ∪ {4} are blocking sets,
with |B2| = 4, |B3| = 5, |B4| = 6. Considering that CZ13B1, CZ13B2, CZ13B3,
CZ13B4 have cardinality 10, 9, 8, 7 respectively, also this case is proved. �
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