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Abstract

The equilibrium states of a mathematical model of an infectious
disease are studied in this paper under variable parameters. A simple
SEIR model with a delay is presented under a set of parameters vary-
ing periodically, characteristic to the seasonality of the disease. The
final equilibrium state, determined by these parameters, is obtained
with a general method based on a Fourier analysis of the dynamics
of the subpopulations proposed in this paper. Then the stability of
these equilibrium states for the general and some particular cases will
be contemplated, and simulations will be made in order to confirm the
predictions.
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1 Preliminary Notes

The real impact disease may produce on a population is usually difficult to
estimate due to the complex interactions there are between the sick and the
healthy individuals that are infected because of this interactions. Also, the
conditions of this disease transmission may not be always the same as the sea-
son changes, or the immunity of the population may be boosted with vaccines,
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so the predictions become even more problematic. However, on big popula-
tions, a mathematical model representing the different possible stages of the
disease can be a great aid in order to make a quantitative analysis of its evo-
lution over time [6, 13, 8]. In this context, the whole population is classified in
different subpopulations based on the status of each individual, with respect
to the disease. The dynamics of such subpopulations can be described with
multiple models, from simple equations with constant parameters [5, 2] to big
complex models with many different subpopulations [1, 9, 18, 12] and variable
parameters over time [4, 13]. Sometimes these variable parameters represent
a disease with a seasonal transmission rate or a disease being treated with
a vaccination strategy applied only at specific moments of the year. Thus,
the analysis of these mathematical models can be helpful to determine the
best control strategy in order to fight against the infection of new individuals
[15, 16].
In this paper, a SEIR model is introduced based on a simplified version of a
SVEIR model [17] we have previously studied [11], discarding the effects of the
saturation on the disease transmission as the vaccined subpopulation is omit-
ted. The purpose of this simplification is to obtain a less complicated formula
for the values for the endemic subpopulations, so an analysis of the oscillatory
regime can be made. The SEIR model presents a disease with two different
stages: The first stage affects to the subgroup of the population which has
been exposed and infected, but has not fully developed the disease yet. The
second stage arises from the previous latent state to a fully developed one, in
which all symptoms are present and the disease is infectious. The recovered
state refers to the moment when the disease is defeated by the organism and
becomes immune for a certain period of time, before it becomes susceptible to
the disease again[3, 10, 7].
In this model it is also applied a vaccination strategy to the newborns which
immunizes them from the disease without having to suffer from it. The strategy
can be constant or adapt to the state of the disease. In this paper, the simplest
disposition of the SEIR parameters will be studied in first place, analyzing the
model under a constant vaccination and disease transmission rate. The equi-
librium points and their stability will be obtained and discussed. Then, the
new equilibrium states and their stability will be obtained after introducing
a periodic vaccination rate Vc(t + T ) = Vc(t) which immunizes the a frac-
tion of the susceptible subpopulstion, and a periodic disease transmission rate
β(t + T ) = β(t). The predictions from the theory will be verified in the fol-
lowing simulations.

1.1 Notation

• Subpopulations
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• S: Subpopulation susceptible to the disease.

• E: Subpopulation that has contracted the disease but it is still in latent
state.

• I: Subpopulation with the disease fully developed which is able to infect
other individuals.

• R: Subpopulation immune to the disease due to vaccination or being
recovered from it.

• Parameters

• b1, b3: Birth rates of the population, a constant one (b1) which produces
susceptible individuals and another one with an access to vaccination
(b3) producing a fraction (Vc) of immune individuals .

• b2: Natural death rate of any subpopulation.

• Vc: Fraction of the population which is vaccinated since birth (Vc ∈
[0, 1]). It can be constant through time or present a periodicity Vc(t +
T ) = Vc(t).

• β: Transmission rate of the disease. It can be constant through time or
present a periodicity β(t + T ) = β(t).

• κ: Transition rate from the latent disease at the exposed subpopulation
to the infectious subpopulation (E → I).

• γ: Transmission rate from the infectious subpopulation to the recovered
subpopulation (I → R).

• ω: Average time of transition from immune to susceptible subpopulation.

2 The SEIR model

The dynamics of an infectious disease can be described by the equations:

Ṡ(t) = b1 + b3(1 − Vc(t)) − β(t)S(t)I(t)
+γI(t − ω)e−b2ω − b2S(t) (1)

Ė(t) = β(t)S(t)I(t) − (b2 + κ)E(t) (2)
İ(t) = κE(t) − (b2 + γ)I(t) (3)
Ṙ(t) = b3Vc(t) + γ(I(t) − I(t − ω)e−b2ω) − b2R(t) (4)
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Observe that there is no additional death rate for the infectious subpopulation,
as the disease is non lethal. Therefore, the dynamics of the total population
S + E + I + R = N is described as :

Ṅ(t) = b1 + b3 − b2N(t) (5)

The final total population tends to:

N∗ =
b1 + b3

b2
(6)

This model holds an important interaction between the susceptible, exposed
and infectious subpopulations, whose dynamics are independent from the fourth
subpopulation, the recovered subpopulation. Observe also that, under condi-
tions S(0) ≥ 0, E(0) ≥ 0, I(0) ≥ 0, if we define the time tE

tE = {t|E(t) = 0 ∧ S(t0) ≥ 0 ∧ I(t0) ≥ 0 ∀t0 ≤ t} (7)

then, from (2) Ė(tE) = βS(tE)I(tE) ≥ 0, so the first of the three (S, E, I)
subpopulations to be negative cannot be the exposed one. In the same way, if
we define the time tI

tI = {t|I(t) = 0 ∧ S(t0) ≥ 0 ∧ E(t0) ≥ 0 ∀t0 ≤ t} (8)

then from (3) İ(t) = κE(tI) ≥ 0, therefore, the infectious subpopulation cannot
be the first subpopulation to be negative either. Finally for the susceptible
subpopulation the time tS is defined as

tS = {t|S(t) = 0 ∧ E(t0) ≥ 0 ∧ I(t0) ≥ 0 ∀t0 ≤ t} (9)

such that from (1) Ṡ(tS) = b1 + b3 (1 − Vc(tS)) + γe−b2ωI(tS − ω) ≥ 0. Therefore,
neither the exposed or infected nor the susceptible subpopulation will be the
first negative subpopulation of the three. Thus, one deduces that S(t) < 0 is
impossible for any t ≥ 0. From (5) and (6) the evolution of the total population
is defined as

N(t) = N(0)e−b2t + N∗(1 − e−b2t) (10)

The maximum value of the total population will be defined as Nmax = max{N(0), N∗}
and given Nmax we determine a new value Rm = γe−b2ω

b2−γe−b2ω Nmax and define the

time instant :

tR = {t|R(t) = −Rm} (11)

As the infectious subpopulation is defined non-negative, it is obtained that

min
t∈(0,tR)

(
I(t) − e−b2ωI(t − ω)

) ≥ min
t∈(0,tR)

(I(t)) − e−b2ω max
t∈(0,tR)

(I(t)) ≥ −(Nmax − Rm)

(12)
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so

Ṙ(tR) ≥ −b2R(tR) + γ min
t∈(0,tR)

(
I(t) − e−b2ωI(t − ω)

)
+ b3V (tR) ≥ b3V (tR)

≥ −b2R(tR) − γe−b2ω max
t∈(0,tR)

(I(t − ω)) + b3V (tR) ≥ b3V (tR) (13)

Therefore, the recovered subpopulation will never reach a value below the
value defined as −Rm.

3 Equilibrium points under a constant Vc and

β

3.1 Disease free equilibrium

Given the equations in (1)-(4) and constant values for the vaccination Vc and
the infectious rate β, let {S∗, E∗, I∗, R∗} be the subpopulations at the equi-
librium point i.e: lim

t→∞
(S(t), E(t), I(t), R(t))T = (S∗, E∗, I∗, R∗)T . Since the

subpopulation values are constant at this point, the delay dependence disap-
pears as lim

t→∞
I(t − ω) = lim

t→∞
I(t) = I∗, and (1)-(4) become :

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

b1 + b3(1 − Vc) − βS∗I∗ − b2S + γI∗e−b2ω = 0
βS∗I∗ − (b2 + κ)E∗ = 0
κE∗ − (b2 + γ)I∗ = 0
b3Vc + γ(1− e−b2ω)I∗ − b2R

∗ = 0

(14)

These equations present two possible solutions representing two equilibrium
points. One of them is free from the disease as subpopulations E and I are
equal to zero, and the other one presents an endemic state with a permanent
infected subpopulation. First it is consider the disease free equilibrium (DFE)
point, where E∗ = I∗ = 0 and the final state from (14) is defined as:

S∗ = Sdfe =
b1 + b3(1 − Vc)

b2
(15)

E∗ = Edfe = 0 (16)
I∗ = Idfe = 0 (17)

R∗ = Rdfe =
b3Vc

b2
(18)
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3.1.1 Local Stability of the DFE point

Proposition 1: The DFE equilibrium point is locally asymptotically stable
for any delay ωε[0, ω∗) for some small enough ω∗, if R0 =

Sdfeβκ

(b2+κ)(b2+γ)
< 1.

Proof :
First, we linearize the dynamic equations (14) around the DFE point by means
of the associated Jacobi matrix J = [Jij] = [ ∂ẋi

∂xj
] for i, j ∈ {1, 2, 3, 4} with

x1 ≡ S, x2 ≡ E, x3 ≡ I and x4 ≡ R evaluated at the DFE point. Such a
Jacobi matrix is given by

J|xdfe =

�
���

−b2 0 −βSdfe + γe−b2ω 0
0 −(b2 + κ) βSdfe 0
0 κ −(b2 + γ) 0
0 0 γ

�
1 − e−b2ω

� −b2

�
��� (19)

The eigenvalues of this matrix are obtained by calculating the roots of the
characteristic equation :

Det(λI − J) = 0 (20)

Such eigenvalues are given by:

λi = {−b2,−b2,
−(2b2 + γ + κ) −	(γ − κ)2 + 4βκSdfe

2
,

−(2b2 + γ + κ) +
	

(γ − κ)2 + 4βκSdfe

2
} (21)

The real part of λ must be negative so that the linearized system is asymptot-
ically stable and the SEIR model locally stable. The eigenvalues λ1, λ2 and λ3

are defined always negative, as all parameters are positive. However, the fourth
eigenvalue λ4 is only defined negative if (2b2 + γ + κ) >

√
(γ − κ)2 + 4βκSdfe

. This inequality can be rearranged as:

R0 =
βκSdfe

(b2 + κ)(b2 + γ)
< 1 (22)

Since the eigenvalues of the Jacobian matrix are continuous functions of all its
entries, there is sufficiently small delay perturbation Δω∗ which guarantee the
local stability of the DFE point for any delay ω ∈ [0, ω∗). �

3.2 Endemic equilibrium

From equations (14) it is obtained the subpopulations at endemic equilibrium
point, namely:
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S∗ = Send =
(b2 + κ)(b2 + γ)

βκ
(23)

E∗ = Eend =
b2(b2 + γ)(Sdfe − Send)

κ(βSend − γe−b2ω)
	= 0 (24)

I∗ = Iend =
b2(Sdfe − Send)

βSend − γe−b2ω
	= 0 (25)

R∗ = Rend = Rdfe +
γ(1 − e−b2ω)(Sdfe − Send)

βSend − γe−b2ω
(26)

As all parameters are defined positive, the term βSend − γe−b2ω will be also
defined positive since

βSend − γe−b2ω =
(b2 + κ)(b2 + γ)

κ
− γe−b2ω (27)

= γ(1 − e−b2ω) + b2

(
1 +

b2 + γ

κ

)
≥ 0

A sufficient condition for the positivity of the recovered subpopulation at the
equilibrium point, and necessary and sufficient for the positivity of the exposed
and infectious, is that Sdfe ≥ Send or, equivalently, R0 = Sdfe

Send
≥ 1 (at R0 = 1

the subpopulations becomes the ones of the DFE point). Observe that since
the exposed and infectious subpopulations have been proven to be positive or
zero, there is only one possible equilibrium point when R0 < 1, which is the
DFE.

3.2.1 Local stability of the Endemic Point

Proposition 2: The endemic equilibrium point is locally asymptotically stable
for ω ∈ [0, ω∗) for some ω∗ small enough, if R0 =

Sdfeβκ

(b2+κ)(b2+γ)
> 1.

Proof:
As in the DFE point of the proposition 1, the dynamic equations from (14) is
linearized around the endemic point, by means of the associated Jacobi matrix
J = [Jij ] = [ ∂ẋi

∂xj
] for i, j ∈ {1, 2, 3, 4} with x1 ≡ S, x2 ≡ E, x3 ≡ I and x4 ≡ R

evaluated at such an endemic point. Such a Jacobi matrix is given by

J|xend
=

⎛
⎜⎜⎝

− b2Φ
Λ 0 −Λ 0

b2(Φ−Λ)
Λ −(b2 + κ) Λ + γe−b2ω 0
0 κ −(b2 + γ) 0
0 0 γ

(
1 − e−b2ω

) −b2

⎞
⎟⎟⎠ (28)

being Λ = βSend − γe−b2ω and Φ = βSendR0 − γe−b2ω . The eigenvalues of this
matrix are obtained by calculating the roots of the characteristic equation :

Det(λI − J) = F (λ) = 0 (29)

In order to have a locally asymptotically stable state, the four roots of the
equation λi from the solutions F (λi) = 0 must have a negative real part.
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F (λ) = (λ + b2)
(

λ3 + (b2
Φ
Λ

+ 2b2 + γ + κ)λ2+

+b2(2b2 + κ + γ)
Φ
Λ

λ + b2κ(Φ − Λ)
)

= 0 (30)

A characteristic root is λ1 = −b2 . The remaining equation is equivalent to
g(λ) = b2κΛ(p−1)+αpb2λ+(α+pb2)λ2 +λ3, being α = (2b2 +γ+κ) and p = φ/Λ.
For R0 < 1, which implies that p < 1, coefficients have different signs, implying
that at least there is a non negative root of g(λ). The Routh-Hurwitz criterion
tells us that for p > 1, i.e. R0 > 1 all roots present a negative real part,
so the system is locally asymptotically stable. Thus, since the eigenvalues
of the Jacobian matrix are continuous functions of all its entries, there is
sufficiently small delay perturbation Δω∗ which guarantee the local stability
of the endemic point for any delay ω ∈ [0, ω∗). �

4 Equilibrium states under a periodic vacci-

nation Vc(t) and infectious rate β(t)

In this section, a periodic vaccination Vc(t) and a periodic transmission rate
β(t) are applied to the SEIR model. This periodic variables can be described
using the Fourier series formalism as:

β(t) =
∞∑

n=−∞
βnei(nρt) (31)

Vc(t) =
∞∑

n=−∞
Vje

i(nρt) (32)

being the frequency related to the seasonal periodicity T, ρ = 2π
T

. And so, the
dynamic of the subpopulations at the periodic equilibrium state would be also
described in the same way, namely:


������������
�����������

S∗(t) =
∞�

n=−∞
Sjei(nρt)

E∗(t) =
∞�

n=−∞
Enei(nρt)

I∗(t) =
∞�

n=−∞
Inei(nρt)

R∗(t) =
∞�

n=−∞
Rnei(nρt)

(33)

The dynamic equations (1)-(4) are applied to the periodic equilibrium state
from (33) so each coefficient for any n ∈ N will be defined by the equation:
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������
�����

(b1 + b3)δn − b3Vn − Qn

−b′nSn + γe−b′nωIn = 0

Qn − (b′n + κ)En = 0

κEn − (b′n + γ)In = 0

b3Vn + γ(1 − e−b′nω)In − b′nRn = 0

(34)

where b′n = b2 + inρ and δn =

{
1 if n = 0

0 if n �= 0
Being

Qn =
∞∑

j=−∞
βjPn−j (35)

and

Pn =
∞∑

j=−∞
SjIn−j (36)

The solution for each coefficient then is :

������
�����

Sn =
δn(b1+b3)−b3Vn

b′n
− ΥnQn

b′nαn

En = Qn
κ+b′n

In = Qn
αn

Rn = b3
b′n

Vn + γ(1−e−b′nω)
αnb′n

Qn

(37)

being αn = (b′n+κ)(b′n+γ)
κ

and Υn = αn − γe−b′nω. The DFE solution, where
En = In = 0 ∀n, will lead to Qn = 0 and the definition of the DFE coefficients
as:


�����
����

Sdfe
n = δn(b1+b3)−b3Vn

b′n
Edfe

n = 0

Idfe
n = 0

Rdfe
n = b3

b′n
Vn

(38)

Observe that both in the DFE and in the endemic equilibrium solution, the
equations for the coefficient shows that Sn+En+In+Rn = δnN∗. Observe also
that the general solution for a situation where there is a permanent infected
subpopulation E �= 0 and I �= 0 is not trivial, as each Qn contains infinite
terms; however, Qn are negligible after certain number n > n0, as they converge
to zero (See Appendix 1). This fact can be used in order to calculate the
coefficients for the subpopulations using diverse numerical analysis.

5 Local stability of the equilibrium states

Proposition 3: The DFE equilibrium state is locally asymptotically stable

for any delay ωε[0, ω∗) and some small enough ω∗, if R0(t) =
Sdfe(t)β(t)κ

(b2+κ)(b2+γ)
< 1∀t.
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Proof :
First, we linearize the dynamic equations (1)-(4) around the DFE state by
means of the associated Jacobi matrix J = [Jij ] = [ ∂ẋi

∂xj
] for i, j ∈ {1, 2, 3, 4}

with x1 ≡ S, x2 ≡ E, x3 ≡ I and x4 ≡ R evaluated at the DFE. The columns
of such a Jacobi matrix are given by

J|xdfe =

�
���

−b2 0 −β(t)Sdfe(t) + γe−b2ω 0
0 −(b2 + κ) β(t)Sdfe(t) 0
0 κ −(b2 + γ) 0
0 0 γ

�
1 − e−b2ω

� −b2

�
��� (39)

The eigenvalues of this matrix are obtained by calculating the roots of the
characteristic equation :

Det(λI − J) = 0 (40)

Such eigenvalues are given by:

λi = {−b2,−b2,
−(2b2 + γ + κ) −	(γ − κ)2 + 4β(t)κSdfe(t)

2
,

−(2b2 + γ + κ) +
	

(γ − κ)2 + 4β(t)κSdfe(t)

2
} (41)

The real part of λi must be negative so that the linearized system is asymp-
totically stable and the SEIR model locally stable. The eigenvalues λ1, λ2

and λ3 are defined always negative, as all parameters are positive. How-
ever, the fourth eigenvalue λ4 is only defined negative if (2b2 + γ + κ) >√

(γ − κ)2 + 4β(t)κSdfe(t). This inequality can be rearranged as :

R0(t) =
β(t)κSdfe(t)

(b2 + κ)(b2 + γ)
< 1 (42)

Since the eigenvalues of the Jacobian matrix are continuous functions of all its
entries, there is sufficiently small delay perturbation Δω∗ which guarantee the
local stability of the DFE state for any delay ω ∈ [0, ω∗). �

6 Simulation

A simulation of the model is presented in this section . The SEIR model
is implemented in a Simulink environment integrated in Matlab, with initial
parameters for the mortality rate b2 = 1

70
years−1 and the natality rates b1 =

b3 = 1
140

years−1 so the final population from (5) would be equal to 1 at the
equilibrium N∗ = 1. The transition rate from the exposed subpopulation to
the infectious one κ = 0.5 years−1 , the transition rate from the infectious
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subpopulation to the recovered one is γ = 10 years−1 and the average time
of immunity is set to ω = 10 years . We will present a series of simulations
with different parameters for the transmission rate of the disease β and the
vaccination strategy Vc, in order to show the evolution of the subpopulations
over time given a reproduction number R0 higher and below 1. The initial
conditions for all simulations will be closed to the DFE point: S(0) = Sdfe,
E(0) = 0, R(0) = Rdfe and I(t) = 0.001N ∗ ∀t ∈ (−ω, 0) from (5) and (15-18) .
After the simulation has ran a time long enough, the evolution of the dynamics
of the subpopulations reach the final stable equilibrium state and results can be
analyzed. The simplest model is characterized in fig.1 , where it can be seen
the final oscillatory state of the subpopulations given a variable sinusoidal
vaccination Vc(t) = 0.5(1 + cos(ρt)) and a variable disease transmission rate
β(t) = 400(1 + 0.5cos(ρt)), being ρ = 2π rad/year, so that during the warm
seasons the transmission rate drops to zero, and the maximum values exhibits
at the beginning and the ending of the year (the colder season). I should be
noted that the equilibrium state is the endemic equilibrium state, as predicted
by section 5, since R0(t) > 1∀t.
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Figure 1: First graphic shows the final periodic state of the subpopulations under a R0(t) >

1 (endemic). The dotted lines represent the expected subpopulation given the constant
average parameters ({SEIR}end), and the average values of the subpopulations ({SEIR}0)
respectively.

After analyzing the coefficients from the simulations at the periodic states,
a comparison is made with the coefficients predicted numerically from the



784 R. Nistal, M. De la Sen, S. Alonso-Quesada and A. Ibeas

parameters, using a Newton-Raphson method considering a set of 2n+1 co-
efficients, with n large enough so that the coefficients {Sn0, En0 , In0, Rn0} are
negligible for |n0| > n and a seed value defined by the endemic equilibrium
point derived from the average transmission rate (β0) and the average vacci-
nation rate (V0). The following table present the values of first coefficients of
the Fourier series for the simulations.

Fig.1 Simulated Predicted
S0

E0

I0

R0

.0263

.1269

.0063

.8404

.0263

.1269
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.8404
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Table 1: Coefficients of the fourier series corresponding to the fig.1
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Figure 2: At the left side, the periodic vaccination strategy . At the right side, the final
periodic states of the subpopulations reached under a Vc(t) = 0.5(1+ cos(2πt)) and β = 400
(R0(t) > 1).
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Observe the significant decrease of the coefficients and the accuracy of the
predictions, presenting errors with negligible values. These errors can be at-
tributed not to the predictions, but to the errors derived from running the
simulation, as the time-step must be approachable in computation terms.
In fig.2 it is shown the periodic state derived from a more complex vaccination
strategy, which can be seen at the left graphic to be a step function whose
values changes during a year between 1 and 0 and disease transmission rate
β(t) = 400(1 + 0.5cos(ρt)), with ρ = 2π.In fig.2 it is shown the periodic state
derived from a more complex vaccination strategy, which can be seen at the
left graphic to be a step function whose values changes during a year between
1 and 0 and disease transmission rate β(t) = 400(1 +0.5cos(ρt)), with ρ = 2π.

At fig.3 the final periodic state for an impulsive vaccination Vc(t) = −
∞∑

n=0
θS(t)δ(t−

nT ), is presented for β = 800. As in the previous figure, the values of the coeffi-
cients for the final periodic states obtained from both the numerical predictions
and the simulation are the same with a relative error ε ≤ 10−5.

Figure 3: Final periodic states of the subpopulations reached under an impulsive vaccina-

tion for β = 800 and Vc(t) = −
∞∑

n=0
θS(t)δ(t − nT ), being θ = 1/2 .
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Figure 4: Maximum and average values of the infectious subpopulation equilibrium state
for Vc(t) = 0.5(1+cos(2πt+Φ)) and β = 400(1+0.5cos(2πt)) (R0(t) > 1) under different
phases Φ .

The importance of the moment to apply the vaccination in terms of intro-
ducing the appropriate phase in the vaccination function is shown at fig. 3,
where it is obtained the maximum and the average infectious subpopulation of
an endemic equilibrium state defined, as in fig.1, by a disease transmission rate
β(t) = 400(1 + 0.5cos(ρt)) and vaccination rate Vc(t) = 0.5(1 + cos(ρt + Φ)).
In this case, the different phases between the maximum vaccination rate and
the maximum disease transmission rate Φ, is revealed to be important, as it
can change the effectivity of the vaccination in an appreciable way.

7 Conclusions

A model describing four subpopulations with a periodic vaccination strategy
and transmission rate either constant or periodic have been developed and
studied. A generic periodicity has been introduced in order to describe the
major number of possible situations, related to the presence of a control vac-
cination strategy against a seasonality in the transmission of the disease. A
reproduction number describing the stability of the equilibrium states of the
dynamics of the subpopulations is obtained when the parameters of the model
remain constant, and the stability of the disease free equilibrium is further
studied from the generic model. The numerical predictions for a periodic
endemic state is confirmed by our simulations. The relevance of the work pre-
sented in this paper is reflected on the versatility of the method, as it sets the
basis for studying any type of vaccination strategy, as could be a quadratic
wave representing different campaigns during the year, or even a peak in Vc,
representing a massive punctual vaccination as it could happen in a potential
emergency vaccination of the whole population. An analogous study could be
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done to the transmission rate, which can present also a complex seasonality,
like migration paths or weather seasons, and predict the best prevention action
and vaccination strategy in order to optimize them and minimize the impact
of the disease.
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Appendix 1

The coefficients {Sn, En, In, Rn} from (34) are studied as n → ∞. As the sub-
populations at the equilibrium {S∗(t), E∗(t), I∗(t), R∗(t)} and Vc(t), β(t) are
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defined real and bounded, from Bessel inequality we know that 1
T

∫ T

0
‖V (t)‖2 dt ≥

∞∑
n=−∞

‖Vn‖2, 1
T

∫ T

0
‖β(t)‖2 dt ≥

∞∑
n=−∞

‖βn‖2, and

1
T

∫ T

0
‖{S∗, E∗, I∗, R∗}(t)‖2 dt ≥

∞∑
n=−∞

‖{Sn, En, In, Rn}‖2 , so it is deduced that

the coefficients for the vaccination and disease transmission rate and all the
subpopulations must tend to zero as |n| tends to infinity:
Then, as lim

n→∞
Sn = 0, lim

n→∞
En = 0, lim

n→∞
In = 0 and lim

n→∞
Rn = 0, i t is deduced

from (36) and (35) that for all n:
Pn ≤ max{Si}

−∞¡i¡∞

∞�
j=−∞

Ii = S0I∗(0)

Qn ≤ max{Pi}
−∞¡i¡∞

∞�
j=−∞

βi ≤ S0I∗(0)β(0)

so from (34):

lim
n→∞

|Sn| ≤ lim
n→∞

b3|Vn|
ρn

+ |Qn|
ρn

≤ lim
n→∞

S0I∗(0)β(0)
ρn

= 0

lim
n→∞

|In| = lim
n→∞

βκ|Pn|
(ρn)2

≤ lim
n→∞

βκS0I∗(0)
(ρn)2

= 0

So, as the for Pn

lim
n→∞Pn = lim

n→∞

∞∑
j=−∞

Sn−jIj

= lim
n→∞InS0 + 2Re

[ ∞∑
j=1

SjIn−j

]

= 2 lim
n→∞Re

⎡
⎣n/2−1∑

j=1

SjIn−j +
∞∑

j=n/2

SjIn−j

⎤
⎦ + lim

n→∞InS0

≤ 2 lim
n→∞Re

⎡
⎣In/2

n/2−1∑
j=1

S−j + Sn/2

∞∑
j=n/2

In/2−j

⎤
⎦ + lim

n→∞InS0 = 0

Also, for the Qn from (35) it is deduced :

lim
n→∞Qn =

∞∑
j=−∞

βjPn−j

= β0 lim
n→∞Pn + lim

n→∞2Re

⎡
⎣n/2−1∑

j=1

βjPn−j +
∞∑

j=n/2

βjPn−j

⎤
⎦

≤ β0 lim
n→∞Pn + lim

n→∞2Re

⎡
⎣Pn/2

n/2−1∑
j=1

βj + βn/2

∞∑
j=n/2

Pn−j

⎤
⎦ = 0
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