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Abstract
A problem of the approximation for stochastic equilibria for the sys-

tem with parametrical noise is considered. Our approach is based on
first approximation stochastic systems technique. For these systems, we
use a spectral theory of positive operators for the analysis of exponential
mean square stability. Using this method we approximate a dispersion
of random states in stochastic equilibrium of nonlinear dynamical sys-
tem with parametrical noise.
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Introduction
A dispersion of random states of stochastic attractor is an important cha-

racterisics of the quantitative analysis of the various noise-induced phenomena
[1]. For systems forced by additive noise only, the approximations of the dis-
persions via stochastic sensitivity functions technique were successfully applied
to the parametrical analysis of the stochastic phenomena: backward stochastic
bifurcations [2], excitability of noisy neuron [3], noise-induced extinction in the
population system [4], noise-induced intermittency [5] and chaos [6].

In the present paper, an influence of parametrical noise on the dispersion
of random attractors is studied. In Section 1, a necessary mathematical back-
ground is given. In Section 2, we apply this theory to the analysis of stochastic
equilibria of randomly forced Van der Pol system.

1. Analysis of stochastic equilibria
Consider a nonlinear deterministic system

dx = f(x)dt (1)

and a stochastic Ito’s system with parametrical noises

dx = f(x)dt +

k∑
i=1

σi(x)dwi. (2)
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Let x̄ be an exponentially stable equilibrium of the deterministic system (1).
For the deviation z = x − x̄ of the random state x of the system (1) from the
equilibrium x̄, one can write a first approximation system

dz = Fzdt +
∑k

i=1(S1,i + S2,iz)dwi,

F =
∂f

∂x
(x̄), S1,i = σi(x̄), S2,i =

∂σi

∂x
(x̄).

(3)

The moments m = Ez, M = Ezz� of the system (3) solutions are governed
by equations:

ṁ = Fm, (4)

Ṁ = FM + MF� +

k∑
i=1

(
S1,iS

�
1,i + S1,im

�S�
2,i + S2,imS�

1,i + S2,iMS�
2,i

)
. (5)

Our interest is focused on the stationary solutions of (4), (5). A problem of
the existence of these stationary solutions is connected with the theory of the
mean square stability [7,8].

Consider a homogenious linear system

dz = Fzdt +
m∑

i=1

S2,izdwi (6)

and operators

A(M) = FM + MF�, S(M) =
m∑

i=1

S2,iMS�
2,i, P = −A−1S.

Theorem 1. The system (4),(5) has an exponentially stable stationary solu-
tion (m̄, M̄) if and only if a solution z ≡ 0 of the system (6) is exponentially
mean square stable. In this case, m̄ = 0, and M̄ is a unique solution of the
matrix algebraic equation

FM + MF� + S1 + S(M) = 0, S1 =

k∑
i=1

S1,iS
�
1,i. (7)

Here the following algebraic criterion holds:
Theorem 2. The solution z ≡ 0 of the system (6) is exponentially mean

square stable iff Reλi(F ) < 0 and ρ(P) < 1, where λi(F ) are eigenvalues of
the matrix F , and ρ(P) is a spectral radius of the operator P.

Main ideas of the proof of the Theorem 2 can be found in [9,10]. The
Theorem 2 implies the Theorem 1.

The matrix M can be used as an approximation of covariance matrix for
the stationary distributed random states of the stochastic equilibria of the
nonlinear system (2).
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2. Example. Consider stochastically forced Van der Pol oscillator

ẋ = y
ẏ = −x + a(1 − x2)y + σ1ẇ1 + σ2yẇ2.

(8)

Here, σ1 is the intensity of additive noise and σ2 is the intensity of parametrical
noise, w1,2 are independent Wiener processes.
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Fig. 1. Dispersion of x-coordinate of the stochastic equilibrium of the
Van der Pol oscillator for a = −1, σ1 = 0.1.

The deterministic system (σ1 = σ2 = 0) exhibits a stable equilibrium
x̄ = 0, ȳ = 0. Under stochastic disturbances, random trajectories leave the
stable equilibrium and form a stationary probabilistic distribution (stochastic
equilibrium). We are interested in the dispersion D of x-coordinate of this
stochastic equilibrium.

As noise intensity increases, the function D increases too. Results of the
direct numerical simulation of the function D(σ2) for the system (8) with
a = −1, σ1 = 0.1 are plotted in Fig.1 by asterisks.

For the analytical approximation of the dispersion, we will use the first
approximation stochastic systems technique presented above.

Parameters of the equation (7) for the system (8) are following:

F =

[
0 1
−1 a

]
, S1 = σ2

1

[
0 0
0 1

]
, M =

[
m11 m12

m21 m22

]
, S(M) = σ2

2

[
0 0
0 m22

]
.

The equation (7) for the elements mij of the matrix M can be written as a
system:

m12 = m21 = 0, −m11 +am12 +m22 = 0, −2m12 +2am22 +σ2
1 +σ2

2m22 = 0.

It follows from this system that

m11 = m22 = − σ2
1

2a + σ2
2

, m12 = m21 = 0.
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This matrix is diagonal and m11 = m22. We will use the function m11 for the
approximation of the dispersion D of x-coordinate of stochastic equilibrium
for the randomly forced nonlinear Van der Pol system. In Fig.1, the function
m11(σ2) is plotted by solid line. As one can see, our approximation agrees with
the results of direct numerical simulation.
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