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Abstract

Boundary value problems arise in fluid mechanics, physics and engi-
neering are usually of complex type and can not be solved analytically in
general, hence, applied mathematicians resort to the numerical methods or
solver codes to search for the solutions. In this note, the applicability of the
perturbation method to the mathematical model describing the boundary
layer flow of nanofluids past a stretching sheet has been analyzed. The
mathematical model is governed by a system of nonlinear ordinary dif-
ferential equations and the solutions are obtained in closed form via a
straightforward perturbation method. As a well known fact, the perturba-
tion method is based on the existence of a small parameter and accordingly,
the thermophoresis parameter is used as a perturbation parameter. Sev-
eral plots are introduced to explore the validity of the suggested method.
The current numerical results agree with those obtained by using an im-
plicit finite-difference method. Accordingly, the perturbation method can
be used with highly trust to solve similar problems.

Keywords: Nanofluid; stretching sheet; perturbation method



6078 Abdelhalim Ebaid et al.

1 Introduction

Nanofluid flows is a relatively new area of research and it is of great importance in
many industrial and engineering applications, especially in heat transfer enhance-
ment ([1]–[4]). Recently, many authors considered the study of the boundary layer
flow of nanofluids past a stretching sheet. Kuznetsov and Nield [5] studied the
natural convective boundary-layer flow of a nanofluid past a vertical plate. A
further study has been done by Khan and Pop [6] and later in the same year by
Bachok et al. [7] who studied the steady boundary layer flow of a nanofluid past
a moving semi-infinite flat plate. Very recently, the model obtained in [6] has
been solved theoretically by Aly and Ebaid [8], where exact solutions at several
particular values of the physical parameters have been reported. In this paper,
we focus on the physical model derived by Khan and Pop [6] which describes
the boundary layer flow of nanofluids over a stretching sheet. The mathemati-
cal model is governed by the following system of nonlinear ordinary differential
equations with prescribed boundary conditions:

f ′′′ +ff ′′ − (f ′)2 = 0, (1)
1

Pr
θ′′ +fθ′ + Nbφ′θ′ + Nt(θ′)2 = 0, (2)

φ′′ +Lefφ′ +
Nt

Nb
θ′′ = 0, (3)

subject to the boundary conditions:

f(0) = 0, f ′(0) = 1, θ(0) = 1, φ(0) = 1, (4)

f ′(∞) = 0, θ(∞) = 0, φ(∞) = 0, (5)

where primes denote to differentiation with respect to η. Pr, Le, Nb and Nt are
Prandtl number, Lewis number, Brownian motion parameter and thermophoresis
parameter, respectively. The exact solution of Eq. (1) with the boundary condi-
tions in (4-5) is already well known and given as f(η) = 1 − e−η. Therefore, the
given system reduces to the following set of ordinary differential equations:

θ′′(η) +Pr
(
1 − e−η + Nb φ′(η)

)
θ′(η) + PrNt [θ′(η)]

2
= 0, (6)

φ′′(η) +Le
(
1 − e−η

)
φ′(η) +

Nt

Nb
θ′′(η) = 0, (7)

where the boundary conditions on θ(η) and φ(η) are given in (4-5). Unlike the
numerical study of Khan and Pop [6], we aim in this paper to report new analytical
results to the current physical system. In order to obtain such analytical solutions,
the perturbation method [9] is suggested for achieving this task. As a well known
fact, the perturbation method is based on the existence of a small parameter in
either the governing equations and/or the boundary conditions, accordingly, the
thermophoresis parameter Nt is used as a perturbation parameter.
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2 Application of the perturbation method

The perturbation method is applied in this section to search for approximate
analytical solutions for the system (6-7) with the boundary conditions (4-5). In
order to apply the suggested method we resort to the thermophoresis parameter
Nt as a perturbation parameter, this due the fact that the perturbation method
is based on using a small parameter in its expansion. The selection of Nt as a
perturbation parameter is based on the small values that this parameter take,
see for example [6]. Accordingly, the perturbation solutions for the temperature
distribution θ(η) and the nano-particle concentration φ(η) are assumed as

θ(η) =
∞∑

n=0

(Nt)nθn(η) = θ0(η) + Nt θ1(η) + . . . , (8)

φ(η) =
∞∑

n=0

(Nt)nφn(η) = φ0(η) + Nt φ1(η) + . . . . (9)

On substituting Eqs. (8) and (9) into Eqs. (6-7) and the boundary conditions
(4-5) we obtain

θ′′0(η) + Pr
[
1 − e−η + Nb φ′

0(η)
]
θ′0(η) +

∞∑
n=0

(Nt)n+1[θ′′n+1(η) +

Pr(1 − e−η)θ′n+1(η) + NbPr
n+1∑
k=0

φ′
n−k+1θ

′
k + Pr

n∑
k=0

θ′kθ
′
n−k] = 0, (10)

φ′′
0(η) + Le(1 − e−η)φ′

0(η) +
∞∑

n=0

(Nt)n+1[φ′′
n+1(η) + Le(1 − e−η) ×

φ′
n+1(η) +

1

Nb
θ′′n(η)] = 0, (11)

∞∑
n=0

(Nt)nθn(0) = 1,
∞∑

n=0

(Nt)nθn(∞) = 0, (12)

∞∑
n=0

(Nt)nφn(0) = 1,
∞∑

n=0

(Nt)nφn(∞) = 0, (13)

which converts the original nonlinear system into systems of coupled linear second
order differential equations with new sets of boundary conditions. It will be shown
later that the perturbation solutions up to the first order are sufficient to obtain
accurate numerical solutions for the temperature distribution θ(η) and the nano-
particle concentration φ(η) at several values of the physical parameters. The
zeroth order system and the first order system are given below along with details
of their exact solutions.
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2.1 System of zeroth order

On comparing the coefficients of (Nt)0 in both sides of Eqs. (10-11), yields

θ′′0(η) + Pr
[
1 − e−η + Nb φ′

0(η)
]
θ′0(η) = 0, (14)

φ′′
0(η) + Le(1 − e−η)φ′

0(η) = 0, (15)

subject to the boundary conditions derived from Eqs. (12-13):

θ0(0) = 1, θ0(∞) = 0, (16)

φ0(0) = 1, φ0(∞) = 0. (17)

In order to solve the system (14-15), we first note that Eq. (15) can be easily
solved under the boundary conditions (17) to give φ0(η) in a closed form as

φ0(η) = 1 −
∫ η
0 e−Le(σ+e−σ)dσ∫ ∞
0 e−Le(σ+e−σ)dσ

. (18)

This closed form solution can be given in an exact form by evaluating the in-
volved integrals analytically. It is shown below that these integrals can be ex-
pressed in terms of a well known special function, the incomplete Gamma function
Γ(a, z0, z1) =

∫ z1
z0

μa−1e−μdμ, as follows. On using the assumption μ = Le e−σ, we
have

∫ η

0
e−Le[σ+e−σ ]dσ = (Le)−Le

∫ Le

Le e−η
μLe−1e−μdμ

= (Le)−Le Γ(Le, Le e−η, Le), (19)

and hence, ∫ ∞

0
e−Le[σ+e−σ ]dσ = (Le)−LeΓ(Le, 0, Le). (20)

Therefore φ0(η) is given exactly by

φ0(η) =
Γ(Le, 0, Le e−η)

Γ(Le, 0, Le)
, (21)

where the identity Γ(a, z0, z1) = Γ(a, z0) − Γ(a, z1) is used.
Inserting Eq. (21) into Eq. (14) and repeating the same analysis made above,

we obtain θ0(η) in a closed analytical form as

θ0(η) = 1 − I1(η)
I1(∞)

, (22)

I1(η) = e−Pr(1+Nb)
∫ η
0 e−Pr[(σ+e−σ+Nb φ0(η)]dσ. (23)

The exact solutions obtained in this section can be easily verified by direct sub-
stitution into the current governing system.
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2.2 System of first order

The system of first order is obtained by comparing the coefficients of (Nt)1 in
both sides of Eqs. (10-11) and given by

θ′′1(η) + Pr
[
1 − e−η + Nb φ′

0(η)
]
θ′1(η) = −Pr

[
Nb φ′

1(η)θ′0(η) + (θ′0(η))2
]
,(24)

φ′′
1(η) + Le(1 − e−η)φ′

1(η) = − 1

Nb
θ′′0(η), (25)

subject to the following boundary conditions

θ1(0) = 0, θ1(∞) = 0, (26)

φ1(0) = 0, φ1(∞) = 0. (27)

As in the previous section, we begin with solving the φ1(η) equation. Eq. (25)
with the first boundary condition in (27) can be solved as a first order linear
differential equation in φ′

1(η), and then by a further integration to give

φ1(η) = φ′
1(0)eLe

∫ η

0
e−Le[σ+e−σ]dσ − 1

Nb
I2(η), (28)

where I2(η) is given by

I2(η) =
∫ η

0
e−Le[σ+e−σ]dσ

∫ σ

0
eLe[ξ+e−ξ]θ′′0(ξ)dξ. (29)

On applying the boundary condition φ1(∞) = 0, we have

φ′
1(0) =

e−LeI2(∞)

Nb
∫ ∞
0 e−Le[σ+e−σ ]dσ

, (30)

hence, φ1(η) can be given as

φ1(η) =
1

Nb

⎡
⎣
⎛
⎝

∫ η
0 e−Le[σ+e−σ]dσ∫ ∞
0 e−Le[σ+e−σ ]dσ

⎞
⎠ I2(∞) − I2(η)

⎤
⎦ , (31)

which can be simplified in terms of the zeroth order solution φ0(η) as

φ1(η) =
1

Nb
[(1 − φ0(η)) I2(∞) − I2(η)] . (32)

In view of Eq. (24) with the boundary conditions (26) and using the same analysis
made above for φ1(η), we obtain θ1(η) in terms of the zeroth order solution θ0(η)
as

θ1(η) = Pr [(1 − θ0(η)) I3(∞) − I3(η)] , (33)
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where I3(η) is given by

I3(η) =
∫ η

0
e−Pr[σ+e−σ+Nb φ0(σ)]dσ

∫ σ

0
ePr[ξ+e−ξ+Nb φ0(ξ)]

[
Nb φ′

1(ξ)θ
′
0(ξ) + (θ′0(ξ))

2
]
dξ.

(34)
Therefore, the approximate analytical solutions up to the first order for the tem-
perature distribution θ(η) and the nano-particle concentration φ(η) are respec-
tively given by

θ(η) ≈ θ0(η) + NtPr [(1 − θ0(η)) I3(∞) − I3(η)] , (35)

and

φ(η) ≈ φ0(η) +
Nt

Nb
[(1 − φ0(η)) I2(∞) − I2(η)] , (36)

These analytical solutions have not been reported in the literatures yet. In this
regard, the validity of the analytical approximate solutions (35) and (36) for the
temperature distribution θ(η) and nano-particle concentration φ(η) is examined
here via comparing with some results obtained by Khan and Pop [6]. Numerical
results are presented in Fig. 1, Fig. 2 and Fig. 3. Fig. 1 shows good agreement
with Ref. [6] when Pr = Le = 10, Nt = Nb = 0.1. It is also noted that, as
Nt (the perturbation parameter) increases, i.e., at Nt = 0.3 a slight difference
is observed between the current curve and that obtained in [6]. This may refer
to that the second order solution should be added to obtain accurate numerical
results at values of Nt ≥ 0.3. This is normal because the perturbation solutions
up to the first order are valid in a short range for the perturbation parameter
Nt. However, in the range 0 < Nt < 0.3, the perturbation solutions up to the
first order are sufficient to obtain accurate numerical results whatever the values
of Nb, Le and Pr. This observation is confirmed in Fig. 2 and Fig. 3, where
the same numerical results obtained in [6] are obtained here, note that Nt = 0.1
in all the curves plotted in Fig. 2 and Fig. 3 at the same specific values of the
physical parameters.

3 Conclusion

The perturbation method is applied in this paper to solve a system of nonlinear
ordinary differential equations describing the boundary layer flow of nanofluids
past a stretching sheet. Based on the thermophoresis parameter as a perturbation
parameter, approximate analytical solutions are obtained up to the first order and
then used to derive the numerical results. The results reveal that the approximate
solutions up to first order agree with those published in the literatures using
an implicit finite-difference method [6] at a short range of the thermophoresis
parameter. In order to obtain accurate numerical results in a wider range for this
thermophoresis parameter, the second order solution should be added. The main
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conclusion here is that the perturbation method can be used with highly trust to
investigate similar problems.
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Figure 1: Effect of Nt and Nb on temperature distribution for specified parame-
ters.

Pr=10, 
Le=10, 
Nt=0.1

Nb=0.1, 0.3, 0.5

0.5 1.0 1.5 2.0
h

0.2

0.4

0.6

0.8

1.0

f

Figure 2: Effect of Nb on concentration distribution for specified parameters.
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Figure 3: Effect of Le number on concentration profiles for selected parameters.


