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1 Introduction

The first definition of fuzzy graph was proposed by Kaufmann [2] using fuzzy

relation introduced by Zadeh [9]. In 1975, A. Rosenfeld [7] introduced an

elaborate definition of fuzzy graphs including fuzzy vertex and fuzzy edges.

The first definition of intuitionistic fuzzy graph was proposed by Atanassov

[1]. In Ramakrishna P.V and Vaidyanathan M [6] introduced the notion of

f−morphism in fuzzy graphs.

In our previous paper we establish the non-existence of strong regular fuzzy

graph on Km,n, the complete bipartite graph with m �= n and we establish the

necessary and sufficient condition for Km,n to be a strong regular fuzzy graph.

In this paper, we introduce the notion of f−morphism on intutionistic fuzzy

graphs and study their actiion on strong regular intutionistic fuzzy graphs, thus

combining the notion of intuitionistic fuzzy graphs with strong and regular

graphs, we arrive at the properties of isomorphism on strong regular intuition-

istic fuzzy graphs.

2 Preliminaries

Definition 2.1 A fuzzy graph G = (σ, μ) is a pair of functions σ : V → [0, 1]

and μ : V × V → [0, 1] with μ(u, v) ≤ σ(u) ∧ σ(v), ∀u, v ∈ V, where V is a

finite nonempty set and ∧ denote minimum.

Definition 2.2 The graph G∗ = (V, E) is called the underlying crispgraph of

the fuzzy graph G where

V = {u/σ(u) > 0} = Support of σ and

E = {(u, v) ∈ V × V/μ(u, v) > 0} = Support of μ.

Definition 2.3 A fuzzy graph G = (σ, μ) is defined to be strong fuzzy graph if

μ(u, v) = σ(u) ∧ σ(v), ∀(u, v) ∈ E. G is defined to be complete fuzzy graph if

μ(u, v) = σ(u) ∧ σ(v), ∀ u, v ∈ V.

Definition 2.4 Let G = (σ, μ) be a fuzzy graph on G∗ = (V, E). The fuzzy

degree of a node u ∈ V is defined as (fd)(u) =
∑

u �=v,v∈V μ(u, v). G is said

to be regular fuzzy graph if each vertex has same fuzzy degree. It is said to be

k−regular fuzzy graph if (fd)(v) = k, ∀v ∈ V.

Definition 2.5 The complement of a fuzzy graph G = (σ, μ) is defined as the

fuzzy graph G = (σ, μ) where σ = σ and μ(u, v) = σ(u)∧σ(v)−μ(u, v), ∀u, v ∈
V.

A node u is said to be an isolated node of a fuzzy graph if μ(u, v) = 0, ∀u �=
v.
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Definition 2.6

1. A coweek isomorphsm from G1 to G2 is a map h : V1 → V2 which is

bijective homomorphism that satisfies μ1(u, v) = μ2(h(u), h(v)), ∀u, v ∈
V.

2. A week isomorphsm from G1 to G2 is a map h : V1 → V2 which is bijective

homomorphism that satisfies σ1(u) = σ2(h(u)), ∀u ∈ V.

Definition 2.7 Let G1 = (σ1, μ1) and G2 = (σ2, μ2) be two fuzzy graphs on

(V1, E1) and (V2, E2) respectively.

A bijective function f : V1 → V2 is called a fuzzymorphism or fmorphism if

there exists a positive real number k1 and k2 such that

1. σ2(f(u)) = k1σ1(u), ∀u ∈ V1.

2. μ2(f(u), f(v)) = k2μ1(u, v), ∀u, v ∈ V1.

In such cases f will be called a (k1, k2)f morphism from G1 to G2. If k1 =

k2 = k, then we call f a k−morphism.

When k = 1, we obtain our usual fuzzy isomorphism.

Definition 2.8 An intuitiionistic fuzzy graph is of the form G = (σ, μ, γ, χ)

on (V, E) where

1. V = {v1, v2, · · · , vn} such that σ : V → [0, 1] and γ : V → [0, 1] denote

the degree of membership and nonmembership of vertices of V respectively

such that 0 ≤ σ(vi) + γ(vi) ≤ 1 ∀vi ∈ V.

2. E ⊆ V × V where μ : V × V → [0, 1] and χ : V × V → [0, 1] are

membership and non-membership functions of edges in E respectively

such that μ(vi, vj) ≤ min {σ(vi), σ(vj)} , χ(vi, vj) ≤ max {γ(vi), γ(vj)}
and 0 ≤ μ(vi, vj) + χ(vi, vj) ≤ 1 for every edge (vi, vj) in E.

Definition 2.9 The intuitionistic fuzzy graph is said to be strong if

μ(vi, vj) = min {σ(vi), σ(vj)} , χ(vi, vj) = max {γ(vi), γ(vj)} , ∀(vi, vj) ∈
E.

Definition 2.10 The IFG is said to be regular if
∑

vj ,vi �=vj
μ(vi, vj) = constant

and
∑

vj ,vi �=vj
χ(vi, vj) = constant, ∀vi ∈ V.
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Example 2.11 Let G = (V, E) where V = {v, w, x, y} and E =

{(v, w), (w, x), (x, y), (y, v)}
σ(v) = 0.2, σ(w) = 0.2, σ(x) = 0.3, σ(y) = 0.4

γ(v) = 0.5, γ(w) = 0.4, γ(x) = 0.3, γ(y) = 0.2.

μ(v, w) = 0.1, μ(w, x) = 0.2, μ(x, y) = 0.1, μ(y, x) = 0.2

χ(v, w) = 0.4, χ(w, x) = 0.3, χ(x, y) = 0.4, χ(y, v) = 0.3

Then G is regular intuitionistic fuzzy graph.

Definition 2.12 The IFG G is called strong regular if G = (V, E) where

1. μ(vi, vj) = min {σ(vi), σ(vj)} and

χ(vi, vj) = max {γ(vi), γ(vj)} , ∀(vi, vj) ∈ E.

2.
∑

vj ,vi �=vj
μ(vi, vj) = constant and

∑
vj ,vi �=vj

χ(vi, vj) = constant.

Example 2.13 Let G = (V, E) where V = {v, w, x, y} and

E = {(v, w), (w, x), (x, y), (y, v)}
σ(v) = 0.2, σ(w) = 0.2, σ(x) = 0.3, σ(y) = 0.2

γ(v) = 0.1, γ(w) = 0.3, γ(x) = 0.1, γ(y) = 0.3.

μ(v, w) = 0.2, μ(w, x) = 0.2, μ(x, y) = 0.2, μ(y, x) = 0.2

χ(v, w) = 0.3, χ(w, x) = 0.3, χ(x, y) = 0.3, χ(y, v) = 0.3

Then G is strong regular intuitionistic fuzzy graph.

Definition 2.14 The complement of an IFG G = (V, E) is an IFG G = (V , E)

where

1. V = V

2. σ = σ and γ = γ

3. μ(u, v) = σ(u) ∧ σ(v) − μ(u, v)and χ(u, v) = γ(u) ∧ γ(v) − χ(u, v).

3 Regularity on isomorphic IFG

Definition 3.1 Let G1 andG2 be two intuitionistic fuzzy graphs on (V,1 , E1)

and (V2, E2) respectively. A bijective function f : V1 → V2 is called intuitionis-

tic fuzzy morphism or intuitionistic f morphism if there exists positive numbers

k1 and k2 such that

1. σ2(f(u)) = k1σ1(u) and γ2(f(u)) = k1γ1(u), ∀u ∈ V1.

2. μ2(f(u), f(v)) = k2μ1(u, v) and χ2(f(u), f(v)) = k2χ1(u, v), ∀(u, v) ∈
E1.
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In such a case, f will be called a (k1, k2) intuitionistic f morphism from G1

to G2.

If k1 = k2 = k, we call f, a intuitionistic fuzzy k morphism.

When k = 1 we obtain usual intuitionistic fuzzy isomorphism.

Notation Let G1 = (σ1, μ1, γ1, χ1), G2 = (σ2, μ2, γ2, χ2), G3 =

(σ3, μ3, γ3, χ3) be three IFG’s on (V1, E1), (V2, E2) and (V3, E3) respectively.

σ1, σ2, σ3 denote membership functions of the vertices in G1, G2, G3 respec-

tively; γ1, γ2, γ3 denote non-membership functions of the vertices in G1, G2, G3

respectively; μ1, μ2, μ3 denote membership functions of the edges in G1, G2, G3

respectively; χ1, χ2, χ3 denote non-membership functions of the edges in

G1, G2, G3 respectively.

Theorem 3.2 The relation f−morphic is an equivalence relation in the col-

lection of intuitionistic fuzzy graphs.

Proof Consider the collection of IFG’s.

Define the relation G1 ≈ G2 if there exists a (k1, k2) f morphism from G1

to G2 where both k1 and k2 are non-zero.

Consider the identity morphism from G1 to G1. It is a (1, 1) morphism from

G1 to G1 and hence ≈ is reflexive.

Let G1 ≈ G2. Then there exists a (k1, k2) morphism from G1 to G2 for

some non-zero k1 and k2.

Thereforeσ2(f(u)) = k1σ(u) , γ2(f(u)) = k1γ1(u) ∀u ∈ V1 and

μ2(f(u), f(v)) = k2μ1(u, v) and χ2(f(u), f(v)) = k2χ1(u, v), ∀(u, v) ∈ E1.

Consider f−1 : G2 → G1. Let x, y ∈ V2.

Since f−1 is bijective, x = f(u), y = f(v), for some u, v ∈ V2.

Now, σ1(f
−1(x)) = σ1(f

−1(f(u)) = σ1(u) = 1
k1

σ2(f(u)) = 1
k1

σ2(x).

γ1(f
−1(x)) = γ1(f

−1(f(u)) = γ1(u) = 1
k1

γ2(f(u)) = 1
k1

γ2(x).

μ1(f
−1(x), f−1(y)) = μ1(f

−1(f(u), f−1(f(v))) = μ1(u, v) =
1
k2

μ2(f(u), f(v)) = 1
k2

μ2(x, y).

χ1(f
−1(x), f−1(y)) = χ1(f

−1(f(u), f−1(f(v))) = χ1(u, v) =
1
k2

χ2(f(u), f(v)) = 1
k2

χ2(x, y).

Thus there exists ( 1
k1

, 1
k2

) morphism from G2 to G1.

Therefore G2 ≈ G1 and hence ≈ is symmetric.

Let G1 ≈ G2 and G2 ≈ G3.

Then there exists a (k1, k2) morphism from G1 to G2 say f for some non-

zero k1 and k2 and there exists (k3, k4) morphism from G2 to G3 say g for some

non-zero k3 and k4.

So, σ3(g(x)) = k3σ2(x) and γ3(g(x)) = k3γ2(x), ∀x ∈ V2 and

μ3(g(x), g(y)) = k4μ2(x, y) and χ3(g(x), g(y)) = k4χ2(x, y), ∀(x, y) ∈ E2.
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Let h = g ◦ f : G1 → G3. Now

σ3(h(u)) = σ3((g ◦ f)(u)) = σ3(g(f(u))

= k3σ3(f(u))

= k3k1σ1(u)

γ3(h(u)) = γ3((g ◦ f)(u)) = γ3(g(f(u))

= k3γ2(f(u))

= k3k1γ1(u)

μ3(h(u), h(v)) = μ3((g ◦ f)(u), (g ◦ f)(v)) = μ3(g(f(u), g(f(v))

= k4μ2(f(u), f(v))

= k4k2μ1(u, v)

χ3(h(u), h(v)) = χ3((g ◦ f)(u), (g ◦ f)(v)) = χ3(g(f(u), g(f(v))

= k4χ2(f(u), f(v))

= k4k2χ1(u, v)

Thus there exists (k3k1, k4k2) morphism h from G1 to G3.

Therefore G1 ≈ G2 and hence ≈ is transitive.

So, the relation f−morphic is an equivalence relation in the collection of

IFG’s.

Theorem 3.3 Let G1 and G2 be two IFG’s such that G1 is (k1, k2) intuition-

istic fuzzy morphic to G2 for some non-zero k1 and k2. The image of strong

edge in G1 is strong edge in G2 if and only if k1 = k2.

Proof Let (u, v) be strong edge in G1 such that f(u), f(v) is also strong edge

in G2.

Now, as G1 ≈ G2

k2μ1(u, v) = μ2(f(u), f(v)) = σ2(f(u) ∧ σ2(f(v))

= k1σ1(u) ∧ k1σ1(v)

= k1μ1(u, v) ∀u ∈ V1.

Hence

k2μ1(u, v) = k1μ1(u, v) ∀u ∈ V1. (3.1)
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k2χ1(u, v) = χ2(f(u), f(v)) = γ2(f(u) ∨ γ2(f(v))

= k1γ1(u) ∨ k1γ1(v)

= k1χ1(u, v) ∀u ∈ V1.

Hence

k2χ1(u, v) = k1χ1(u, v) ∀u ∈ V1. (3.2)

Equations 3.1 and 3.2 holds if and only if k1 = k2.

Corollary 3.4 Let G1 and G2 be two IFG’s. Let G1 be (k1, k2) intuitionistic

fuzzy morphic to G2. Let G1 be strong. Then G2 is strong if and only if k1 = k2.

Theorem 3.5 If an IFG G1 is coweak isomorphic to G2 and if G! is regular

then G2 is regular.

Proof As IFG G1 is coweak isomorphic to IFG G2, there exists a coweak

isomorphism h : G1 → G2 which is bijective that satisfies

σ1(u) ≤ σ2(h(u)) and γ1(u) ≤ γ2(h(u)).It also satisfies

μ1(u, v) = μ2(h(u), h(v)) and χ1(u, v) = χ2(h(u), h(v)), ∀u, v ∈ V1.

As G1 is regular, for u ∈ V,
∑

u �=v,v∈V1
μ1(u, v) = constant and

∑
u �=v,v∈V1

γ1(u, v) = constant.

Now
∑

h(u) �=h(v) μ2(h(u), h(v)) =
∑

u �=v,v∈V1
μ1(u, v) = constant.

and
∑

h(u) �=h(v) χ2(h(u), h(v)) =
∑

u �=v,v∈V1
χ1(u, v) = constant.

Therefore G2 is regular.

Corollary 3.6 If an IFG G1 is coweak isomorphic to G2 and if G1 is strong,

then G2 need not be strong.

Theorem 3.7 Let G1 and G2 be two IFG’s. If G1 is weak isomorphic to G2

and if G1 is strong then G2 is strong.

Proof As an IFG G1 be weak isomorphic with an IFG G2, there ex-

ists a weak isomorphism h : G1 → G2 which is bijective that satisfies

σ1(u) = σ2(h(u)), γ1(u) = γ2(h(u)), μ1(u, v) ≤ μ2(h(u), h(v)), χ1(u, v) ≤
χ2(h(u), h(v)).

As G1 is strong, μ1(u, v) = min {σ1(u), σ1(v)} and

χ1(u, v) = max {γ1(u), γ1(v)}
Now

μ2(h(u), h(v)) ≥ μ1(u, v) = min {σ1(u), σ1(v)}

= min {σ2(h(u), σ2(h(v)}
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But by definition, μ2(h(u), h(v)) ≤ min {σ2(h(u), σ2(h(v)} .

Therefore, μ2(h(u), h(v)) = min {σ2(h(u), σ2(h(v))}
Similarly,

χ2(h(u), h(v)) ≥ χ1(u, v) = max {γ1(u), γ(v))}

= max {γ2(h(u)), γ2(h(v))}

But by definition, χ2(h(u), h(v)) ≤ max {γ2(u), γ2(v)} .

Therefore, χ2(h(u), h(v)) = max {γ2(h(u), γ2(h(v))}
Thus G2 is strong.

Corollary 3.8 Let G1 and G2 be two IFG’s. If G1 is weak isomorphic to G2

and if G1 is regular, then G2 need not be regular.

Theorem 3.9 If the IFG G1 is coweak isomorphic with a strong regular IFG

G2, then G1 is strong regular fuzzy graph.

Proof As IFG G1 is coweak isomorphic with an IFG G2, there exists a coweak

isomorphism h : G1 → G2 which is bijective that satisfies σ1(u) ≤ σ2(h(u))

and γ1(u) ≤ γ2(h(u))

μ1(u, v) = μ2(h(u), h(v)) and χ1(u, v) = χ2(h(u), h(v)), ∀u, v ∈ V1.

Now

μ1(u, v) = μ2(h(u), h(v)) = min {σ2(h(u)), σ2(h(v))}

≥ min {σ1(u), σ1(v)}

χ1(u, v) = χ2(h(u), h(v)) = max {γ2(h(u)), γ2(h(v))}

≥ max {γ1(u), γ1(v)}

But by definition,

μ1(u, v) ≤ min {σ1(u), σ1(v)} and χ1(u, v) ≤ max {γ1(u), γ1(v)}
Therefore, μ1(u, v) = min {σ1(u), σ1(v)} and χ1(u, v) = max {γ1(u), γ1(v)}
Therefore G1 is strong.

Also for u ∈ V1,
∑

u �=v,v∈V1
μ1(u, v) =

∑
μ2(h(u), h(v)) = constant as G2 is

regular.

and
∑

u �=v χ1(u, v) =
∑

χ2(h(u), h(v)) = constant as G2 is regular.

Therefore G1 is regular.
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Theorem 3.10 Let G! and G2 be two isomorphic intuitionistic fuzzy graphs.

Then G1 is strong regular if and only if G2 is strong regular.

Proof As an IFG G1 is isomorphic with IFG G2, there exists an isomor-

phism h : G1 → G2 which is bijective and satisfies σ1(u) = σ2(h(u)) and

γ1(u) = γ2(h(u)), ∀u ∈ V1 and μ1(u, v) = μ2(h(u), h(v)) and χ1(u, v) =

χ2(h(u), h(v)), ∀(u, v) ∈ E1.

Now, G1 is strong if and only if μ1(u, v) = min {σ1(u), σ1(v)} and

χ1(u, v) = max {γ1(u), γ1(v)}
if and only if μ2(h(u), h(v)) = min {σ2(h(u)), σ2(h(v))} and

χ2(h(u), h(v)) = max {γ2(h(u)), γ2(h(v))}
if and only if G2 is strong.

G1 is regular if and only if
∑

u �=v,v∈V1
μ1(u, v) = constant for all u ∈ V1 and

∑
u �=v,v∈V1

χ1(u, v) = constant for all u ∈ V1.

if and only if
∑

h(u) �=h(v),h(v)∈V2
μ2(h(u), h(v)) = constant and

∑
h(u) �=h(v),h(v)∈V2

χ2(h(u), h(v)) = constant for all h(u) ∈ V2.

if and only if G2 is regular.

Theorem 3.11 An IFG G1 is strong regular if and only if its complement IFG

G is also isolated regular IFG.

Proof The complement IFG is defined as σ1 = σ1, γ1 = γ1 and μ(u, v) =

σ(u) ∧ σ(v) − μ(u, v) and χ(u, v) = γ1(u) ∨ γ1(v) − χ(u, v).

G is strong regular if and only if μ(u, v) = min {σ(u), σ(v)} and χ(u, v) =

max {γ(u), γ(v)}
if and only if μ(u, v) = σ(u) ∧ σ(v) − μ(u, v) = μ(u, v) − μ(u, v) = 0

and χ(u, v) = γ1(u) ∨ γ1(v) − χ(u, v) = χ(u, v) − χ(u, v) = 0.

if and only if
∑

μ(u, v) = 0 and
∑

χ(u, v) = 0.

if and only if G is isolated regular IFG.
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