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Abstract

In this paper we consider the estimation of R = P (Y < X) when the random
variables X and Y have two-parameter Burr type X or Generalized Rayleigh dis-
tribution (GRD) and the scale parameters are not equal.
Assuming X ∼ GR(α, λ) and Y ∼ GR(β, δ) are independently distributed and λ �= δ
, we obtain the maximum likelihood estimations of parameters with simple itera-
tive procedure for several values of parameters and calculate the MLE of R with
Simpson integration using Maple codes. Furthermore, to compare with the Surles
and Padgett estimations, we also calculate the estimations by their procedures in
cases in which the values of scale parameters, δ and λ , are equal.
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1 Introduction

Burr (1942) introduced twelve different forms of cumulative distribution functions for
modeling lifetime data or survival data. Out of those twelve distributions, Burr type X
and Burr type XII have received the foremost attention. Several authors have consid-
ered different aspects of those two distributions, see for example [1], [3], [5] - [11]. For
an excellent review of these distributions, the readers are referred to Johnson, Kotz and
Balakrishnan [4].
Recently, Surles and Pudgett [9] have introduced the scaled Burr type X distribution and
named it correctly as the generalized rayleigh distribution. Note that the two-parameter
generalized rayleigh distribution is a particular member of the generalized weibull distri-
bution, originally proposed by Mudholkar and Srivastsva (1993).
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The generalized rayleigh distribution has the following distribution function for X > o ;

F (x; α, λ) = (1 − e−λx2

)α; α > 0, λ > 0

Therefore, the GRD has the density function for X > 0 as;

f(x; α, λ) = 2αλxe−λx2

(1 − e−λx2

)α−1; x > 0, α, λ > 0

Here λ and α are the scale and shape parameters respectively.
The main aim of this paper is to focus on the inference of P (Y < X) where X ∼
GR(α, λ) and Y ∼ GR(β, δ) are independently distributed. The estimation of R is
a very common problem in the statistical literature. The reliability of an item or a
product is becoming the top priority for the third millennium and technically sophisticated
customer. Manufacturers and all other producing entities are sharpening their tools to
satisfy that customer. Estimation of that reliability has become a concern for many
quality professionals and statisticians.
When Y represents the random value of a stress to which a device will be subjected in
service, and X represents the strength that varies from item to item in the population of
devices, then the reliability R is P (Y < X), i.e. the probability that a randomly selected
device functions successfully. Different distributions have been assumed for the random
variables X and Y . Downton (1973), and Church and Harris (1970) have discussed the
estimation of R in the Normal and Gamma cases respectively. The estimation of R in the
Burr type X model has been referred to in the literature by Awad and Gharraf (1986), who
provided a simulation study which compared three estimates for R = P (Y < X). Those
estimators are: the minimum variance unbiased, the maximum likelihood, and Bayes
estimators. Ahmad, Fakhry and Jaheen (1997), dealt with the estimation of R in the Burr
X case, when maximum likelihood, Bayes and empirical techniques were used. Surles and
Pudgett (1998) addressed the inference on R, some properties of Burr X distribution were
reviewed, and the existing and new results on estimation of R were discussed. Raqab and
Kundu (2005) have discussed the comparison of different estimations of R for a scaled Burr
X or generalized rayleigh model, when the scale parameters are equal, i.e. X ∼ GR(α, λ)
and Y ∼ GR(β, λ), but none of the references has discussed the inference of R in scaled
Burr X model when the scale parameters are not equal. In this paper we consider this
case and use Simpson integration to solve the integral in P (Y < X) , since in this case
there is not a closed form solution for

∫ ∫
f(x, y)dydx in terms of the parameters. We use

the Maple software to obtain the values of R for several values of parameters α, λ, β, δ. In
addition, we generate 1000 random samples of size 20 in any combinations of parameter
values and use the simple iterative method to obtain the MLEs of parameters and then
calculate the MLE of R. table 1 shows some results of these computations.
For comparison purposes, we calculate the maximum likelihood estimations of R, α, λ
and β with respect to the Surles and Padgett procedure, for cases in which the scale
parameters λ and δ are equal. Some results are illustrated in table 2.
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2 The Maximum Likelihood Estimators of Parame-

ters

In this section, we consider the maximum likelihood estimators of parameters of of
GR(α, λ). We consider the case when both α and λ are unknown. Let X1, ..., Xn be
a random sample of size n from GR(α, λ), then the log-likelihood function L(α, λ) can be
written as:

L(α, λ) = −nln2 + nlnα + nlnλ +

n∑
i=1

lnxi − λ

n∑
i=1

x2
i + (α − 1)ln(1 − e−λx2

i ) (1)

By taking the derivatives with respect to α and λ and equating the results to zero, the
normal equations become:

∂L

∂α
=

n

α
+

n∑
i=1

ln(1 − e−λx2
i ) = 0 (2)

∂L

∂λ
=

n

λ
−

n∑
i=1

x2
i + (α − 1)

n∑
i=1

x2
i e

−λx2
i

1 − e−λx2
i

= 0 (3)

From (2), we obtain the MLE of α as a function of λ, say α̂(λ), as:

α̂(λ) = − n∑n
i=1 ln(1 − e−λx2

i )
(4)

Substituting α̂(λ) in (1), we obtain the profile log-likelihood of λ as

g(λ) = L(α̂(λ), λ) = c − nln(−
n∑

i=1

ln(1 − e−λx2
i )) + nlnλ − λ

n∑
i=1

x2
i −

n∑
i=1

ln(1 − e−λx2
i )

(5)

Therefore the MLE of λ, say λ̂mle, can be obtained by maximizing (5) with respect to λ.
It can be shown that the maximum of (5) can be obtained as a fixed point solution of the
following equation:

h(λ) = λ

where

h(λ) = n[
n∑

i=1

x2
i +

n∑
i=1

x2
i e

−λx2
i

1 − e−λx2
i

−
n

∑n
i=1

x2
i e−λx2

i

1−e−λx2
i∑n

i=1 ln(1 − e−λx2
i )

]−1



90 P. Fathipour, A. Abolhasani and H. Jabbari Khamnei

Very simple iterative procedure h(λ(j)) = λ(j+1), can be used, where λ(j) is the jth iterate.
The iterative procedure works very well. Once λ̂mle is obtained, the MLE of α, say α̂mle,
can be obtained from (2) as α̂mle = α̂(λ̂mle).
Note that, α̂mle and λ̂mle are not in explicit form. Further, it is not possible to obtain the
variances of α̂mle and λ̂mle.

3 Maximum Likelihood Estimation of R

The main aim of this paper is to focus on the inference of P (Y < X) where X ∼ GR(α, λ)
and Y ∼ GR(β, δ) are independently distributed and λ �= δ. Therefore,

R = P (Y < X) =

∫ ∞

0

∫ x

0

2αλxe−λx2

(1 − e−λx2

)α−12δβye−δy2

(1 − e−δy2

)β−1dydx

=

∫ ∞

0

2αλxe−λx2

(1 − e−λx2

)α−1(1 − e−δx2

)βdx

As be seen, it is not possible to obtain a closed form for R, when λ �= δ. Therefore,
we decided to compute the R by giving several values to parameters and solving the
obtained integral with Simpson integration in Maple software. For this aim, we considered
the values: 0.1, 0.3, 0.5, 0.7, 1, 1.5 and 2, for each of the parameters existed in integral.
Further, we calculated the MLEs of parameters for the same values, and used them to
obtain R̂(mle). Some results are shown in table 1. For comparison purposes, we computed
R̂(eq) , α̂(eq), λ̂(eq) and β̂(eq) - the MLEs of R, α, λ and β when the scale parameters
λ and δ are equal- by Surles and Padgett procedures and designated them in table 2.
From [9], for random samples X1, ..., Xn ∼ GR(α, λ) and Y1, ..., Ym ∼ GR(β, λ), these
estimators are of the following forms:

α̂eq =
−n∑n

i=1 ln(1 − e−λx2
i )

β̂eq =
−m∑m

j=1 ln(1 − e−λy2
j )

λ = h(λ) = (n + m)[
n∑n

i=1 ln(1 − e−λx2
i )

n∑
i=1

x2
i e

−λx2
i

1 − e−λx2
i

+
m∑m

j=1 ln(1 − e−λy2
j )

m∑
j=1

y2
je

−λy2
j

1 − e−λy2
j

+
n∑

i=1

x2
i

1 − e−λx2
i

+
m∑

j=1

y2
j

1 − e−λy2
j

]−1

R̂eq =
α̂eq

α̂eq + β̂eq
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4 Conclusion

When an integral can not be solved by algebraic methods, the use of numerical methods
such as the Simpson method seems reasonable. The bias values presented in table 1, all
less than 0.04, and the values of the Surles and Padgett estimators presented in table 2,
which are very close to the values of our estimators, show that our approach is a good
way.
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Table 1: R̂, R and Bias = R̂ − R respectively, for different values of λ, δ, β and α.

λ → 0.1 0.5 1 1.5
δ ↓

β → 0.5 1 1.5 0.5 1 1.5 0.5 1 1.5 0.5 1 1.5
α ↓

0.4939 0.3097 0.2288 0.2458 0.0850 0.0344 0.1747 0.0431 0.0126 0.1380 0.0266 0.0061
0.5 0.5000 0.3333 0.2500 0.2657 0.1045 0.0496 0.1931 0.0564 0.0203 0.1591 0.0386 0.0116

−0.0061 −0.0236 −0.0212 −0.0199 −0.0195 −0.0152 −0.0184 −0.0133 −0.0077 −0.0211 −0.0120 −0.0055
0.6747 0.4790 0.3889 0.3594 0.1496 0.0682 0.2575 0.7680 0.2530 0.2023 0.0474 0.0122

0.1 1 0.6667 0.5000 0.4000 0.3694 0.1667 0.0825 0.2703 0.0909 0.0352 0.2233 0.0625 0.0203
0.0080 −0.0210 −0.0111 −0.0100 −0.0171 −0.017 −0.0128 −0.0141 −0.0099 −0.021 −0.0151 −0.0081
0.7508 0.6071 0.4911 0.4255 0.1922 0.0910 0.3043 0.0988 0.0339 0.2459 0.0647 0.0181

1.5 0.7500 0.6000 0.5000 0.4287 0.2098 0.1128 0.3152 0.1154 0.0471 0.2609 0.0795 0.0272
0.0008 0.0071 −0.0089 −0.0032 −0.0176 −0.0218 −0.0109 −0.0166 −0.0132 −0.015 −0.0148 −0.0091
0.7506 0.6410 0.5872 0.4952 0.3265 0.2301 0.3762 0.1919 0.1234 0.3074 0.1303 0.0724

0.5 0.7343 0.6306 0.5713 0.5000 0.3333 0.2500 0.3905 0.2146 0.1372 0.3315 0.1587 0.0900
0.0163 0.0104 0.0159 −0.0048 −0.0068 −0.0199 −0.0143 −0.0227 −0.0138 −0.0241 −0.0284 −0.0176
0.9159 0.8547 0.8186 0.6857 0.4924 0.3722 0.5371 0.3224 0.2264 0.4422 0.2228 0.1363

0.5 1 0.8955 0.8333 0.7902 0.6667 0.4999 0.4000 0.5333 0.3333 0.2286 0.4571 0.2500 0.1524
0.0204 0.0214 0.0284 0.0190 −0.0075 −0.0278 0.0038 −0.0109 −0.0022 −0.0149 −0.0272 −0.0161
0.9649 0.9324 0.9114 0.7715 0.6021 0.5010 0.6233 0.4048 0.2960 0.5286 0.2956 0.1922

1.5 0.9503 0.9147 0.8872 0.7500 0.6000 0.5000 0.6106 0.4109 0.2950 0.5272 0.3116 0.1993
0.0146 0.0177 0.0242 0.0215 0.0021 0.0010 −0.0127 −0.0061 0.0010 −0.0014 −0.0160 −0.0071
0.8264 0.7458 0.6979 0.6119 0.4554 0.3686 0.5117 0.3294 0.2265 0.4257 0.2377 0.1479

0.5 0.8069 0.7297 0.6847 0.6095 0.4667 0.3893 0.5000 0.3333 0.2500 0.4351 0.2608 0.1795
−0.0168 0.0168 0.0132 0.0240 −0.0113 −0.0207 0.0117 −0.0039 0.0165 −0.0094 −0.0231 −0.0316
0.9587 0.9266 0.9042 0.7998 0.6717 0.5878 0.6795 0.5002 0.3726 0.5909 0.3845 0.2662

1 1 0.9436 0.9091 0.8846 0.7854 0.6667 0.5890 0.6667 0.5000 0.4000 0.5890 0.4000 0.2945
−0.0151 0.0175 0.0196 −0.0144 0.0050 −0.0012 0.0128 0.0002 −0.0274 0.0019 −0.0155 −0.0283
0.9876 0.9752 0.9660 0.8881 0.7930 0.7238 0.7786 0.5885 0.5006 0.6887 0.4903 0.3632

1.5 0.9797 0.9647 0.9529 0.8627 0.7714 0.7049 0.7500 0.6000 0.5000 0.6701 0.4883 0.3757
−0.0049 0.0070 0.0094 0.0254 0.0216 0.0189 0.0286 −0.0115 0.0006 0.0186 0.0020 −0.0125
0.8647 0.7982 0.7539 0.6846 0.5439 0.4579 0.5827 0.4097 0.3122 0.5082 0.3294 0.2210

0.5 0.8409 0.7767 0.7391 0.6684 0.5428 0.4728 0.5649 0.4109 0.3299 0.5000 0.3333 0.2500
0.0238 0.0215 0.0148 0.0162 0.0011 −0.0149 0.0178 −0.0012 −0.0177 0.0082 −0.0039 −0.0290
0.9742 0.9543 0.9364 0.8627 0.7653 0.6901 0.7707 0.6199 0.5126 0.6881 0.5126 0.3706

1.5 1 0.9613 0.9375 0.9204 0.8413 0.7500 0.6883 0.7392 0.6000 0.5117 0.6667 0.5000 0.4000
0.0129 0.0168 0.0160 0.0214 0.0153 0.0018 0.0315 0.0199 0.0009 0.0214 0.0126 −0.0294
0.9941 0.9879 0.9815 0.9369 0.8770 0.8213 0.8563 0.7354 0.6351 0.7840 0.6096 0.5105

1.5 0.9884 0.9797 0.9728 0.9099 0.8476 0.8007 0.8205 0.7005 0.6243 0.7500 0.6000 0.5000
0.0057 0.0082 0.0087 0.0270 0.0294 0.0206 0.0358 0.0299 0.0108 0.0340 0.0096 0.0105

Table 2: The values of R̂eq and R̂ for different values of parameters.

λ = δ = 0.1 λ = δ = 0.5 λ = δ = 1 λ = δ = 1.5
β → 0.5 1 1.5 0.5 1 1.5 0.5 1 1.5 0.5 1 1.5
α ↓
0.5 0.4959 0.3253 0.2464 0.4922 0.3347 0.2426 0.5069 0.3333 0.2365 0.5036 0.3321 0.2317

0.4939 0.3097 0.2288 0.4952 0.3265 0.2301 0.5117 0.3294 0.2265 0.5082 0.3294 0.2210
1 0.6643 0.4763 0.3963 0.6793 0.4929 0.3843 0.6695 0.4996 0.3797 0.6827 0.5149 0.3790

0.6747 0.4790 0.3889 0.6857 0.4924 0.3722 0.6795 0.5002 0.3726 0.6881 0.5126 0.3706
1.5 0.7401 0.6027 0.4973 0.7561 0.6013 0.5007 0.7678 0.5860 0.5054 0.7654 0.5976 0.5060

0.7508 0.6071 0.4911 0.7715 0.6021 0.5010 0.7786 0.5885 0.5006 0.7840 0.6096 0.5105


