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Abstract
In this paper, we study a non generic class of differential system,

where the tools proposed by Eric Benôıt ([1] or [7]) doesn’t prove any-
thing in the neighborhood of the critical points, so we describe the
foliations and obtain some results (existence of ducks-trajectories and
periodic trajectories) using Poincare’s sections.
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1 Introduction

Let us consider the family of one parameter of slow-fast vector field (Eε)
of R

3:

(Eε)

⎧⎨⎩
x′ = Q (x, y, z)
y′ = P (x, y, z)
εz = H (x, y, z)

(1)

With the following hypothesis:

H (x, y, z) = h1 (y, z)h2 (y, z) + εh(x, y, z). (2)

and

◦H (x, y, z) = h1 (y, z)h2 (y, z) (3)



4956 M. Hadadine and L. Belaib

Where ◦H means the shadow of H and h1, h2 standard functions verifying
in the neighborhood of critical points, the following conditions:

Jac(h1, h2) �= 0,
−−→
gradh1 =

−−→
gradh2

h′
1z = h′

2z

The fold is defined by the equation:

h1(y, z) = h2(y, z) = 0

The following changes of the standard variables:{
h1 = y − z
h2 = y + z

transform Eε (within coefficients near) to the system (I):

(Eε)

⎧⎨⎩
x′ = Q(x, y, z)
y′ = P (x, y, z)
εz = y2 − z2 + εh(x, y, z)

(I)

In general case, to proof the existence of these (ducks-trajectories) solutions
is difficult, so we will suppose in the neighborhood of the non stationary critical
points that the vector field Eε recovers on vertical plates, i.e. Eε is locally
reduced to a one-parameter family of slow-fast vector field of R

2:

∂z(y
2 − z2) = 0.

Remark 1 E0 is not a dynamical system since from a point of the x−axis
can cross two trajectories of E0 (see fig.1) except if axis is the set S0 of singular
points of E0.

Figure 1:
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2 Definition of E0 and its properties

In our case the trajectories of E0 are the increases in parametric curve (x(t), y(t))
drawn on slow-manifold V.L.

Remark 2 If the parametric curves (x(t), y(t)) pass through the x-axis (un-
less the x-axis is a trajectory of E0) or its tangent,so the points of intersec-
tion will be critical to E0, since they haven’t uniqueness of the positive semi-
trajectories.

Definition 2.1 1)we call fold the subset of the slow-manifold verifying

∂z

(
y2 − z2

)
= 0

(i.e) the x−axis
2)Pseudo-singularity (noted PPS): isolated point where ◦h, ∂z

◦h, and ∂y
◦h.◦P

are nul. So M0 belonging to the fold called Pseudo-singular if E0 is tangent on
M0 to the fold (the condition is that ◦P (M0) = 0).

3) Non Pseudo-singular point (PNPS): a point where Eε is transverse to
fold, is called pseudo non-singular (denoted by P.N.P.S), and the condition is
◦P (x, 0, 0) �= 0.

Hypothesis We suppose the existence of a standard neighbor of M0 in
plan (x, y) where ∂z(P/Q) ≡ 0 ∀(x, y) ∈ W if M0 is P.P.S; or ∂z(P/Q) ≡ 0
∀(x, y) ∈ W if M0 is P.N.P.S.

Properties
i) if Sε denotes than the location of stationary point of Eε and S0 that

of E0 then S0 ⊃ ◦Sε (◦S =st hal (S))S0 none other than the raising of the
singularities of w = ◦Pdx − ◦Qdy.
ii) Under the above assumptions and by recovery’s Theorem , there is a local
first integral Φ in W × R does not depend on z.
iii) The surface Sa of equation Φ (x, y) = a invariant by Eε.
Proof (of properties)
i) Let M be a standard point belonging to ◦Sε then Q(M), P (M) and H(M) =
y2 − z2 + εh(M) are IP: thus ◦Q(M) = ◦H(M) = 0 since Q, P, H are S1 then
M ∈ S0.
ii)Suppose M0 P.P.S (∂z(P/Q) ≡ 0 on W ) Eε is equivalent to⎧⎨⎩

x′ = 1
y′ = P/Q
εz = H

on W , The primitives P/Qdx − dy are primary integral, independent of z
above w.(see for example [2] or [3]).

iii) Is a consequence of ii).
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3 Generalities on trajectories shadows of Eε

Outside the halo of V.L(slow-manifold): Let M be a point outside the
halo of V.L (i.e. M is in a appreciable distance from V.L.) then the shadow
of the path of Eε through M is almost vertical in a standard neighborhood of
M ; it is a rapid phase of the movement.(see [1])

In the halo of V.L

Lemma 3.1 the shadow of a limited path γ(t) of Eε browsing the halo of
VL; for a limited time is a path-segment of E0.

Proof. It is a version of ”ombre courte lemma” (see [4] or [5])

Lemma 3.2 Any limited segment of path of E0 containing only points with
the uniqueness property of positive semi-trajectory is a shadow of a limited
segment of path of Eε.

Consequences:
i) The need to look at seems so apart from the paths of E0 containing the bend
point (the x−axis) that does not have the uniqueness property of the semi-
positive path.
ii) A singular point of the field Eε does not belong to the class of points enun-
ciated in i), and will not be considered.

4 Description of trajectories of Eε in the neigh-

borhood of non stationary point belonging

to fold).

Proposition 4.1 Let M0 be a non-stationary point belonging to the fold,
do not have the uniqueness propriety of the positive semi-trajectories.then there
is a local coordinate system (u, v, z) in W ×R, such as Eε boils down to a one-
parameter family of slow-fast vector fields of plan Sa under one of the forms:

(II)

⎧⎪⎨⎪⎩
a′ = 0
y′ = g (a, y, z)

εz = y2. − z2 + ε
�

h (a, y, z)

(III)

⎧⎪⎨⎪⎩
a′ = 0
x′ = f (a, x, z)

εz =
�

y (x, a)2 − z2 + ε
�

h (a, x, z)

Where ỹ is C∞ and S1 function, and f , g, h̃ are S1, f and g are of
constant sign.

Proof
Let M0(x0, 0, 0) a P.N.P.S.point, that means ◦P (x0, 0, 0) �= 0 ,then there exists
a neighborhood V0 of M0 such ∀(x, y) ∈ V0 {◦P (x, y, z) �= 0. denotes Sa the
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invariant surface containing M(x, y, z) defined by the equation Φ(x, y) = a the
fact that ◦P (M) �= 0 the family area {Sa}a is a foliation of the cylinder V0×R

which crosses the fold (x−axis) we remark that{
Φ′

x (x, y) = P (x, y, z)
Φ′

y (x, y) = −Q (x, y, z)

since Φ′
x (x, y) = P (x, y, z) �= 0 for all (x, y) in V0, by the implicit function’s

theorem, there are two intervals I and J of R,
�

x a S1and C∞ function from
J to I,where (x0, y0) ∈ I × J ⊂ V0 and such that : x =

�

x (y, a) for all

(x, y) ∈ I × J , and checking x0 =
�

x (0, a0) and Φ
(
�

x (y, a) , y
)

= a.

Let Ω = I × J× R, then Sa recovers by changes in local coordinates (a, y, z),

where a = Φ (x, y) and x =
�

x (y, a) .
finally Eε turns into (II) by assuming

g (a, y, z) = P
(
�

x (y, a) , y, z
)

. (4)

�

h (a, y, z) = H
(
�

x (y, a) , y, z
)

. (5)

by similar reasoning, we show in case 0Q (x0, 0, 0) �= 0 , (M0 PPS) that (I)
turns into (III)

Remark 3 If M0 is standard then I,J and
�

x are standard,this by the ”trans-
fer principle”.

we obtain a one parameter family {Ua}aof vector-field of plan Sa .

Survey of system (II) (in vicinity of P.N.P.S point.)
Let M0 be a standard point P.N.P.S, enunciate the following proposition:

Proposition 4.2 A necessary condition for that in the neighborhood of M0,
Eε admit ducks is that M0 is a solution of ◦h (M)+◦p(M) = 0. If moreover M0

is an isolated root of ◦h (M) + ◦p(M) then there exists a neighborhood [x−, x+]
of x0 such that any duck-solution passes into the halo of the fold with x = x0.

Proof
i) the system(II):

(Ua)

{
y′ = g (a, y, z)

εz′ = y2 − z2 + ε
∼
h (a, y, z)



4960 M. Hadadine and L. Belaib

is reduced by the lens y + z = εv , to the Va :

(Va)

{
y′ = g (a, y, εv − y)

εv′ = 2yv +
∼
h (◦a, y, εv − y) + g (◦a, y, εv − y) − εv2

the slow manifold Ca is defined by:

s (a, y, v) = 2yv + ◦�h (◦a, y,−y) + ◦g (◦a, y,−y) = 0.

the function h + g is almost independent of v since h, g and x are of class S1.
if h and g can be expanded in ε-shadows of order 0, i.e we can write(

◦h̃ + g
)

(a, y, εv − y) =
(
◦h̃ + ◦g

)
(◦a, y,−y) + εr (a, y, v)

where r is of class S1; then the field Va is elementary

(Va)

{
y′ = ◦g (◦a, y, εv − y) εv′ + εg1 (a, y, v)
εv′ = 2yv + (◦a, y,−y) + ◦g (◦a, y,−y) + ε (r (a, y, v)− v2)

g1 is a function of class S1 we will have a duck-path if the curve Ca has a point

of Morse on the v-axis;(i.e.) ∂vs(a, y, v) = 2y = 0 well
(
◦h̃ + ◦g

)
(◦a, 0, 0) = 0.

A curve H(x; y) = 0 presents a point of Morse M , if H
′
y(M) = H

′
z(M) = 0

and hess(H(M)) = (H”
y2 .H”

z2 − (H”
yz)

2)(M) ≺ 0

So for M0 it is necessary that
(
◦h̃ + ◦g

)
(◦a, 0, 0) = 0

ii) If M0 is an isolated zero of ◦h(M) + ◦P (M), we get the following different
phase plans {Sa}a:

Figure 2:
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The family {Va}a depends differentially of the parameter a, we apply the
intermediate value theorem to the continues function (input-output) a → v(a),
it allows us to infer the existence of an interval [a−, a+] containing a0 ,such
that every duck-value at the point M0 is equivalent to a0.

Knowing that x = x̃(y, a), if a 
 a0 =⇒ x ≈ x̃(y, a0), then there exists
an interval [x−, x+] containing x0 such that x = x̃(y, a) ≈ x0; so the surface
Sa is infinitely close to Sa0 in the halo of M0. In the coordinate (x, y, v) the
configuration is as follows:
the configuration is as follows:in the coordinate (x, y, v) (see fig a); in the
coordinate (x, y, z)(see fig b).

Figure 3:

Example( trivial): In which we are dealing with ducks is as follows:

(Eε)

⎧⎨⎩
x′ = Q(x, y, z)
y′ = P (x, y, z)
εz = y2 − z2 + εP (x, y, z)

The sheet z = −y is invariant by Eε.
The ducks-trajectories of E0 in this sheet (in fact those that pass through

P.N.P.S) are trivial ducks-trajectories of Eε.

Figure 4:
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Proposition 4.3 At a P.N.P.S point M0 in the plan Sa0 the quantity is((
◦h̃ + ◦g

)
◦g

)
(a0, 0, 0)  0, then M0 is a morse point with false-ducks ([10])

and the attractive curve of equation of the field U0 is positively stable for a = a0.

Proof. Let C1 : z = |y| , C2 : z = − |y|
Let the changes of coordinates: v = (z+y)

ε
, w = y − z

The corresponding field V
′
a of Ua is:

(V
′
a)

⎧⎨⎩ w′ =
[
g − h̃

] (
a, εv+w

2
, εv−w

2

) − vw

εv′ =
[
g + h̃

] (
a, εv+w

2
, εv−w

2

)
+ vw

the function
[
g + h̃

] (
a, εv+w

2
, εv−w

2

)
+ vw is of the class S1 the C.L (slow

-curve) given by the equation S (a, v, w) = ◦
[
g + h̃

] (◦a, w
2
, −w

2

)
+ vw. has two

branches C ′
1, C

′
2.The dynamic has the form :

Figure 5:

the shaded region (see fig5) between C ′
1 and C ′

2 represent the estuary source
of the false paths-ducks. by the way, we remark that the curve is positively
stable (in the sense that any trajectory arriving in the halo of C1doesn’t leave
it). schematic representation connecting the phases plan (y,z) and (w,z):

Remark 4 by the principle of permanence, C.L is covered in the phases-
plan (y,z) ,even out side the halo of the curve (z=-y) for an i.g (infinitely
large) time. there for the curve C ′

1 is lined for certain v i.g.; i.e that ex-

pression
[
g + h̃

] (
a, εv+w

2
, εv−w

2

)
+ vw ≈ 0 for some v i.g, so w is i.p since
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Figure 6:[
g + h̃

] (
a, εv+w

2
, εv−w

2

)
+ vw stay limited at least for some v i.g by the perma-

nence principle. we conclude that in the phase space (y, z) the trajectory not
late in the halo of (0, 0) join the halo of the second branch of the curve C1 and
at this moment we know destination of the trajectory.with respect the study of
the system Eε at a pps point the slow curve present a degenerated singularity
at the critical point M0. hess (ỹ2 (x, a) − z2) (a0, x0, 0) = −4 ỹ

′
x (x0, a0) is null;

It is a singularity of the slow-curve non isolated, so it’s still open problem.

5 Conclusion

In this part of the work, we present the essentials tools allows us to demonstrate
the existence of ducks solutions in a case where the slow manifold has a fold
degenerated. in the next paper we use these results to demonstrate the existence
of periodicals solutions (periodicals rivers) in a specific case.
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