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Abstract

It has been shown that seventh-order boundary value problem can be
transformed into a system of integral equations, which can be solved by
variational iteration technique. It is to be mentioned that, presently, the
literature on the numerical solutions of seventh order boundary value
problems and associated eigen value problems is not available. The
approximate results of the equations are obtained in terms of convergent
series with computable components. Two numerical examples have been
given to illustrate the efficiency and implementation of the method.
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1 Introduction

The theory of seventh order boundary value problems is not available in the

numerical analysis literature. These problems are generally arise in modelling

induction motors with two rotor circuits. The induction motor behavior is

represented by a fifth order differential equation model. This model contains

two stator state variables, two rotor state variables and one shaft speed. Nor-

mally, two more variables must be added to account for the effects of a second

rotor circuit representing deep bars, a starting cage or rotor distributed para-

meters. To avoid the computational burden of additional state variables when

additional rotor circuits are required, model is often limited to the fifth order

and rotor impedance is algebraically altered as function of rotor speed under
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the assumption that the frequency of rotor currents depends on rotor speed.

This approach is efficient for the steady state response with sinusoidal voltage,

but it does not hold up during the transient conditions, when rotor frequency

is not a single value. So, the behavior of such models show up in the seventh

order [7].

Presently, the literature on the numerical solutions of seventh order boundary

value problems and associated eigen value problems is not available. Siddiqi

and Ghazala [8, 9] presented the solutions of fifth and sixth order boundary

value problems using non-polynomial spline. Siddiqi and Twizell [14, 15, 16]

presented the solution of eighth, tenth and twelfth order boundary value prob-

lems using eighth, tenth and twelfth degree splines respectively.

In this paper, the variational iterational technique for the solution of seventh

order boundary value problem is presented following the variational iteration

technique for the solution of eight, tenth, eleventh and twelfth order boundary

value problems, developed by Siddiqi et al. [10, 11, 12, 13]. J. H. He [2, 3, 4, 5]

developed the variational iteration method for solving nonlinear initial and

boundary value problems as a modification of a general Lagrange multiplier

method considered by Inokuti et al. [6]. The method has attracted a great deal

of attention, notably, for solving easily and efficiently a number of linear and

nonlinear problems [2, 3, 4, 5, 6] with approximations converging rapidly to

exact solutions. It can be shown that seventh order boundary value problems

are equivalent to the system of integral equations using a suitable transforma-

tion. This alternative transformation plays a pivotal and fundamental role in

solving the seventh-order boundary value problems.

Consider the following seventh order boundary value problem

u(7) = f(x, u(x)), a ≤ x ≤ b,

u(i)(a) = Ai, i = 0, 1, 2, 3

u(j)(b) = Bj, j = 0, 1, 2





(1.1 )

where Ai, i = 0, 1, 2, 3 and Bj, j = 0, 1, 2 are finite real constants also

f(x, u(x)) is a continuous function on [a, b].

2 Analysis of the Variational Iteration Method

Consider the differential equation

Lu + Nu = f(x), (2.1 )

where L and N are linear and nonlinear operators respectively and f(x) is a

forcing term. Following the variational iteration technique used in [1, 2, 3, 4,
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5, 10], where a correct functional for Eq. (2.1 ) can be written as

un+1(x) = un(x) +
∫ x

0
λ(Lun(t)) + Nũn(t)− f(t))dt, (2.2 )

where λ is a Lagrange multiplier, which can be identified optimally via vari-

ational iteration method. It may be mentioned that the subscript n denotes

the nth approximation and ũn is considered to be a restricted variation which

means that δũn = 0.

Due to the exact identification of the Lagrange multiplier, the solution of the

linear problems can be determined in a single iteration step. The following sys-

tem of differential equations helps in understanding the variational iteration

method

u
′
i(t) = gi(t, xi), i = 1, 2, 3, ..., n, (2.3 )

with boundary conditions xi(0) = ci, i = 1, 2, 3, ..., n. The system (2.3 ) can

be rewritten as

u
′
i(t) = gi(t) + fi(t), i = 1, 2, 3, ..., n. (2.4 )

The correct functional for the nonlinear system (2.4 ) can be approximated as

x
(k+1)
1 (t) = x

(0)
1 (t) +

∫ t
x0

λ1(x
′(k)
1 (T )), g1(x̃

(k)
1 (T ), x̃

(k)
2 (T ), ..., x̃(k)

n (T ))− f1(T ))dT,

x
(k+1)
2 (t) = x

(0)
2 (t) +

∫ t
x0

λ2(x
′(k)
2 (T )), g2(x̃

(k)
1 (T ), x̃

(k)
2 (T ), ..., x̃(k)

n (T ))− f2(T ))dT,

...

x(k+1)
n (t) = x(0)

n (t) +
∫ t
x0

λn(x
′(k)
n (T )), gn(x̃

(k)
1 (T ), x̃

(k)
2 (T ), ..., x̃(k)

n (T ))− fn(T ))dT,





(2.5 )

where λi = ±1, i = 1, 2, 3, ..., n are Lagrange multipliers, while x̃1, x̃2, ..., x̃n

denote the restricted variations. Considering the initial guess values to be

xi(0) = ci, i = 1, 2, 3, ..., n, the final approximate solution can be written as,

xi(t) = limk→∞ xk
i (t) and can be terminated after suitable number of itera-

tions.

To implement the method, two numerical examples are considered in the fol-

lowing section.
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3 Numerical Examples

Example 3.1 Consider the following seventh order boundary value problem

u(7)(x) = u(x)− 7ex, 0 ≤ x ≤ 1,

u(0) = 1, u(1) = 0,

u(1)(0) = 0, u(1)(1) = −e,

u(2)(0) = −1, u(2)(1) = −2e,

u(3)(0) = −2.





(3.1 )

The exact solution of the problem 3.1 is

u(x) = (1− x)ex.

The given seventh order boundary value problem can be transformed with the

following system

du
dx

= p(x), dp
dx

= q(x),

dq
dx

= r(x), dr
dx

= s(x),

ds
dx

= v(x), dv
dx

= y(x),

dy
dx

= u(x)− 7ex,

with

u(0) = 1, p(0) = 0, q(0) = −1, r(0) = −2,

s(0) = A, v(0) = B, y(0) = C.





(3.2 )

The system of differential equations (3.2 ) can be written in terms of the

following system of integral equations with Lagrange multipliers λi = +1,
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i = 1, 2, 3, ..., 7, as

u(k+1)(x) = 1 +
∫ x
0 p(k)(t)dt,

p(k+1)(x) = 0 +
∫ x
0 q(k)(t)dt,

q(k+1)(x) = −1 +
∫ x
0 r(k)(t)dt,

r(k+1)(x) = −2 +
∫ x
0 s(k)(t)dt,

s(k+1)(x) = A +
∫ x
0 v(k)(t)dt,

v(k+1)(x) = B +
∫ x
0 y(k)(t)dt,

y(k+1)(x) = C +
∫ x
0 (u(t)− 7et)dt,

with

u(0)(0) = 1, p(0)(0) = 1, q(0)(0) = 1, r(0)(0) = 1,

s(0)(0) = A, v(0)(0) = B, y(0)(0) = C.





(3.3 )

Consequently, the variational iteration technique leads to the following approx-

imations

u(1)(x) = 1,

u(2)(x) = 1− x2

2
,

u(3)(x) = 1− x2

2
− x3

3
,

...

The series solution is given as

u(x) = 1− x2

2
− x3

3
+

Ax4

24
+

Bx5

120
+

Cx6

720
− x7

840
− x8

5760
− x9

45360
− x10

403200

+
(A− 7)x11

39916800
− (B − 7)x12

479001600
+

(C − 7)x13

6227020800
+ O(x14).

using the boundary conditions at x = 1, the coefficients A, B and C can be

obtained as

A = −3.0000000000125264, B = −3.999999999873768, C = −5.000000000395227.
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Finally, the series solution can be written as

u(x) = 1− x2

2
− x3

3
+
−3.x4

24
+
−3.99999x5

120
+
−5.x6

720
− x7

840
− x8

5760
− x9

45360
− x10

403200

+
(−10.)x11

39916800
− (−10.99999)x12

479001600
+

(−12.)x13

6227020800
+ O(x14).

The comparison of the exact solution with the series solution of the problem

3.1 is given in Table 1, which shows that the method is quite efficient. Figure

1 also endorses the efficiency of the method.

Example 3.2 Consider the following seventh order nonlinear boundary value

problem

u(7)(x) = e−xu2(x), 0 < x < 1,

u(0) = u(1)(0) = u(2)(0) = u(3)(0) = 1,

u(1) = u(1)(1) = u(2)(1) = e.




(3.4 )

The exact solution of the problem 3.2 is

u(x) = ex.

The given seventh order boundary value problem can be transformed with the

following system

du
dx

= p(x), dp
dx

= q(x),

dq
dx

= r(x), dr
dx

= s(x),

ds
dx

= v(x), dv
dx

= y(x),

dy
dx

= e−xu2(x),

with

u(0) = 1, p(0) = 1, q(0) = 1, r(0) = 1,

s(0) = A, v(0) = B, y(0) = C.





(3.5 )

The system of differential equations (3.5 ) can be written in terms of the

following system of integral equations with Lagrange multipliers λi = +1,
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i = 1, 2, 3, ..., 7, as

u(k+1)(x) = 1 +
∫ x
0 p(k)(t)dt,

p(k+1)(x) = 1 +
∫ x
0 q(k)(t)dt,

q(k+1)(x) = 1 +
∫ x
0 r(k)(t)dt,

r(k+1)(x) = 1 +
∫ x
0 s(k)(t)dt,

s(k+1)(x) = A +
∫ x
0 v(k)(t)dt,

v(k+1)(x) = B +
∫ x
0 y(k)(t)dt,

y(k+1)(x) = C +
∫ x
0 e−tu2(t)dt,

with

u(0)(0) = 1, p(0)(0) = 1, q(0)(0) = 1, r(0)(0) = 1,

s(0)(0) = A, v(0)(0) = B, y(0)(0) = C.





(3.6 )

Consequently, the variational iteration technique leads to the following approx-

imations

u(1)(x) = 1 + x,

u(2)(x) = 1 + x + x2

2
,

u(3)(x) = 1 + x + x2

2
+ x3

6
,

...

The series solution is given as

u(x) = 1 + x +
x2

2
+

x3

6
+

Ax4

24
+

Bx5

120
+

Cx6

720
+

x7

5040
+

x8

40320
+

x9

362880
+

x10

3628800

+
(2A− 1)x11

39916800
− x12

479001600
− x13

6227020800
+ O(x14).

using the boundary conditions at x = 1, the coefficients A, B and C can be

obtained as

A = 1.0000023410747971, B = 0.9999732900859826, C = 1.0000932820081587.

Finally, the series solution can be written as

u(x) = 1 + x +
x2

2
+

x3

6
+

(1.000002)x4

24
+

(0.999973)x5

120
+

(1.000093)x6

720
+

x7

5040
+

x8

40320
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Figure 1: Comparison of the approxi-

mate solution with the exact solution

for problem 3.1. Dotted line: approxi-

mate solution, solid line: the exact so-

lution.
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Figure 2: Comparison of the approxi-

mate solution with the exact solution

for problem 3.2. Dotted line: approxi-

mate solution, solid line: the exact so-

lution.

+
x9

362880
+

x10

3628800
+

(1.000004)x11

39916800
− x12

479001600
− x13

6227020800
+ O(x14).

The comparison of the exact solution with the series solution of the problem

3.2 is given in Table 2, which shows that the method is quite efficient. Figure

2 also endorses the efficiency of the method.

Conclusion In this paper, the variational iteration technique has been ap-

plied to obtain the numerical solutions of linear and nonlinear seventh order

boundary value problems. The given problem has been transformed into sys-

tem of seven simultaneous first order differential equations, which leads to the

system of integral equations. The numerical examples show the high degree

of efficiency of the method. The results show that the method gives rapidly

converging series solutions in both linear and nonlinear cases. The method for

the solution of similar problems that arise in physical and engineering sciences

are under consideration.
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