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Abstract

In this paper, a numerical method is developed for solving a system of
fourth order boundary value problem associated with obstacle, contact
and unilateral problems. It is shown that the Quintic B-spline method
is very effective tool and yields better results. Numerical examples are
presented to illustrate the applicability of the new method.
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1 Introduction

For studying the contact, unilateral, obstacle and equilibrium problems arising

in different branches of pure and applied sciences, variational inequality theory

has become an effective and powerful tool. Variational inequality theory has

proved to be immensely useful in the study of many branches of mathematical

and engineering sciences. Penalty methods and projection methods have been

developed for the solution of general variational inequalities(see[1-4, 6, 8-10,

12, 14, 19]). The projection methods are not supposed to be suitable as in

projection methods, the projection is needed, which is difficult to be obtained.

The penalty methods are inefficient as in these methods, instability is created.

However, the general variational inequalities can be characterized by a system

of differential equations using the penalty function technique, if the obstacle

function is known. This technique was used by Lewy and Stampacchia [8]

to study the regularity of the solution of variational inequalities. The main

advantage of this technique is its simple applicability in solving obstacle and
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unilateral problems. This technique has been used for solving fourth order sys-

tem of differential equations associated with obstacle and unilateral problems

by finite difference and quintic spline methods [1, 2, 19].

Noor and Tirmizi [10] solved the system of second order boundary value prob-

lems using pade approximation. Al-Said [4] developed the method for the solu-

tion of system of second order boundary value problems using cubic spline. It

is claimed that the method can be considered as an improvement for the cubic

spline method developed in [3]. Gao and Chi [6] solved a system of third-order

boundary value problems associated with third-order obstacle problems using

the quartic B-splines and the method is claimed to be of second order.

Usmani [15], developed the method of the solution of fourth order bound-

ary value problem, considering it to be the problem of bending a rectangular

clamped beam of length l resting on an elastic foundation. The vertical de-

flection w of the beam satisfies the system[
L +

(
K
D

)]
w = D−1q(x),

w(0) = w(l) = w′(0) = w′(l) = 0,

}
(1.1 )

where L ≡ d4

dx4 , D is the flexural rigidity of the beam, K is the spring constant

of the elastic foundation and the load q(x) acts vertically downwards per unit

length of the beam.

Usmani [16], developed the discrete methods for the solution of fourth or-

der linear special case boundary value problem, similar to the problem (1.1)

with the change in boundary conditions in terms of second order derivatives

instead of first order derivatives. Twizell and Tirmizi [5] developed and anal-

ysed a sixth-order method for the numerical solution of the linear fourth-order

boundary value problem for which the boundary conditions are given in terms

of functional values and (i) first-order derivatives (the clamped-clamped beam

problem) or (ii) second-order derivatives (the simple-simple beam problem).

Papamichael and Worsey [13] developed the cubic spline method for the solu-

tion of problem (1.1). Daele et al. [11] developed second order method for the

solution of fourth-order boundary value problem using non polynomial spline

which is mixture of mixed spline function consisting of cubic polynomial func-

tion and a trigonometric function. Siddiqi and Ghazala [17, 18] developed the

non polynomial spline technique for the solution of linear special case fifth and

eighth order boundary value problems, respectively. Siddiqi et al. [20] devel-

oped the method for the solution of linear special case fifth order boundary

value problems using the non polynomial sextic spline. The method is proved

to be fifth order convergent. Siddiqi et al. [21] presented the method for the

solution of sixth order boundary value problems using quintic spline. Ghazala

and Siddiqi [7] solved the sixth order linear special case boundary value prob-
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lems using non polynomial spline.

The following system of fourth order boundary value problems, is considered

y(4)(x) =

⎧⎪⎨
⎪⎩
f(x), a ≤ x ≤ c,

f(x) + y(x)g(x) + r, c ≤ x ≤ d,

f(x), d ≤ x ≤ b,

(1.2 )

along with the boundary conditions

y(a) = y(b) = α0, y′(a) = y′(b) = α1,

y(c) = y(d) = α2, y′(c) = y′(d) = α3,

}
(1.3 )

where r and αi, i = 0, 1, 2, 3 are finite real constants and the functions f(x)

and g(x) are continuous on [a, b] and [c, d], respectively. Such type of systems

arise in connection with contact, obstacle and unilateral problems.

In this paper, quintic B-spline function is used to develop a technique for

the solution of system (1.2). In Section 2, a class of contact problems in

elasticity is considered and is formulated in terms of variational inequalities.

The quintic B-spline method for the solution of system (1.2) is derived in

Section 3. In Section 4, two examples are considered for the usefulness of the

method developed.

2 Formulation

Khan et al. [1] considered the linear fourth order boundary value problem

describing the equilibrium configuration of an elastic beam, pulled at the ends

and lying over an elastic obstacle of constant height 1/4 and unit rigidity of

the type

y(4) ≥ f(x),

y ≥ ψ(x),

(y(4) − f(x)) (y(x) − ψ(x)) = 0,

y(0) = y(1) = y
′
(0) = y

′
(1) = 0, on Ω = [0, 1],

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭

(2.1 )

where f is a given force acting on the beam string and ψ(x) is the elastic

obstacle. To study the problem (2.1) via the variational inequality formulation,

the set K can be defined as

K = {v : v ∈ H2
0 (Ω) : v ≥ ψ, on Ω}, (2.2 )

which is a closed convex set in H2
0 (Ω), where H2

0(Ω) is a Sobolev space [9, 12,

14], which is basically a Hilbert space.
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The Kikuchi and Oden technique [12], shows that the energy functional asso-

ciated with the obstacle problem (2.1) is

I[v] =
∫ 1

0
{d4v/dx4 − 2f(x)} v(x)dx, ∀ v ∈ H2

0 (Ω),

=
∫ 1

0
(d2v/dx2)2dx− 2

∫ 1

0
f(x)v(x)dx,

= a(v, v) − 2 < f, v >, (2.3 )

where

a(u, v) =
∫ 1

0

(
d2u/dx2

) (
d2v/dx2

)
dx (2.4 )

and < f, v > =
∫ 1

0
f(x)v(x)dx. (2.5 )

It can be proved that the form a(u, v) defined by (2.4) is bilinear, positive

and symmetric. Moreover, the functional f defined by (2.5) is linear and

continuous. The minimum y of the functional I[v] defined by (2.3) on the

closed convex set K in H2
0 (Ω) can be characterized by the following variational

inequality [9, 12, 14]

a(y, v − y) ≥ < f, v − y >, ∀ v ∈ K. (2.6 )

The obstacle problem (2.1) is, thus, equivalent to solving the variational in-

equality problem (2.6). The equivalence has been used to study the existence

of a unique solution of (2.1), see for example [9, 14]. Following Lewy and

Stampacchia [8], the problem (2.6) can be written as

y(4) + μ(y − ψ)(y − ψ) = f, 0 < x < 1, (2.7 )

y(0) = y(1) = 0, y
′
(0) = y

′
(1) = ε, (2.8 )

where ε is a small positive constant, ψ is the obstacle function and μ(t) is the

penalty function defined by

μ(t) =

{
4, t ≥ 0,

0, t < 0.
(2.9 )

Equation (2.6) describes the equilibrium configuration of an elastic beam,

pulled at the ends and lying over an elastic obstacle of constant height 1/4.

Since the obstacle function ψ is known, it is possible to find the exact solution

of the problem in the interval 1/4 ≤ x ≤ 3/4.

Assuming that the obstacle function ψ is defined by

ψ(x) =

{ −1/4, 0 ≤ x ≤ 1/4, 3/4 ≤ x ≤ 1,

1/4, 1/4 ≤ x ≤ 3/4.
(2.10 )
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From equation (2.6)–(2.9), the following system of equations can be obtained

as

y(4) =

{
f, 0 ≤ x ≤ 1/4, 3/4 ≤ x ≤ 1,

1 − 4y + f, 1/4 ≤ x ≤ 3/4,
(2.11 )

with the following boundary conditions

y(0) = y(1/4) = y(3/4) = y(1) = 0,

y
′
(0) = y

′
(1/4) = y

′
(3/4) = y

′
(1) = ε, (2.12 )

such that y and y
′
are continuous at x = 1/4 and 3/4, (see [1]).

3 Quintic B-Spline Method

Extending the technique developed by Gao and Chi [6], the boundary value

problem (2.11) is transformed into the following initial value problems

y
(4)
1 =

{
0, 0 ≤ x ≤ 1/4, 3/4 ≤ x ≤ 1,

−4y1, 1/4 ≤ x ≤ 3/4,
(3.1 )

with initial values

y1(0) = 0, y
(1)
1 (0) = 0,

y
(2)
1 (0) = 0, y

(3)
1 (0) = 1

and

y
(4)
2 =

{
f, 0 ≤ x ≤ 1/4, 3/4 ≤ x ≤ 1,

1 − 4y2 + f, 1/4 ≤ x ≤ 3/4,
(3.2 )

with initial values

y2(0) = 0, y
(1)
2 (0) = 0,

y
(2)
2 (0) = 0, y

(3)
2 (0) = 0.

It may be noted that the exact solution of the problem (2.11) is

y(x) = y2(x) − (y2(1)/y1(1)) ∗ y1(x). (3.3 )

To determine the quintic B-spline solution, the interval [0, 1] is divided into

n equal subintervals with knots xi = ih, i = 0, 1, 2, ..., n, h = 1/n, where n is a

multiple of 4. Let

Ωn = {x−5, x−4, x−3, x−2, x−1, x0, x1..., xn} (3.4 )
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be the set of extended equally spaced knots with xi = ih. It may be mentioned

that the quintic B-spline

s(x) =
n−1∑
i=−5

γiBi,5(x) (3.5 )

is a polynomial of degree five in each subinterval [xi, xi+1]. It may also

be noted that the quintic B-spline s, by definition, ∈ C4[0, 1]. Let s1(x) =∑n−1
i=−5 αiBi,5(x) and s2(x) =

∑n−1
i=−5 βiBi,5(x) be the approximate solution to

y1(x) and y2(x), respectively.

Moreover, s1(x) and s2(x) are determined such that they must satisfy the

initial problems (3.1) and (3.2) respectively. i.e.

s
(4)
1 (xi) =

⎧⎪⎨
⎪⎩

0, 0 ≤ xi ≤ 1/4,

−4s1(xi), 1/4 ≤ xi ≤ 3/4,

0, 3/4 ≤ xi ≤ 1,

(3.6 )

alongwith the conditions s1(0)=0, s
(1)
1 (0)=0, s

(2)
1 (0)=0, s

(3)
1 (0) = 1, and

s
(4)
2 (xi) =

⎧⎪⎨
⎪⎩
f(xi), 0 ≤ xi ≤ 1/4,

f(xi) − 4s2(xi) + 1, 1/4 ≤ xi ≤ 3/4,

f(xi), 3/4 ≤ xi ≤ 1,

(3.7 )

along with the conditions s2(0)=0, s
(1)
2 (0)=0, s

(2)
2 (0)=0, s

(3)
2 (0) = 0.

The first five coefficient α−5, α−4, α−3,α−2, α−1 and β−5, β−4, β−3, β−2, β−1

of s1(x) and s2(x), x ∈ [x0, xn
4
] can be determined by applying the initial

conditions which leads to the following

s
(4)
1 (xi) = 1/h4[αi−5 − 3αi−4 + 6αi−3 − 3αi−2 + αi−1], (3.8 )

s1(xi) = 1/120[αi−5 + 26αi−4 + 66αi−3 + 26αi−2 + αi−1], (3.9 )

s
(4)
2 (xi) = 1/h4[βi−5 − 3βi−4 + 6βi−3 − 3βi−2 + βi−1] (3.10 )

and

s2(xi) = 1/120[βi−5 + 26βi−4 + 66βi−3 + 26βi−2 + βi−1]. (3.11 )

From Eqns. (3.5)–(3.10), it can be written as

αi−1 =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

−αi−5 + 4αi−4 − 6αi−3 + 4αi−2, 1 ≤ i ≤ n/4,

αi−5 − (−4/h4 + 26/30)/(1/h4 + 1/30)αi−4

−(6/h4 + 66/30)/(1/h4 + 1/30)αi−3

−(−4/h4 + 26/30)/(1/h4 + 1/30)αi−2, n/4 ≤ i ≤ 3n/4,

−αi−5 + 4αi−4 − 6αi−3 + 4αi−2, 3n/4 ≤ xi ≤ n,

(3.12 )
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βi−1 =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

−βi−5 + 4βi−4 − 6βi−3 + 4βi−2 + h4f(xi), 1 ≤ xi ≤ n/4,

−βi−5 − (−4/h4 + 26/30)/(1/h4 + 1/30)βi−4

−(6/h4 + 66/30)/(1/h4 + 1/30)βi−3

−(−4/h4 + 26/30)/(1/h4 + 1/30)βi−2

+(f(xi) + 1)/(1/h4 + 1/30), n/4 ≤ xi ≤ 3n/4,

−βi−5 + 4βi−4 − 6βi−3 + 4βi−2 + h4f(xi), 3n/4 ≤ xi ≤ n,

(3.13 )

4 Error Bound

Considering the quintic splines s1(x) and s2(x) to be the approximate solutions

to y1(x) and y2(x) respectively. Since s1(x) and s2(x) are defined piecewise,

on [x0, xn], therefore error bound of s1(x) over any of the three subintervals

[x0, xn/4], [xn/4, x3n/4] and [x3n/4, xn] will help in calculating the error bound

over [x0, xn]. The error bound of s1(x) over [x0, xn/4] can be calculated as

under:

Consider the following initial value problem

y1(x) = f, x ∈ [x0, xn/4] (4.1 )

along with the following conditions

s1(0) = y1(0), s
(1)
1 (0) = y

(1)
1 (0), s

(2)
1 (0) = y

(2)
1 (0),

s
(3)
1 (0) = y

(3)
1 (0), s

(4)
1 (0) = y

(4)
1 (0),

⎫⎬
⎭ (4.2 )

let the error term corresponding to each knot can be denoted by

e1(xi) = s1(xi) − y1(xi), i = 0, 1, . . . ,
n

4
, (4.3 )

then

e1(x0) = s1(x0) − y1(x0) = 0, e
(1)
1 (x0) = s

(1)
1 (x0) − y

(1)
1 (x0) = 0,

e
(2)
1 (x0) = s

(2)
1 (x0) − y

(2)
1 (x0) = 0, e

(3)
1 (x0) = s

(3)
1 (x0) − y

(3)
1 (x0) = 0,

e
(4)
1 (x0) = s

(4)
1 (x0) − y

(4)
1 (x0) = 0.

⎫⎪⎪⎬
⎪⎪⎭
(4.4 )

Expanding s1(x) and y1(x) as

s1(x1) = s(x0) + hs(1)(x0) + s(2)(x0)h
2/2 + s(3)(x0)h

3/6 + s(4)(x0)h
4/4! +O(h5)

y1(x1) = y(x0) + hy(1)(x0) + y(2)(x0)h
2/2 + y(3)(x0)h

3/6 + s(4)(x0)h
4/4! +O(h5)
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The order of error terms can be expressed as

e1(x1) = s(x1) − y(x1) = O(h5)

e
(1)
1 (x1) = s(1)(x1) − y(1)(x1) = O(h4)

e
(2)
1 (x1) = s(2)(x1) − y(2)(x1) = O(h3)

e
(3)
1 (x1) = s(3)(x1) − y(3)(x1) = O(h2)

and

e
(4)
1 (x1) = s(4)(x1) − y(4)(x1) = O(h).

Similarly, expanding s1(x) and y1(x) using the Taylor’s series, give

s1(x2) = s(x1) + hs(1)(x1) + s(2)(x1)h
2/2 + s(3)(x1)h

3/6 + s(4)(x1)h
4/4! +O(h5)

y1(x2) = y(x1) + hy(1)(x1) + y(2)(x1)h
2/2 + y(3)(x1)h

3/6 + s(4)(x1)h
4/4! +O(h5)

The order of error terms can be expressed as

e1(x2) = e(x1) +O(h5),

e
(1)
1 (x2) = e

(1)
1 (x1) +O(h4),

e
(2)
1 (x2) = e(2)(x1) +O(h3),

e
(3)
1 (x2) = e(3)(x1) +O(h2),

and

e
(4)
1 (x2) = e(4)(x1) +O(h).

In general, it can be written as

e1(xi+1) = e1(xi) +O(h5), (4.5 )

and e
(1)
1 (xi+1) = e

(1)
1 (xi) +O(h4). (4.6 )

which shows that

e1(xn
4
) =

n

4
O(h5) = O(h4)

and e
(1)
1 (xn

4
) =

n

4
O(h4) = O(h3). (4.7 )

Similarly, the error term of s2 can be determined to be of O(h4), which shows

that the error bounds of s1 and s2 over the remaining two subintervals are

also of O(h4). Thus from Eq. (3.3) it can be concluded that quintic B-spline

solution of BVP (2.11) is second order convergent method.



Fourth order obstacle problems 4659

5 Numerical Results

In this section, two examples are considered to illustrate the quintic B-spline

method.

Example 1 When f = 0, the following problem can be considered as

y(4)(x) =

⎧⎪⎨
⎪⎩

0, 0 ≤ x ≤ 1/4,

−4y(x), 1/4 ≤ x ≤ 3/4,

0, 3/4 ≤ x ≤ 1,

(5.1 )

with the conditions

y(0) = 0, y(1)(0) = 0,

y(1) = 0, y(1)(1) = 0.

The analytic solution of the problem (5.1) is

y(x) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

0, 0 ≤ x ≤ 1/4,

0.25 + exp(x)(−0.0657349 cos(x) − 0.03771 sin(x)

+ exp(−x)(−0.182801 cos(x) − 0.0949747 sin(x), 1/4 ≤ x ≤ 3/4,

0, 3/4 ≤ x ≤ 1.

(5.2 )

Table 1: Maximum absolute errors for the problem (5.1) in yi.

h Maximum absolute errors
1
8

4.9512 × 10−4

1
16

3.2026 × 10−4

1
32

2.9614 × 10−4

1
64

2.8836 × 10−4

1
128

2.8543 × 10−4

1
256

2.8401 × 10−4

Example 2 For f = 1, the following BV P is considered as

y(4)(x) =

⎧⎪⎨
⎪⎩

1, 0 ≤ x ≤ 1/4,

−4y(x) + 2, 1/4 ≤ x ≤ 3/4,

1, 3/4 ≤ x ≤ 1,

(5.3 )

with the conditions

y(0) = 0, y(1)(0) = 0,

y(1) = 0, y(1)(1) = 0.
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The analytic solution of the problem (5.2) is

y(x) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

x4/24 − x3/48 + x2/384, 0 ≤ x ≤ 1/4,

0.5 + exp(x)(−0.13147 cos(x) − 0.0754201 sin(x)

+ exp(−x)(−0.365602 cos(x) − 0.189949 sin(x), 1/4 ≤ x ≤ 3/4,

x4/24 − 7x3/48 + 73x2/384 − 7/64x+ 3/128, 3/4 ≤ x ≤ 1.

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭
(5.4 )

Conclusion. A new B-spline method for solving a system of fourth order

Table 2: Maximum absolute errors for the problem (5.2) in yi.

h Maximum absolute errors
1
8

9.9024 × 10−4

1
16

6.4052 × 10−4

1
32

5.9229 × 10−4

1
64

5.7672 × 10−4

1
128

5.7087 × 10−4

1
256

5.6802 × 10−4

problems is developed. The present method enables us to approximate the

solution as well as its first, second, third, derivative at every point of range of

integration. It has been observed that the results obtained from the method

developed in the paper is acceptable.
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