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Abstract

Many algorithms of solving linear programs are based on the revised
simplex method. The product form of the inverse is used to inverse
the base in the revised simplex method.We present in this paper an
inversion of matrix which complexity is quadratic. This method is more
efficient than the product form of the inverse. We tested the revised
simplex method and the algorithm proposed about 55 linear problems.
The densities of the LPs are 10%, 5% and 2.5%. they are randomly
generated.
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1 Introduction

The revised simplex is based on the different steps of the simplex tableau. In
the tableau simplex, the next iteration is determined by the Gauss-Jordan row
operations but in the revised simplex, it is used the base and its inverse. the
inverse is determined by using the product form of the inverse. Noting that
the inversion of the base is the costliest [7] step among the steps of the revised
simplex.

The method we present here is obtained from the product form of the
inverse. It’s complexity is quadratic. In fact, the new base is inverted directly
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every 20 iterations.

Many variants of the revised simplex exist. Among them we can cite
the Bartels-Golub’s method, the sparse Bartels-Golub’s method, the Reid’s
method, and the forrest-Tomlin’s method.

This paper is subdivided in five sections. We present the revised simplex
method in the second section. In the third section, the new product form is
exposed. The numerical results are presented in the four th section and we
conclude in the fifth section.

2 Algorithm of the revised simplex method

The algorithm solves the following linear problem.

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

Max Z =
∑

cjxj

subject to∑
aijxj ≤ bi i = 1, 2, . . . , m and j = 1, 2, . . . n

xj ≥ 0

c1, c2, . . . , cn are the cost coefficients.
x1, x2, . . . , xn are the decision variables.
aij for i = 1, 2, . . . , m and j = 1, 2, . . . , n are called the technological coeffi-
cients.

The computations in the revised simplex are based on the original data (C,
A, b) and the inverse of the basis. In each iteration the inverse of the basis is
computed by using the product form of the inverse.

2.1 Product form of the inverse

Let Pr the entering vector and Ps the leaving vector in the current simplex
iteration. Suppose that B−1 is the inverse of the basis, to compute B−1

next we
use the formula :

B−1
next = EB−1

E is an m-identity matrix whose sth column is replaced by :
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ξ =
1

(B−1Pr)s

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

− (B−1Pr)1

− (B−1Pr)2
...

− (B−1Pr)(s−1)

1
− (B−1Pr)(s+1)

...
− (B−1Pr)m

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

with (B−1Pr)s > 0

2.2 Algorithm

Let CB the row vector of cost coefficients associated to the basic variables, Pj

the jth column of A associated to xj . we have A = [P1, P2, . . . , Pn].

Step 1 Initialization
Put the problem in a standard form :
B = Im = B−1, b̂ = b.

Step 2 optimality conditions
For each nonbasic variable xj determine the cost coefficient associated

Ĉj = CBB−1Pj − Cj

Then, let Ĉr = min{Ĉj}
If Ĉr ≥ 0, then the current basic feasible solution is optimal, Z∗ = CB b̂ stop.
Otherwise

Step 3 entering variable
xr is the entering variable.

Step 4 leaving variable
Let ar = B−1Pr, the leaving variable xs is determined as follows :

min

{
b̂i

(ar)i

/(ar)i > 0

}
=

b̂s

(ar)s

with b̂ = B−1b

If (ar)i ≤ 0 ∀i then the optimal solution is unbounded.

Otherwise let γ = b̂s

(ar)s



4644 S. Sarr and Y. Gningue

Step 5 update

We get b̂ = b̂ − γar, then b̂(s) = γ.
The inverse of the new base is determined by the product form of the inverse
B−1

next = EB−1 with E = (e1, e2, . . . , es−1, ξ, es+1, . . . , em), where ei is a vector
of zeros except for 1 at the ith position.

ξ =
1

(ar)s

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−(ar)1

−(ar)2
...

−(ar)(s−1)

1
−(ar)(s+1)

...
−(ar)m

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

go to step 2.

3 The new product form of the inverse

Suppose that xs is the leaving variable, B−1
next is determined by the following

formula :

B−1
next = B−1 + (ξ − es)Ls

es is a vector (dimension m) of zeros except for 1 at the sth position.
Ls = (ls1, ls2, . . . , lsm) is the sth row of B−1.

3.1 Algorithm

Step 1 Initialization
Put the problem in a standard form :
B = Im = B−1, b̂ = b.

Step 2 optimality conditions
For each nonbasic variable xj determine the cost coefficient associated

Ĉj = CBB−1Pj − Cj

Then, let Ĉr = min{Ĉj}
If Ĉr ≥ 0, then the current basic feasible solution is optimal, Z∗ = CB b̂ stop.
Otherwise
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Step 3 entering variable
xr is the entering variable.

Step 4 leaving variable
Let ar = B−1Pr, the leaving variable xs is determined as follows :

min

{
b̂i

(ar)i
/(ar)i > 0

}
=

b̂s

(ar)s
with b̂ = B−1b

If (ar)i ≤ 0 ∀i then the optimal solution is unbounded.

Otherwise let γ = b̂s

(ar)s

Step 5 update

We get b̂ = b̂ − γar, then b̂(s) = γ.
Let B−1 = (lij) with i = 1, . . . , m and j = 1, . . . , m

The inverse of the new base is determined as follows :

ξ =
1

(ar)s

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−(ar)1

−(ar)2
...

−(ar)(s−1)

1
−(ar)(s+1)

...
−(ar)m

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

then ξ(s) = ξ(s) − 1

Extract the sth row of B−1 : Ls = (ls1, ls2, . . . , lsm).
Now we get :

B−1
nouv = B−1 + ξ × Ls

go to step 2.

3.2 Proof

In the revised simplex, the inverse of the new base is determined by the product
form of the inverse :

B−1
next = EB−1
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E = (e1, e2, . . . , es−1, ξ, es+1, . . . , em) with

ξt =
(
−a1r

asr
,−a2r

asr
, · · · ,−a(s−1)r

asr
,

1

asr
,−a(s+1)r

asr
· · · ,−amr

asr

)

I is an m-identity matrix.
Let’s consider Q = E − I then E = I + Q.
B−1

next = EB−1 = (I + Q)B−1 = B−1 + QB−1

We can note B−1 = (lij) with i = 1, . . . , m and j = 1, . . . , m
QB−1 = (cij) with i = 1, . . . , m and j = 1, . . . , m
Thus we get :

⎧⎪⎪⎨
⎪⎪⎩

cij = − air

asr
lsj i �= s

csj =
(

1
asr

− 1
)
lsj

Let Ls = (ls1, ls2, . . . , lsm). We have the equality : QB−1 = (ξ − es)Ls

Therefore B−1
next = B−1 + QB−1 = B−1 + (ξ − es)Ls

Then
B−1

next = B−1 + (ξ − es)Ls

3.3 Algorithmic analysis

To compute B−1
next we use the formula :

B−1
next = B−1 + ξ′ × Ls

with ξ′ = ξ − es. Let D = ξ′ × Ls, we get now :

B−1
next = B−1 + D

• D = ξ′ × Ls is a product of a vector column of dimension m and a row
vector of dimension m, we have here m2 multiplications.

• B−1
next = B−1 + D is a sum of two matrices, we get m2 additions.

Thus the new form product is O(m2).

4 Numerical results

In this section we present numerical results on randomly generated sparse LPs.
we use three different cases of density 10% and 5% and 2.5%. The LPs that
have been solved are under the form :⎧⎪⎪⎪⎨

⎪⎪⎪⎩
max Z = CX

subject to
AX ≤ b
X ≥ 0



A new product form of the inverse 4647

A is a matrix of dimension m × n. aij ∈ [50, 400]
C is a row vector of dimension n. cj ∈ [0, 700]
b is a vector column of dimension m. bi ∈ [10, 100]
The implemented algorithms are running in Matlab 6.5.
We tested two algorithms :

• the revised simplex called revsimp,

• the algorithm in section 2.1 called mrs.

NbIter is the number of iterations and nnz is the nonzero elements of the
matrix A.

5 Conclusion

The algorithm presented in this paper is based on the revised simplex method.
It uses an new inversion of matrix which complexity is quadratic. This new
inversion of matrix replaces the product form of the inverse. The computations
show that the operations are reduced considerably.
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Table 1.Results on sparse LPs of density 10% and dimension m × m

Dimension nnz NbIter revsimp mrs
m × n (cpu time) (cpu time)

100×100 962 96 0.80 0.30
150×150 2150 171 3.46 1.42
200×200 3824 266 10.35 3.87
250×250 5956 450 35.74 11.54
300×300 8564 624 78.48 23.65
350×350 11663 761 180.23 44.91
400×400 15254 1538 485.96 122.74
450×450 19258 1198 565.19 124.22
500×500 23782 1255 769.96 169.22

Table 2.Results on sparse LPs of density 10% and dimension (n + 50) × n

Dimension nnz NbIter revsimp mrs
m × n (cpu time) (cpu time)

150×100 1430 201 3.54 1.33
200×150 2846 230 8.79 3.21
250×200 4753 525 37.30 11.62
300×250 7158 793 99.91 28.52
350×300 10010 834 180.36 50.12
400×350 13314 715 214.70 58.34
450×400 17151 1376 631.99 127
500×450 21375 1470 858.79 170

Table 3.Results on sparse LPs of density 10% and dimension n × (n + 50)

Dimension nnz NbIter revsimp mrs
m × n (cpu time) (cpu time)

100×150 1433 297 2.01 1.03
150×200 2851 289 5.28 2.38
200×250 4750 280 10.89 4.4
250×300 7130 841 63.12 21.81
300×350 9999 850 109.04 34.03
350×400 13236 860 169.07 53.56
400×450 17103 919 289.88 67.01
450×500 21383 1733 710.72 165.43
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Table 4.Results on sparse LPs of density 5% and dimension m × m

Dimension nnz NbIter revsimp mrs
m × n (cpu time) (cpu time)

100×100 489 81 0.61 0.32
150×150 1094 211 3.81 1.63
200×200 1951 380 15.67 5.31
250×250 3051 660 56.04 15.5
300×300 4391 1550 198.50 59.22
350×350 5980 1166 232.27 64.94
400×400 7799 1193 350 85.41
450×450 9883 1530 633.13 149.64
500×500 12198 1734 1069.5 211

Table 5.Results on sparse LPs of density 5% and dimension (n + 50) × n

Dimension nnz NbIter revsimp mrs
m × n (cpu time) (cpu time)

150×100 724 159 2.85 1.05
200×150 1460 200 7.46 2.56
250×200 2435 416 29.97 9.33
300×250 3654 720 92.54 25.77
350×300 5109 1130 219.77 57.86
400×350 6811 1636 467.18 112.28
450×400 8770 2135 869.44 192.53
500×450 10968 2167 1192.9 247

Table 6.Results on sparse LPs of density 5% and dimension n × (n + 50)

Dimension nnz NbIter revsimp mrs
m × n (cpu time) (cpu time)

100×150 730 196 1.72 0.96
150×200 1457 340 6.99 3.28
200×250 2453 918 39.52 14.85
250×300 3662 1413 138.86 42.66
300×350 5131 1045 171.12 48.77
350×400 6821 1743 564.23 149.07
400×450 8756 2174 1226 265.44
450×500 10985 3157 1439.8 542.96
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Table 7.Results on sparse LPs of density 2.5% and dimension m × m

Dimension nnz NbIter revsimp mrs
m × n (cpu time) (cpu time)

400×400 3946 1640 521 147
425×425 4462 1774 648.7 152.48
450×450 5009 2434 1219.3 262.89
475×475 5576 2069 1085.1 224.82
500×500 6165 4296 3005.8 642.41
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