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Abstract

In this paper we present an approach based on the classification and
genetic algorithms to obtain an optimal stock portfolio of a reduced size
from an initial portfolio, which leads to a financial gain surplus in terms
of cost and taxes reduction, and a performance at reduced design loads.
This approach takes place in two steps: The first step is to classify the
actions of this portfolio into classes, known as under portfolios, with the
expected returns and VaR’s close to each other by using the K-Means
method, then we apply an algorithm dynamic optimization called Min-
VaRMaxVaL to the portfolio that has the highest expected return and
the lowest average VaR obtained by this classification.
The algorithm proposed MinVaRMaxVaL for the selection of optimal
actions portfolio is based on genetic algorithms and Value at Risk (VaR).
The objective of our algorithm is to minimize risk and maximize port-
folio value at the same time through two stages.
The first step is to minimize the risk measured by the value at risk
(VaR) for a given value of portfolio. While the second step, a dynami-
cally maximizes the value of portfolio as the result is greater than the
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portfolio value set at the first stage and the risk resulting from the sec-
ond stage is lower than that obtained from the first.
The proportions of shares in the portfolio are the optimal portfolio.

Keywords: Optimal Choice, Actions Portfolio, Value at Risk (VaR), Prof-
itability, Classification, K-Means, Genetic Algorithms

1 Introduction
The choice of an optimal portfolio of shares has been for so long a subject of
major interest in the field of financial mathematics. His theory is developed
following the pioneering work of Harry Markowitz [1] which aims to answer
the question: if one gives an amount to be invested in financial markets, what
should be the structure of this investment, what are the titles that we should
select and in which proportions?
Markowitz was the first to introduce an approach used to optimize a port-
folio of financial assets by providing the variance of returns as a measure of
risk. Several criticisms have been directed to this approach with the charac-
ter of the quadratic objective function and calculating the variance-covariance
matrix being the most important, making it used so often in practice. To
simplify the difficulties associated to the design load of Markowitz model, sev-
eral models have been proposed as alternative models to the mean-variance
approach. Some authors have attempted to linearize the portfolio choice prob-
lem as Sharpe [2], [3] and Stone [4]. Rudd and Rosenbeg [5] showed that the
Markowitz model in its classic formulation still far from meeting satisfying a
professional investor and they proposed a realistic portfolio management. More
recently, several linear programming models were developed for a portfolio se-
lection. Konno[6], Konno and Yamazaki [7], Zenios and Kang [8] and Speranza
[9] have proposed to calculate the portfolio risk using the mean absolute devi-
ation. They also have proposed a model to include the criterion of asymmetric
risk, which eliminates most problems associated to the optimization model.
With the appearance of linear models, Yoshimoto [10] developed an optimiza-
tion system based on the mean-variance criterion. Hamza and Janssen [11]
generalized standard models, while retaining the dual risk-return as a back-
drop proposing a new measure of risk defined as a convex combination of the
two semi-variances. They proposed also a general linear programming model
based on separable programming techniques. Recently, a new risk measure
called Value at Risk VaR [12] has been implemented to quantify the maximum
loss that might occur with a certain probability, over a given period. Although
VaR is subjected to a number of limitations, it has been chosen by the Basel
Committee as the standard method for measuring the risk in the market port-
folio. There are several models to calculate the VaR, the choice depends on
the nature of the portfolio and the data used to estimate these parameters
[13], [14]. The different models presented in this literature act either at the
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return (maximizing the return for a given risk) or at the risk (minimizing the
risk for a given return) to determine the optimal choice of portfolio, but not
both at the same time, an approach that we developed in this work through
a dynamic algorithm called MinVaRMaxVaL to improve the optimal choice in
the sense of having a highest return (portfolio value) and small risk as mush
as possible. In addition, the proposed approach is to obtain an optimal stock
portfolio reduced in size from an initial portfolio to achieve a financial gain
surplus in terms of cost and tax reduction, and a performance at reducing
design loads.
This work is organized as follows: Section 1 an introduction, Section 2 deals
with the presentation of some important elements in portfolio theory. The
classification is presented in Section 3. In Section 4, we present genetic algo-
rithms. Then, in Section 5, we propose the optimization procedure. Finally,
the experimental results are presented and discussed.

2 Elements of portfolio theory

2.1 Profitability and Value Portfolio
We call return rt of an action obtained by investing in an action, the ratio
between the share price at the moment t and its course at the moment t− 1,
plus income (dividends) received during the period [t− 1, t]:

rt =
ct − ct−1 + dt

ct−1

(1)

where :

� ct : The course of action i at the end of the period t.
� dt : The dividend income at the end of the period.

The expected return of a share for a period T is given by

ri =
1

T

T∑
t=1

rit (2)

The profitability of a portfolio consisting of expected return of k shares ri,
i = 1, . . . , k :

Rp =
k∑
i=1

xiri (3)

where x1, . . . , xn are the proportions of the wealth of the investor placed re-
spectively in the shares i (i = 1, . . . , n). Let a portfolio containing k shares,
its value is given by:

V =
k∑
i=1

ni.Vi (4)

where n1, . . . , nk are the numbers of the investor wealth of placed respectively
in the shares and Vi is ieme the price action. The change in value will obey the
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following relationship:

∆V (n) =
k∑
i=1

ni∆Vi (5)

2.2 Risk portfolio
The risk of a financial asset is the uncertainty about the value of this asset in an
upcoming date. Variance, the average absolute deviation, the semi-variance,
VaR and CVaR are means of measuring this risk.

2.2.1 VaR of an individual asset
The VaR is defined as the maximum potential loss in value of a portfolio of
financial instruments with a given probability over a certain horizon. In simple
words, it is a number that indicates how much a financial institution can lose
with some probability over a given time. According to Esch, Kieffer, Lopez
and Jorion [15], the VaR of the assets, for a period t and a probability level q
is defined as the amount of loss expected so that this amount period [t− 1, t],
should not be larger than the VaR with a probability α.

P [Pt,0 ≤ V aR(t, α)] = α (6)

where

� Pt,0 = Pt − P0 : represents the loss (”Loss”) and is a positive random
variable or negative;

� t : is the horizon associated with the VAR that is 1 day or more a day;
� α : is the probability level. Typically is 95%, 98% or 99%.

VaR depends on three elements:

• Distribution of profits and losses of the portfolio is valid for the period
of detention.
• The level of confidence.
• The holding period of assets.

If the distribution of assets during the following normal distribution yields the
following result:

P [Pt,0 ≤ V aR(t, α)] = α⇒ P

[
Pt,0 − E(Pt,0)

σ(Pt,0)
≤ V aR(t, α)− E(Pt,0)

σ(Pt,0)

]
= α

⇒ V aR(t, α)− E(Pt,0)

σ(Pt,0)
= zα ⇒ V aR(t, α) = E(Pt,0) + σ(Pt,0)× zα (7)

2.2.2 Portfolio risk
Portfolio risk is measured by one of the measuring elements mentioned above.It
depends on three factors namely:

� The risk of each action included in the portfolio
� The degree of independence of changes in equity together
� The number of shares in the portfolio
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For a portfolio of fewer k shares n1, . . . , nk. If we assume that the distribution
of the value of this portfolio V follows the multivariate normal, then the VaR
of the portfolio is given by:

V aR(t, α) = −Nµt + zα.
√
N tΩtN (8)

where : µt = E(∆V ), Ωt = σ(∆V ), N = (n1, . . . , nk) and zα is the quantile of
order of confidence level α.

3 Classification
Classification [17], [18] is a research area that constitutes the basis of several
systems with decision support. The objective of classification is to assign a
set of objects to a set of classes according to the properties it checks. There
are two methods of classification [19] method of automatic classification and
allocation method. The methods of automatic classification [20] are methods
based on unsupervised learning and are used to organize objects in the same
class unifying. The purpose of this method is to form homogeneous classes
constructed from objective criteria. Allocation methods [21]: these are meth-
ods based on supervised learning using a set of examples where the classes of
membership are already known and used to define standards of employment.

4 Genetic algorithms
A genetic algorithm was originally developed by John Holland [17]. It is an al-
gorithm iterative for finding optimum, it manipulates a population of constant
size. This population is composed of candidate points called chromosomes.
The constant size of the population leads to a phenomenon of competition be-
tween chromosomes. Each chromosome represents the encoding of a potential
solution to the problem to be solved, it consists of a set of elements called
genes, which can take several values belonging to an alphabet which is not
necessarily digital [18]. At each iteration, called generation, a new population
is created with the same number of chromosomes. This generation consists
of chromosomes better ”adapted” to their environment as represented by the
selective function. As in generations, the chromosomes will tend towards the
optimum of the selective function. The creation of a new population base on
the previous one is done by applying the genetic operators that are: selection,
crossover and mutation. These operators are stochastic [19]. The selection
of the best chromosomes is the first step in a genetic algorithm. During this
operation the algorithm selects the most relevant factors that optimize the
function. Crossing permits two chromosomes to generate new chromosomes
”children” from two ”parents” chromosomes selected. The mutation makes
the inversion of one or more genes of a chromosome [19].
Figure 1 illustrates the various operations involved in a basic genetic algorithm:
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Random generation of initial population
Calculation of the selective function

Repeat
Selection
Crossing
Mutation
Calculation of the selective function

Until stopping criterion satisfaction

Fig. 1: Basic genetic algorithm

5 Optimization method

5.1 Classification Algorithm
Consider a portfolio of k actions characterized by the following:

• The expected returns ri;
• Values at risk V aRi;

These elements are arranged in a matrix MaT = [(r1, V aR1), . . . , (rn, V aRk)]
Our approach is initially to classify these elements by using the K-Means as
follows:

1. Initialization: Choose initial mj(1) arbitrary center of the Vector V ect.
2. Assignment: iteration i, the element x is assigned to wj, if:

‖x−mj(i)‖ = minιl−1‖x−ml(i)‖ (9)

All samples are classified according to this rule (the closest center)
3. Update centers:

- Design of new centers mj(i+ 1) to minimize the squared error:

Jj =
∑
x∈Wj

‖x−mj(i+ 1)‖2 (10)

- By canceling the derivative of this expression with respect to yields:
∂Jj
mj

= −2
∑
x∈Wj

(x−mj) = 0 (11)

Hence the optimum value mj for iteration (i+1):

mj(i+ 1) =
1

nj

∑
x∈Wj

x (12)

4. Convergence test: If ∀j,mj(i+ 1) = mj(i) the end. If no return to Step
2.

The process is thus repeated until a stable state where no improvement is
possible. Once the classification of the matrix is complete, the selected class
(under portfolio) that has the greatest expected return and the lowest average
VaR is then applied to the optimization algorithm MinVaRMaxVal in this
portfolio.
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5.2 Optimization algorithm MinVaRMaxVal
Our algorithm for optimizing dynamic portfolio consists at first time minimize
the risk to an initial value of portfolio under certain additional constraints
and maximize the value of a portfolio dynamically so that the portfolio value
obtained is greater than that obtained in the first stage, and the resulting
VaR is less than that adopted in the first stage, in addition to some additional
constraints, using genetic algorithms.

5.2.1 Initialization
The population is a set of chromosomes which are composed of k genes repre-
senting ni(i = 1, . . . , k) numbers, which ni is the number of wealth invested in
the action i. This population is initially randomly using real code.

n1 n2 · · · · · · nk

Fig. 2: Structure of chromosome
5.2.2 Evaluation Function
The following operation is the evaluation of chromosomes generated by the
previous operation by an evaluation function (fitness function), while the de-
sign of this function is a crucial point in using GA. The fitness functions using
in this work are:

� In the case of minimization, we use: f = V aR(α, t)
� In the case of maximization, we use: g = ∆V (n)

5.2.3 Operations of selection
After the operation of the assessment of the population, the best chromosomes
are selected using the wheel selection that is associated with each chromosome
a probability of selection, noted, Pi.

� for minimisation problem:

Pi =
1

N − 1

(
1− fi∑

i∈Pop fi

)
(13)

� for maximisation problem :

Pi =
gi∑

j∈Pop gj
(14)

Each chromosome is reproduced with probability. Some chromosomes will be
”more” reproduced and other ”bad” eliminated.

5.2.4 Operations crossing
After using the selection method for the selection of two individuals, we apply
the crossover operator to a point on this couple. This operator divide each
parent into two parts at the same position, chosen randomly. The child 1 is
made a part of the first parent and the second part of the second parent when
the child 2 is composed of the second part of the first parent and the first part
of the second parent.
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Fig. 3: operation at a crossing point

5.2.5 Operation of mutation

This operation gives to genetic algorithms property of ergodicity which indi-
cates that it will be likely to reach all parts of the state-owned space, without
the travel all in the resolution process. This is usually to draw a random gene
in the chromosome and replace it with a random value.

Fig. 4: Mutation Operation

5.2.6 Conditions for Convergence

At this level, the final generation is considered. If the result is favorable
then the optimum chromosome is obtained. Otherwise the evaluation and
reproduction steps are repeated until a certain number of generations, until a
defined or until a convergence criterion of the population are reached.

5.2.7 Schema of dynamic optimization MinVaRMaxVal

Notes : V0 = λC0 is the value of portfolio expected witch C0 that the ini-
tial capital of the investor and λ is the minimum rate of return expected by
investors.x′ is the transposed of x and is the amount of maximum loss set in
advance.

6 Results
Consider a portfolio containing 48 shares of the Casablanca exchange taken
monthly from 01/01/2008 to 01/01/2010. The distribution of these actions is
normal. After calculating the matrix of expected returns and V aR of these ac-
tions MaT = [(r1, V aR1), . . . , (rn, V aRk)], we move to the classification stage
of matrix elements to extract the classes (in portfolios) homogeneous (contain-
ing class actions whose expected returns and V aR are very close together),
then the class that holds the greatest expected return and the lowest average
V aR, which contains 15 actions in this case. The following figure shows the
classes obtained by this step.
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Fig. 5: Diagram of the algorithm MinVaRMaxVaL

Fig. 6: Classes identified by the
classification method K-Means.

Fig. 7: Graphical representation of
portfolio value with genetic algo-
rithms and the algorithm MinVaR-
MaxVaL.

Fig. 8: Graphical representation of
the VAR with genetic algorithms and
the algorithm MinVaRMaxVaL.

Next, we apply the algorithm of dynamic optimization MinVaRMaxVaL on
this retained class. This algorithm consists in first step on minimizing the
VaR under certain constraints and in a dynamic way on maximizing the value
of portfolio under other constraints as shown in the algorithm MinVaRMax-
VaL. From Figure 6 and Figure 7, we see that the values of the VaR (Val,
respectively) obtained by the algorithm MinVaRMaxVaL are lower (respec-
tively higher) than those obtained by genetic algorithms for the same portfolio
actions. Furthermore, according to Figure 8 the VaR obtained by MinVaR-
MaxVaL in portfolio are lower than initial portfolio and from Figure 9 the
values obtained by holding MinVaRMaxVaL in portfolio are higher than ini-
tial portfolio. These comparisons are favorable to our algorithm and show the
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performance of it.

Fig. 9: Graphical representation of the initial
portfolio (IP) VaR and under portfolio (SP) us-
ing MinVaRMaxVaL.

Fig. 10: Graphical representation of the initial
portfolio (IP) value and under portfolio (UP)
using MinVaRMaxVaL.

7 Conclusion
In this paper we presented an approach for an optimal choice of a reduced size
portfolio. This approach consists in a first step on classifying the actions of
classes known as under portfolio using the algorithm K-Means. In a second
step, we apply the dynamic optimization algorithm MinVaRMaxVaL On the
class (under portfolio) that has the highest expected return and the lowest
average VaR. The algorithm MinVaRMaxVaL takes place in two stages: The
first stage is to minimize the risk to a constraint limiting the portfolio value,in
the second one we seeks to maximize the value of the portfolio dynamically
so that the result shall be greater than the portfolios value fixed in the first
stage and the risk arising in this step are lower than that obtained in the first
step. The obtained simulation results were presented. They were generally
satisfying and show the validity of our approach.
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