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Abstract
In this paper, we apply the restarted Adomian decomposition method,
based on the standard Adomian decomposition method (ADM), for solv-
ing the system of nonlinear equations. Illustrative examples have been
presented to demonstrate the method and the obtained results are com-
pared with those derived from the standard Adomian decomposition
method.
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1 Introduction

Since the beginning of the 1980s, the Adomian decomposition method has been
applied to a wide class of functional equations [1, 2, 3]. Adomian gives the
solution as an infinite series usually converging to an accurate solution. K.
Abboui and Y. Cherrualt applied the ADM to solve the equation f(z) = 0,
where f(x) is a nonlinear function [4]. E. Babolian et al [5] applied the ADM to
solve the system of nonlinear equations. The restarted Adomian decomposition
method (RADM), based on the standard Adomian introduced by E. Babolian
et al [6] for algebraic equations. H. Sadeghi et al [7] applied the RADM for
solving the system of nonlinear Volterra integral equations.

The purpose of this paper is to introduce the RADM for solving the system
of nonlinear equations. We will show by some examples that the convergence
rate of this method is more accelerate than that of the ADM.

The present paper has been organized as follows. Section 2 deals with the
analysis of the ADM applied to a system of nonlinear equations. In section 3,
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we introduce the RADM for the system of nonlinear equations. The RADM
and the ADM with illustrative examples have been compared in section 4.
Conclusions are summarized in section 5.

2 The ADM for system of nonlinear equations

Consider the following system of nonlinear equations

filzy,...,xy) =0, i=1,2,...,n, (1)
where f; : R" — R. Egs. (1) can be written in the following form

ri=c¢i+ Ni(zq,...,2,), 1=1,2,...,n, (2)

where ¢;s are constants and NV;s are in general nonlinear functions of their
arguments. The standard ADM [2] yields the solution x; in terms of the series

l‘i:Zl'iJ', i:1,2,...,n, (3)
j=0

and nonlinear functions N;s are expressed in terms of an infinite series of
Adomian’s polynomials

(o]
Ni(l'la"'axn):ZAi,ja i:1,2,...,n, (4)

§=0
where A, ;s depend upon x1, T1,1, ..., 21,5, 20,21, -« - s L2, -, L1y -+ T je

In view of Eqs. (3) and (4)

Ni(le,j)\ju---azxn,j’)\j) :ZAi,jAj 5 1= 1,2,...,n, (5)
j=0 j=0 3=0
which yields
1. d > ; > j .
ij = T[WNi(Zij)\ e ,wa)\ r=o, 1=1,2,...,n, (6)
J: =0 =0

where \ is a parameter introduced for convenience. Hence Eqs. (2) can be
written as

inyjzci_'_ZAi,j? i:1,2,...,n. (7)
=0 j=0

The ADM defines the components z; j, for ¢ = 1,2,...,n and j > 0, by the
following recursion relation
Ti0 = Ci,

$i7j+1:A j:O,l, (8>

INE
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We approximate the solution x; by the truncated series
k—1
Vik = Z Lijs with kll_{go Pik = T5 , 1= 1, 2, Ce (9)
§=0

In computing x;, as n increases, the number of terms in the expression for
A, », increases and this causes the propagation of round off errors, on the other
hand, the factor # in the formula of A;, makes it very small. Considering
this, we introduce a new algorithm based on the Adomian method to improve
the accuracy dramatically.

3 The RADM for system of nonlinear equa-
tions

In this section, the RADM will be applied to the system of nonlinear equations.
Consider the system of nonlinear (2) with the exact solution X* = (7, ..., z}).
Let s; be a point close to x} such that

|z} — s < |zf —al, i=1,2,...,n. (10)
We add s; to both sides of (2). Then

xi—Ni‘i‘Si:Ci"—Si, i:1,2,...,n. (11)

Now we can solve Eq. (11) with the ADM instead of Eq. (2).

Ti0 = Si Z:172) y Ty
T = ¢ — S + Aio(T10, ..., Tnp), 1=1,2,...n,
T2 :Ai,1($1,0,---737n,0,5131,1,---,5131,1,---73371,1), 1=1,2, y Ty
Tik+1 = Ai,k(xl,m cees T 0s Ty - -5 Tpyly e o5 Ty - e 7xn,k)7 L= 17 27 2
(12)

and we introduce the following algorithm.

3.1 RADM algorithm

Step 1. Choose small natural numbers &k, m.

Step 2. Apply the ADM on Eq. (2) and calculate x;0,%;1,..., 2 for i =
1,2,...,n.

Step 3. Set gogl) =T0+ T+ T

Step 4. For j =2 :m do
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@i g
xz,O
Ti1=¢ —Si+ Aio(T10, .., Tno),
Tio = Ai,l(xl,m e 0y L1,y - e - aflfn,l)a
xi,kJrl = Ai,k(xl,m s 7xn,07 xl,la s 7xn,17 s 7xn,17 BRI
Set ‘Pz(]) =Xiot T+t T, t=12,....n
end of For.
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When £ increases, the number of terms in the expression for A, increases

and this causes the propagation of round of errors.
,n in each step. Therefore, we choose m, k small i.e

update z;0, © = 1,2,...
consider 2 < m, k < 5.

3.2 Numerical examples

In this algorithm, we

In this section, a example is solved by applying the RADM and the results are
compared with those of the ADM. Mathematica 5 is used to carry computa-

tions.

Example 1. Consider the following system of nonlinear equations

=0,

3xy — cos(xaws) — 5
z3 — 81(xg 4 0.1)? + sinzz + 1.06 = 0,

e "2 + 2023 + —107;_3 =0.

The exact solutions are X* = (7, z3, z3)" = (0.5,0, = )"
ADM, we get
B 1 n 1 ( )
I = 6 3008 Tol3
025 1, 8L, 1
Ty = xs — x SinT
7162 1627 16272 " 162”0 P
0r—3 1 .
T3= —— — —
60 20
By using Eq. (3), we have
leu =5 —l— ZAU (cos(xaxs))
] 0
0. 25 1 81 &
e A A
jz%x“ 62 16.2 5 Z 25(1) T 162+ Z 25(22) 162

For applying the

Z Ay j(sin(z3))

i=1,2
i=1,2,.
i=1,2
i=1,2
Tog), i=1,2,...
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>0 10m — 3 >
_ (—z122)
D T3 =— — o2 Asle )
=0 60 20 iz
Let x10 = % , Tap = % and x5 = —%. The Adomian polynomials for the

nonlinear term x!" are given by (6) easily. The first few Adomian polynomials
for the nonlinear term sinxs are formulated as

AO = S’L.’IIZE&O

Ay = x31C05T30

1, .
Ay = —50 3.151NT30 + T32008T3
1, .
A3 = —533'371608]73’0 — I3,2%3,15tNT3 0 + X3,3C0S8T3 0

and the first few Adomian polynomials for the nonlinear term cos(xoxs)
are formulated as

AO = COS(ZL’Q’()ZE&())

A = —(553,0@,1 + $2,0$3,1)5m($2,0$3,0)
A, — __1 2 2 l 2 2
2 = ( ol 1'2711'370 2,1['3’11'2’0 + $2’0$370$271$371)COS([L’Q’()l'gp)

— (@131 + T2T30 + T'32T20)SIN(T20T30),

1 1 1
_ 2 .3 3 .3 2 .2 2 2
Az = (g%,oxm + 5%,0953,1 + 5951,15’52,15’53,0@,0 + §x2,1x3,1x2,0x3,0

2 .2 .
+§$1,1$3,1$2,o$3,0 — T31%22 — X21T32 — T23X30 — 903,3902,0)82n($2,0903,0)

2 2 2 2
—(T1,125 1230 + T51%31T30 + L1173 1 Ta0 + T3173 275

—X3,1T2,2%3,0T2,0 + $2,1$3,2$2,0$3,0)COS($2,0$3,0),

and the first few Adomian polynomials for the nonlinear term e~*'*2 are for-
mulated as

Ay = e~ F1072,0
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A = —(z20m1,1 + w2121,3)e OO

1
2 2 2 2
Ay = (5%,1%,0 + 5%,1951,0 — 21,1221 + 21,1T2,1%1,0%2,0

—1,072,0
—Z1,222,0 — $2,21‘170)€

15 4 14 1

Az = (_§x1,1x2,0 3'x2 1951 ot ‘rl 1121720 — 2,x1 122,121,072 Oxz 0

2 2

TT1101275 ¢ + L2277 gT21 — T21%12 + 21712710720 — T1,172,2
—1,072,0

+21,1%2,2%1,0T2,0 — T1,3T2,0 — 5752,35751,0))6

By applying the ADM and calculating seven terms of series, we have

T1 = P17 = 210 + x1,1 + ...+ T16 = 0.500002
Ty = Yo7 = T20 + T21 + ...+ Tog = 0.000264

T3> P37 =130+ T31+...+x36=—0.52360
Therefore,

ESA| = |z} — 17| = 1.69904 x 107°
ESAy = |15 — o] = 2.64923 x 10~*

ESAz = |25 — 37| = 1.64335 x 107°

Now applying the RADM by calculating seven terms, but in two steps, the
results are

oD = 10+ 21+ 21+ 21 = 0.49999

@52) =210+ T11 + T12 + 713 = 0.49999
and

05 = Ty + aq + Tan + 25 = —0.00203028

05 = o) + w4 + w5 + w6 = 9.96392 x 107
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and

o) = 20+ w31 + w30 + 135 = —0.523833

80:(%2) = ‘P:(al) + 234 + 235 + 36 = —0.523598

Hence we have

ERA, = |2t — ¢'?| = 9.32325 x 107°
e (2)) -7
ERAy = |z5 — 5’| =9.96392 x 10

ERA; = |2} — o) = 4.25556 x 1077

Comparing the absolute errors of results by two methods (ADM and RADM
), relative to the exact solution, shows that RADM in two steps gives more
accurate results than those of the ADM.

4 Conclusion

In this paper, we applied the RADM and the ADM to approximate the system
of solution of non-linear equations and showed that the RADM gave better
approximate solutions in comparison with those of the ADM.
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