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Abstract

In this paper, the restarted Adomian decomposition method (RADM) is presented
to establish an accurate approximate analytical solutions for Duffing- van der Pol
(DVP) differential equation. The Lindsted’s method (LM) is used to compare the
solutions of the RADM with those obtained using the Adomian decomposition method
(ADM). The numerical results show that the RADM in identical conditions gives more
suitable solutions for the DVP equation than the ADM.
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1 Introduction

One of the classical equations of non-linear dynamics was formulated by Dutch physicist
Van der Pol. Originally it was a model for an electrical circuit with a triode valve, and was
later extensively studied as a host of a rich class of dynamical behavior[1]. Dynamic of
coupled van der Pol oscillator and coupled DVP oscillator are subjects of intensive studies.
They have applications in various areas of technology and science, such as physical, bio-
logical and other systems. The classical DVP oscillator appears in many phisical problems
and is governed by following nonlinear differential equation

ẍ(t) − μ(1 − x2(t))ẋ(t) + x(t) + αx3(t) = 0; x(0) = x0(t), ẋ(0) = ẋ0(t), (1)
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where the overdot represents the derivative with respect to time, μ and α are two positive
coefficients. The studies of the limit cycle (LC) of the van der Pol oscillator and DVP
oscillator have attracted many authors considerably [2,3]. Odani [4] obtained the LC of
the van der Pol equation which is not algebraic. Wirkus and Rand [5] presented the
dynamics of two coupled van der Pol oscillators with delay coupling. Norimichi and
Slawomir [6] discussed the existence of limit cycles for coupled van der Pol equations.
Bi [7] proposed the dynamical analysis of two coupled parametrically excited van der Pol
oscillators. Rompala et al. [8] studied the dynamics of three coupled van der pol oscillators
and investigated the existence of the in-phase mode in which the first two oscillators have
the same behavior. Recently, Chen and Liu [9,10] studied the LC of van der Pol and DVP
equation for single-degree-offreedom by the homotopy analysis method (HAM). Kuznetsov
et al. [11] studied the phase dynamics and structure of synchronization tongues of coupled
DVP oscillators. Kimiaeifar et al. [12] applied the HAM to give the analytical solution
for DVP oscillators for single-degree-offreedom. Asadi et al. in [13] applied the ADM to
solve the DVP equation.

The ADM is a method for solving a wide range of problems whose mathematical
models yield equation or system of equations involving algebraic, differential, integral and
integro-differential (for example see [14,15]). Recently several authors have proposed a
variety of modifications to the ADM. Wazwaz proposed a powerful modification of the
ADM that accelerated the rapid convergence of the series solution [16]. H. Jafari et al.
used a correction of decomposition method for nonlinear systems of equations and show
that the correction accelerated the convergence [17]. E. Babolian et al. introduced the
RADM to solve the equation f(x) = 0 [18], and the integral equations [19]. Vahidi et
al. in [20] used the RADM to solve Duffing’s equation. In another work, he applied the
RADM to solve the system of nonlinear algebraic equations [21]. In this work, we apply
the RADM to solve the DVP equation and we show that the RADM in identical conditions
gives more suitable solutions for the DVP equation than the ADM.

This paper is organized as follows: In section 2, the ADM for the DVP equation
is explained in detail. The RADM is presented for the DVP equation in section 3. The
effectiveness of the RADM in comparison with that of the ADM to solve the DVP equation
is shown in section 4. In section 5, we briefly discuss our findings.

2 ADM for DVP equation

Consider Eq. (1) with given initial conditions. Denoting d2

dt2
by L, we have L−1 as a

two-fold integration from 0 to t. Therefore, Eq. (1) can be written as

Lx(t) = μẋ(t) − μx2(t)ẋ(t) − x(t) − αx3(t). (2)
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Operating with L−1,

x(t) = x(0) − tẋ(0) + μL−1 d

dt
(x(t)) − μL−1x2(t)ẋ(t) − L−1x(t) − αL−1x3(t). (3)

According to the ADM [14,15], the solution x(t) is represented by the decomposition series

x(t) =
∞∑

n=0

xn(t), (4)

and the nonlinear part of Eq. (3) is represented by the decomposition series

x2(t)ẋ(t) =
∞∑

n=0

An(t), (5)

and

x3(t) =
∞∑

n=0

Bn(t), (6)

where An(t) and Bn(t) are Adomian’s polynomials [22,23]. The first few Adomian poly-
nomials are given by

A0(t) = x0(t)ẋ0(t),

A1(t) = x0(t)ẋ1(t),

A2(t) = x1(t)ẋ0(t) + x0(t)ẋ2(t),

A3(t) = x1(t)ẋ1(t) + x0(t)ẋ3(t),

...
and

B0(t) = x3
0(t),

B1(t) = 3x2
0(t)x1(t),

B2(t) = 3x0(t)x2
1(t) + 3x2

0(t)x2(t),

B3(t) = x3
1(t) + 6x0(t)x1(t)x2(t) + 3x2

0(t)x3(t),

...
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Substituting Eq. (4), Eq. (5) and Eq. (6) into Eq. (3), we obtain

∞∑

n=0

xn(t) = x(0) − tẋ(0) + μL−1 d

dt
(

∞∑

n=0

xn(t)) − μL−1(
∞∑

n=0

An(t)) − L−1(
∞∑

n=0

xn(t)) − αL−1(
∞∑

n=0

Bn(t)). (7)

Each term of the series in Eq. (4) is given by the recurrence relation

x0(t) = x(0) − tẋ(0), (8)

and

xn+1(t) = μL−1 d

dt
xn(t) − μL−1An(t) − L−1xn(t) − αL−1Bn(t), n = 0, 1, · · · . (9)

In practice, not all terms of the series in Eq. (4) need be determined and hence, the
solution will be approximated by the truncated series

ϕk(t) =
k−1∑

n=0

xn(t) with lim
k−→∞

ϕk(t) = x(t). (10)

3 RADM for DVP equation

Basically the RADM has the same structure as that of the ADM but the ADM is used
more than once. In practice, after applying the ADM and calculating m terms of the series
solution, for arbitrary m, the summation of these terms is taken as the first term of the
solution the ADM and then the method starts again for arbitrary m′ times. In other words,
to apply the RADM, firstly we apply the ADM and set ϕm = x0(t)+x1(t)+ · · ·+xm−1(t).
Then the RADM begins when we choose ϕm(t) as the first term of the solution in the
ADM; hence, in essence, we reset the initial term. The RADM can be summarized in the
following algorithm.

3.1 The algorithm

Step 1. Choose positive natural numbers m, n, m′.
Step 2. Use the ADM to solve Eq. (1) and obtain ϕm(t), then let G(t) = ϕm(t)
Step 3. Add and substract G(t) to right side of Eq. (7) to obtain

∞∑

n=0

xn(t) = G(t) + x(0) − tẋ(0) + μL−1 d

dt
(

∞∑

n=0

xn(t)) − μL−1(
∞∑

n=0

An(t))

−L−1(
∞∑

n=0

xn(t)) − αL−1(
∞∑

n=0

Bn(t)) − G(t). (11)

For K = 1 to n, do,
Step 4. Let xres

k,0(t) = G(t).
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Step 5. xres
k,1(t) = x(0)−tẋ(0)+μL−1 d

dt(x(0))−μL−1A0(t)−L−1x(0)−αL−1B0(t)−G(t).
Step 6. xres

k,n+1(t) = μL−1 d
dt(xn(t)) − μL−1An(t) − L−1xn(t) − αL−1Bn(t).

Step 7. Let

xres(t) =
m′∑

n=0

xres
k,n(t), (12)

G(t) = xres(t), (13)

End of For.
Step 8. Consider the approximate solution of the problem as ϕ(t) = G(t).

4 Application

In this section, Eq. (1) is solved by using the ADM and the RADM subjected to the
conditions

μ = 0.1, α = 0.01, x(0) = 2, ẋ(0) = 0. (14)

As there isn’t any exact solution to compare these methods we use Lindsted’s perturbation
method as an approximate analytical method to obtain an acceptable solution as a criterion
of comparison. In the LM, a solution by the form x0(τ) + μx1(τ) + μ2x2(τ) + · · · used to
convert the problem to a set of solvable differential equations. Eq. (1) is solved by using
this method to obtain the solution as follows

x(t) = Acosωt +
α

4
cos3ωt + μ(

3
4
sinωt − 1

4
sin3ωt) + O(μ2), (15)

with A = 2− 1
2α,ω = 1 + 3

2α− 27
16α2 − 1

16μ2 + O(μ2). A detailed description of the LM is
presented in [24].
According to the ADM, by substituting (14) into (7), we obtain

∞∑

n=0

xn(t) = 2 + 0.1L−1 d

dt
(

∞∑

n=0

xn(t)) − 0.1L−1(
∞∑

n=0

An(t)) − L−1(
∞∑

n=0

xn(t)) − 0.01L−1(
∞∑

n=0

Bn(t)).(16)

Based on the recursion scheme of the ADM, we have

x0(t) = 2, (17)

and

xn+1(t) = 0.1L−1 d

dt
xn(t) − 0.1L−1An(t) − L−1xn(t) − 0.01L−1Bn(t), n = 0, 1, · · · . (18)
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The solution components xn(t) from (18) can be calculated as

x1(t) = −1.04x2, (19)

x2(t) = 0.104x3 + 0.0970667x4 , (20)

similarly, the solution components xn(t) are calculated for n = 3, 4, . . .. By calculating
five terms of the series solution, we obtain

xADM (t) ∼= ϕ5(t) =
4∑

n=0

xn(t) = 2 − 1.04x2 + 0.104x3 + 0.0892667x4 + · · · + 0.000532929x8 .(21)

Now we apply the RADM to obtain the approximate solution of Eq. (1). Considering
algorithm 3.1, we choose m = 2, m′ = 2, k = 1 and follow it, so

ϕ2(t) = x0(t) + x1(t) + x2(t) = 2 − 1.04x2 + 0.104x3 + 0.0892667x4 , (22)

then we let G(t) = ϕ2(t) and restart the ADM as follow

xres
1,0 (t) = G(t), (23)

xres
1,1 (t) = 2.22045 × 10−16x2 + 1.66533 × 10−16x3 + · · · − 5.02503 × 10−8x14, (24)

xres
1,2 (t) = −1.45717 × 10−17x3 − 3.4602 × 10−17x4 + · · · + 2.57313 × 10−14x24. (25)

Finally, the approximate solution of Eq. (1) using the RADM is obtained by calculating

xres ∼= G(t) + xres
1,1 (t) + xres

1,2 (t), (26)

that is

xres = 2 − 1.04x2 + 0.104x3 + 0.0892667x4 − 0.054444x5 + · · · + 2.57313 × 10−14x24. (27)

Obviously, xres is more accurate than the approximate solution (21) obtained by the ADM.
In order to verify the efficiency of the RADM in comparison with that of the ADM, we
report the absolute errors of solutions obtained by these methods for t ∈ [0, 1] relative to
the LM in Table 1.
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Time Error of ADM Error of RADM

0 2.50000 × 10−3 2.50000 × 10−3

0.1 2.47507 × 10−3 2.47507 × 10−3

0.2 2.39025 × 10−3 2.39022 × 10−3

0.3 2.22079 × 10−3 2.22019 × 10−3

0.4 1.93904 × 10−3 1.93365 × 10−3

0.5 1.53519 × 10−3 1.50519 × 10−3

0.6 1.05010 × 10−3 9.27677 × 10−4

0.7 6.24114 × 10−4 2.21458 × 10−4

0.8 5.67625 × 10−4 5.61692 × 10−4

0.9 1.46110 × 10−3 1.34114 × 10−3

1 4.29429 × 10−3 2.01594 × 10−3

Table 1. Errors of ADM and RADM for DVP equation

5 Conclusion

In this work, we applied the RADM to an obtain accurate approximation analytical solu-
tion for the DVP equation. The LM has been used to compare the solutions of the RADM
with those obtained using the ADM . Numerical results represented that the RADM in
identical conditions gave better approximate solution than the ADM to solve the DVP
equation.
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