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Abstract
In this paper we study thermoelasticity and Michell trusses problems by using topolog-
ical optimization tools. After the modelling of the thermoelasticity problem, we give the
topological derivative in both Dirichlet and Neumann conditions.We will finish this work by

giving a linking between the trusses Michell and topological optimization. And the last part
of this work is devoted to numerical simulations.
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1 Introduction

In this work we consider the system as the following form:

—pAig — (A + p)grad div ig — 3kagrad 0g = 7) in Q
—Afg = ¢gin Q (1)
%o = h on ON
Big = v on 0f).
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B is a Dirichlet or Neumann operator defined on 82, f € L2(Q,R3), g € L2(Q), v e L2(9Q,R?)
and h € L?(0). This system models phenomena of thermoelasticity where the vector i =
(ud, ud, ud) is the deformations vector and 6 is the temperature in the domain . For addi-
tional details see for instance [4, 6].

In this model of thermoelasticity problem, we are interested by a problem of identification of the
topological and geometrical variations of the materials. These effects can generate deformations
and even cracks in a domain €2 under the constraints of the heat and loads.

In this work, we are going to study situations where cracks do not appear. Therefore we sup-
pose that there is a reference (a target ug = (ud, ud, ud))for the deformations g which satisfy
a system of PDE. And then we are going to use the tools of topological optimization to do this
study. Let us consider the functional J from which we evaluate the asymptotic expansion.

The aim of the topological sensitivity analysis is to obtain an asymptotic expansion of shape
functional with respect to the creation of a small hole inside the domain. The principle is the
following. One considers a cost function j(Q2) = J(Q,uq) where ug is solution to a partial
differential equation defined in the domain Q C R? d =2 or d = 3, a point zy €  and a fixed
domain B C R, containing the origin. One looks for an asymptotic expansion of j(Q\ (z¢ + €B)
when € tends to zeros. In most cases, it reads in the form

J( N\ (zo +€eB) — j () = f(e)g(xo) + o(f(€))- (2)

Here f(€) is an explicit positive function going to zeros with e and the function g, the topological
gradient or topological derivative, is in general not easy to compute. Expression (2) is called the
asymptotic analysis. Hence to minimize the criterion J, one must to create holes at some points
T where the topological gradient is lowest. The topological sensitivity analysis was introduced
by Schumacher [15], Sokolowski and Zochowski [16] and Masmoudi [7] for the minimization of
the compliance in linear elasticity. Actually the topological sensitivity was obtained for various
domains. About topological optimization tools we refer the reader to [7, 8, 9, 14].

The paper is organized as follows: in section 2 after presenting the thermoelasticity problem
by using topological optimization tools, we give the topological gradient in both Dirichlet and
Neumann cases. In Section 3 we are interested by Michell trusses problem by using topological
optimization tools. We show that this problem can be reduced to a particular case of topological
thermoelasticity problem under some hypotheses.In fact we consider a decomposition of ?
expressed as follows:

- A — A
. _ A
= E : )‘iyj((sAi - 514]') . . (3)
7.7_
where ); ; are given constants parameters, 4;, ¢ = 1,... ,n are given points in R3 and dy, is

the Dirac mass concentrated at the point A;. And we transform the Michell trusses problem in
an optimization problem. Then the results obtained show that the compliance C'(A,T") has to
be minimal. For another interesting mathematical approach to study trusses Michell, we invite
the reader to see the works due to Bouchitte et al [3]. In their study authors used optimal mass
transportation theory and calculus of variations to introduce a new approach to give a meaning
of trusses Michell problem.To be completed, one can see also the references in [3]. Section 4 is
devoted to numerical simulations of the two problems.
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2 Study of a thermoelasicity problem

2.1 Presentation of thermo elasticity problem

Let 2, w two regular open and bounded sets of RY, N =2,3andletzg € w C Q. eis asmall
positive real. Let us defined the hall w, = zp + ew and the perturbed domain Q(e) = Q \ we. For
the theorical study let us suppose xg = 0. Consider

—uAiig — 3kagrad 0o = f inQ
div(ug) = 0 in Q
—Abg = gin Q (4)
%o = h on 9N

Ouq __
Sk =wvon oN.

In Q(e) = Q \ @, we have

( —pAtige) — 3kagrad 0o = f in Q(e)
dZU(UQ(E)) =0 in Q(E)
—AQQ(G) =g in Q(G)
afagﬁ = hon 89 (5)
uas;(d = v on o0
gy =0 or lgznw =0 on Jw,
L 0o =0 or 6969756) =0 on Jw,.

In the following we set 1 = 1 without loosing generality. In fact we can divide the first vectorial
equation of (4) and (5) by u. Let us consider the functional J(€2,dq,0q) defined by

3 3
J(Q, g, 0q) —Zai/ ]ui—u6]2d:c+25i/ |Vu;|*dx
=1 /& i &
+r/ |9Q—90|2dx+5/ Vg |>da (6)
Q Q

where «;, G;, 1 =1,2,3, r and § are constants.

For any positive real € > 0 we consider j(e) = J(§2(¢), dq(c), Oa()) Wwhere (tq(c), Oa() is solution
to (5) and (g, fq) solution to (4).

The aim of this section is to detimine the asymptotic analysis of functional j(e) as € — 0.

Let v = (g, 0q), then problems (4) and (5) become respectively

—Alg+ F(ig) = F inQ
div(dg) = 0in Q (7)
%9 = h on 99,

~ AT + F(Uae) = F in Qe)
dz’v(ﬂ,’g(e)) = 01in Q
% = h on 99
BﬁQ(E) =0 on &ue,
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where F = (f,g), h = (v,h), Bis a Dirichlet or Neumann condition on dw, and functional (6)
becomes;

4 4
J(Q,uq,0q) = J(Q,7q) —Zai/ \vi—vé\de—l—Zﬁi/ V|2 da. (9)
i=1 Q i Q

The case where Q is a bounded connected of RY, N = 2,3 with smooth boundary and v a
scalar function was studied in [2] , [7].
The case where the functional J does not depend on the deformation (uﬁ, i =1,2,3) and on
the gradient of the deformation Vul, was studied in [6].
In this paper uq is a vector function and functional J depends on the deformation u’h, 1=1,2,3
its gradient Vué2 and the temperature u‘é = fq and its gradient Vfg. We use topological opti-
mization tools to study asymptotic analysis of the functional J by using Nazarov and Sokolowski
approach [14].
The exterior problem is given by

—Av, 4+ F(u,) =F inR\@
div(,) = 0in R}\@ (10)

avwi
G2 =0 ondw

In problems (7),(8) and (10), the function F is given by

3k0¢£§1
—3ka 2l —3kagradf
_ oz _
Floa) = kel | ( 0 (11)
T3
0
where
99
" %
gradf = Voo (12)
6
Ox3

Existence and uniqueneous of solutions to (8) and (10) are studied in [6].

2.2 Case of Dirichlet boundary condition on w,

In this case ug depends only on the deformations u;, ¢ = 1,2,3. In this case we take N = 3.
Let P the space of polynomials in x = (z1,...,x,). Let

PQ) ={p=(p1,p2,p3) € P: ‘31: =0, i=1,2,3 on 90} (13)

P(w)={p=(p1,p2,p3) € P: p;=0, 1 =1,2,3 on dw} (14)
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Let p be a polynomial in R? with ccefficients in R? satisfying £p = 0 where £ designates the
operator to (5) with p = (p!,p?,p3) and p' € R. Let U',... , UV a basis of homogeneous
polynomials satisfying

UM(22) = 2™ UM (2), deg(U") = 1, h < The1, (15)
4
> UMNVL)UF = Sni. (16)
=1

In R3 the set of homogeneous polynomials of degre 1 is a linear combination of linear functions in
x1, T2, 3. As we have a Dirichlet condition in the boundary of w. we can choose U", h =1,...,3
in the following way

Uh(x) = Uh(ml,xg,xg) = xheh, h=1,2,3, (17)

where e designates the h’®™¢ vector of the canonical basis of R3. In this case N = 3 see [14].
The vectors U" verify the relations (15) and (16).
Let ® = (®!, ®2 ®3) be the matrix related with the operator £ in R3, satisfying

—A®I = §(z), 2 €R3, j=1,2,3; (18)

§(x) designates the Dirac mass at the origin. ®7 is the fundamental solution of the Laplace’s
operator in R3. The expression of ® is given by

1 -1

Pl(z)=———, Kz3=—, 19
(z) Kl 27 5 (19)
where (33 the total surface of the unit sphere in R3.
We define the powers solutions s U™*, k= 1,2,3 in the following way
3
U™ (x) =Y Uf (Vo) (). (20)
J
They are defined by
U™F = g, dkek, (21)

2.2.1 Topological derivative

In this section we study the asymptotic expansion of functional J.

Theorem 2.1 Let us suppose that in the functional (6) 3; = 0, i = 1,2,3, § = 0 ie the
functional is not depending of Vugq, VOq and the Dirichlet conditions are prescribed in Ow..
Then functional J(Qe,uq.,00,.) defined by (6) where (uq,,0q.) is solution to (5) admits the
following asymptotic expansion

J(Q0) — J(@) — e /Q 8, (@, 0(@))n(@)m=v(z)dz| < ofe?) (22)

nt(z),... ,n*(x)) is the Green matriz and v = (uq, 0q) is solution to problem (4)
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Proof 1 The first and second expansion of soution uq, of (5) writes

N
v, ~V(e,a) = v + Y a4 (a) (23)
j=1
dh, ~ Wieyz) = 3 by (e ) (24)
j=1

where v(z) = (vi,...,v")(z) is the solution of (7), (7 the solution defined in theorem 2.2 and 1’
the generalized Green solution.
Injecting (23) in the expression of functional we get

4

4 4
10)=3 [ (#+ Sasow e ) e =3

=1 €

4
. A . 2
(v = o+ Y (@) (25)
j=1
Developping we have directly

4 4 4
J(Qe) =) / (W' (@) = up)® + (Y a(e) (@) + 200" (2) = up) (Y as(e) (x))dz (26
i=1 7% j=1 J=1

i=1 7 we j=1 j=1
Then . .
100 - I(@) =Y / (> aj() (2))?
i=1 7% j=1
4
120 () — ) (3 g (e (1)) da
j=1

4 4
=3 [ 0@ — ) + (O e @ @) + 207 @) — ) (S as(e @), (29
We j=1 j=1

i=1
Following the idieas in [10, 11, 12, 14], the cefficients a(€) and b(e) can be written in the form:

a(e) = {I — e”_25mw€mﬂ}71 " Zem“ec (29)
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={I—- e"*ZEmwemQ}_l ec (30)

where I is the identity matriz and m®, and m% are polarization matrices for w and .
As boundary condition on w. are different from Neumann condition the matriz € is the unit
identity matriz and the cefficient a(e) can be written as follow

1
a(e) = memwc. (31)

Putting the expression (31) in (28) we get

J(Qe) — — 62/ — ud)n(z)m*v(z)dr =

4 4
1 .
2 )2
S et @) 4 2 — (Y e pemtar N (32)
= 1 — em¥mf? = 1 — em¥mf?

Using the fact that functions n’, v/ are bounded and taking the limit as ¢ — 0 we get directly

e—0

lim —= (S Z/ — ud)n(z)ymu(z)d. (33)

2.3 Case of Neumann condition on w,

In this case, g = (ug, ud, ud) is solution to (4), J(£2) defined by (6) or (9) does not depend on

0, ie r = =0 and in (5) we have the boundary condition % =0 on Ow,.
Let us consider the following spaces
i dpi
Py (@) = {p = (p1,p2,p3) € P, 5= =009},
i Opi
PN(W) - {p - (p17p27p3) S P, on =0 8&.}},

where P a linear space of homogeneous polynomials. As we have a Neumann condition on dw
the space P(w) contains constants polynomials. Let us suppose that there exists a polynomial
p such that %’;Z # 0. Considering the space of linear polynomials on z in R? and let U',... ,UY
the basis of homogeneous polynomials of degre < 1 and satisfying the following conditions:

3
Ul(azx) = a0 (z), Y ULUF = bpp. (34)
=1
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Let us define the functions U7, j=1,... ,N

U™(a) = 3 UL~V @ (), (35)

3
k=1

where ®* designates the rows of the fundamental matrix defined by
—APF = eF5(z), k=1,2,3; x € R?, (36)

ek, k =1,2,3 designates the k — th vector of the canonical basis of R™. In this case N = 12 and
we can define the power solutions in the following way

UM(z) = UMay, 29, 23) = 1€, (37)
2 2 2
Ut(x) = %(1'263 + 23e?), U(z) = \/7—(.%'361 +zted), U® = \/7—(1'162 + z%el), (38)
2
USTh(z) =€, U9 (z) = %xeh. (39)
Consider 27 the solution of the homogeneous exterior problem
~AZ =0
{ 0 _ _ow (40)
on on °
Then ¢/ = UJ + 2/ is also a solution of the homogeneous problem (73). The solution 2/ to

problem (40) is uniqueness if we add a constant and is given by potentials theory by
= [ u0)on, B - y)as(y) Yo e B\, (41)
ow

where p = T(—%—If) with 7" an isomorphism of Hééz(E)’ — Hééz(E). For all details see [4].
Using Nazarov’s theory [13, 14], we proof that 27 is given by:

12 12 3
(€)=Y myul(€) =) m5i )y Ui(=Vn)e" +7(), (42)
j=1 j=1 i=1
7 (£) is the remainder of the taylor expansion. Then for function 2/ we have
(€)=Y m5i ) Ui(=Vn)e" +2(). (43)
j=1 i=1

The coefficients m;; is the coeflicients of polarization matrix. In the following we characterise
the coefficients of such matrix.
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2.3.1 Matrice de Polarisation

Theorem 2.2 The space of solutions to homogeneous problem (10) is a linear combination
of functions (¢ =U7 + 27, 5=1,... ,N where 27 is solution to problem

—Az = 0R}\w
0 _ _ oui (44)
{ G = o Ow.

Futhermore (7 writes

N
¢ o= U4+ msU ™) + ()
h=1

Proof 2 Letz/, j=1,... N the solution to (44). Then we have A(U’+27) = 0 and (%Ugi;_zj) =
0. Then (7, j=1,... N is solution to problem

~A¢ =0
{ o _ g (45)
on — 7
As Au is a linear operator every combination of (J =UJ + 23, j=1,... N is also a solution

of (45). Using (43) 27,5 =1,... ,N takes the form
=" mgUTME + (9. (46)
h=1
Then (7 can be writes in the form
4
¢ = U4y mp U E) + (9. (47)

h=1

Multipying (44) by 2*,k = 1,2,... | N and integrating we have

. J
VIV — S,

R3\w ow on
=0

Using the Green formula in the first term of the last equality we obtain:

- Aszj—F/ 0z
R3\w ow on

Using also the relations (46) and (47) yields:

. =0. (48)

N , ‘ N . 6Zk ‘
—/RS\ A mg UMW+ Y mg vty = — [ L
« h=1

h=1 ow On
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Randomizing term by term we have

N
= miy AU = N mgmi; / AU U
h=1 R¥\w 1<hI<N R3¥\w
=0
N
o2k .
> mindng = ms, = o C
h=1 ow O

Proposition 1 The polarization matriz coefficients are given by

k
8,2]-

m>, = — -
gk Ow 8’0

for a Neumann condition in Ow.

We are going to built U(e,x) an approximation of solution u.(x) = (ul,u2 u2) of problem

(5) in the following way
6 - - 6
U — L2 _U] — 2 w g0 49
() = ule) e 5) = V) + 8 S (49)
The approximation U (e, z) defined by u®(z) satisfies
[ () = U(e; ) < Cse®, >0 (50)

2.3.2 Asymptotic expansion of functionals

We evaluate the variation of the functional (6) with r =96 =0and o; = 3; =1, i = 1,2,3 over
the variation of the domain. We use the approximation U(e, z) of u(e,x) solution to (40). We

have
Je(ue) — J(u) = Je(ue) — J(U) + J(U) — J(u)

3
9w = LU = | 3 [ [t = ud)? + IVaif? - 0 = a)? [V da]
i=1 /8%

3
= (Z/ [(u — 2up + U) (uf — Uf) + (|Vut;|2 - |VU;|2)}dx(.
i=1 7Sk
As the inequality (50) is valid and for all € > 0,
IVu§| < O, |VUS| < Cy;
we obtain directly

|Je(ue) — J(US)| < Ce®, 6 >0 (51)
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It remains to evaluate the difference J.(U€) — J(u).
Evaluating functional J at U€ yields

1) = [ [0 =0+ 1VU e =, [0 = w)? + (Vau(o) + mruVex(6) + mo V()] da.

(52)
Let
F(z,u(z), Vu(r)) = i(Uf —uh)? + | Vu' (53)
and (&) + Z(&) = Vez(€) + €m“Vn°(z), the f?mctional J(U) writes
J.(U) = /Q Fl U@), V() +1(6) + Z(O)d (54)

Applying lemma (voir [14] in appendix) to the functional J.(U) defined by (54), we get

J(US) — Jo(u) = —e2F(0,u(0), Vu(0))mes((w) + € /RS\ 2Vu(0).Vz(€)dé —e3Vm& u + o(e319).
(55)

We are now able to give the following theorem which give us the topological derivative in the
Neumann case.

Theorem 2.3 Let ue be the solution of problem (5) and B% is a Neumann condition on Ow.
Then functional J.(ue) defined by (6) with r = § =0 and a; = f; = 1, i = 1,2,3 admits the
following asymptotic expansion

Je(u) = Jo(w) + €2m((w = uo)? + [Vuf* - /

2Vu.Vz(§)d§) — EmPV - u+ o) (56)
R3\w

where u is the solution to problem (4) and V solution to the adjoint problem

—AV = F (z,u(z), Vu(z)) — Vo Fo, (z,u(z), Vu(x)) in Q (57)
%—X =0 on 0N
mY is the polarization matriz, z = (2%,... ,23) solution to problem (44), F!(z,u(x), Vu(z)) =

2(u —up), and Fg,(z,u(z), Vu(z)) = —Au.

Proof 3 The proof is essentially based on the asymptotic expansion of the functional; then the
relation (56) is gotten directly by (51) and (55).

3 Michell trusses problem

Let us begin this section by a presentation of the problem. We ask the reader to see for example
the interesting and meaning full work due to Bouchitte et al [3] and their references. Our aim is
to link this problem to shape and topological optimization and we will end our work by numerical
simulations.
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3.1 Presentation

For the presentation of the Michell trusses problem, we are going to give some elements which
can be found in [3] and for more details see this reference and the others therein.

A truss is a finite union of bars (A4;, 4;), i # j, i,j € {1,...,n} subjected to a force F' =
> iy Fidnr and result of a tension o :

n
o = Z )\ijO'[Ai’Aj}, (58)
ij=1
where 4; € R?, i=1,... ,n and ol445) is given by

Aoy _ A Ay A A
|A; — Aj| A — 4]

o

H[lAi—Aj]’ (59)

), is the Dirac mass at a point M; € R3. The truss is in equilibrium when
dive + F =0. (60)

The problem of Michell trusses is to find all points A = (A4;)7;, C R™ and all reals A =
(Aij)ij=1 C R, which minimize

C(AN) = ajlld; — A (61)
ij=1
such that
0 =311 Moo
{ —divo = F (62)

Using the second equation of (61) the problem is equivalent to a decomposition of F' as

- A — A
F= Z Ai(04; — 5Aj)m (63)
ij=1 t J
with C'(A, A) minimal.
Let us introduce
T n
Z(é’) ={o e M(5 5" «S") such that o = Z )\ija[Ai’Aﬂ and — dive = F'}.
F ij=1

Our aim is to see the Michell trusses as a topological optimization problem. For a deformation
(displacement) u for all pair (A,T") solution to the problem of Michell trusses we have

Aj

- Ai — n n
/Q < Fyu>dr= Z)\i’j < U(AZ - U(Aj); m >< Zi,j )\z,j|Az - A]| < Zi,j |)\z,j||Az - A]| = C(A,A)

i
(64)
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Let us mention that in [3], they showed that

min{/ lo|, o€ Xp(s)} = max{/ < Fou>, ucU/(s)}, (65)
Q Q
where

U(Q) ={u:Q—R"uecC) and ||ullq < 1}

and

| <u(z) —u(y);z —y > |

, Vo z,y) € Q2.
P #y (z,9) }

[ulle = sup{

To go back to the objective of this section which is to study a type of Michell trusses problem
as a topological optimization problem. Let us introduce the classical model in elasticity in the
stationary case: this means that —dive = F where o(u) = AT'r(e(u)) + 2ue(u) with o45(u) =
Mdivu)8;j + 2pe;j(u) and ;5 = $(u; j + uj;) and div(u) = 0. Finally we have —Au; = F; where
F = (Fy, Fy, F3) and u = (u1,u2,us). Multipying by u; and integrating we get

/ Vu;Vudr — %uida = /Fl-uidx, 1=1,2,3.
Q o0 On

Ou; _

Taking 5+ = 0 on 9 we have

3 3
/ ZFiuid:U = Z/ |V [2dx = / < F,u > dx. (66)
i1 i=1 &

Let

3
_ wl?
7(u, ) —; /Q Vs (67)

under the constraints dive = F.

Remark 1 In the compressible case the topological derivative for a point x € € of the compliance
is given by [1, 7, 16, 17]

_ m(A+2p) .
glan) = 5o {apetu) - e(u) + (0 tr(Actu)er(e(w) (o) in B (65)
and
ow0) = —OF Lot Ac(u) - efu) + (33— 2u)tr(Ac(u)ir(e(w) } (a) in B (69
(9N + 14p) ’

where w = B(0,1).
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In the incompressible case ie when div v = 0 in 2, solving the Michell trusses is therefore
to maximize the functional (67) along a set of fields, so using the topology optimization. For
mathematical convenience we minimize —J(u,$2) where J is defined by (67). This reduces to
reconsider cases of topological optimization problem related to the thermoelasticity because the
functional (67) is a particular case of general functional (6) with o; =0, 5; =1, r =0 =0 and
we consider only the elasticity problem with F' = (F;),i =1,2,3.

Taking into account that div v = 0 in Q, then w;, ¢ = 1,2,3 is solution in € of the following
equation

“Au;=F;i=1,2,3, Q
divu=01in (70)
Gu — 0 9.

Since €2 is defined by Q. = Q\we, u, is solution to

—Au§ = F; Q(e)
div u® =0 Q(e)

O =009 ()
681:; =0 Jwe,

and the functional J(u.) is defined by

J(ue) :Z/ |vu§|2:/ < Fuf > . (72)
i=1 78 Qe

The exterior problem is given by

—pAw; = F R\
div w; = 0 in R3\@ (73)
%zOouwizo&u.
We give the following theorem which characterizes the development of the functional. The proof
is in the same way than the Theorem 2.3.

Theorem 3.1 Let J(uc) the functional defined by (72) where u¢ = (ug,... ,uy) and u§ is
solution to (73). Then we have the following assymptotic expansion

Jo(u€) = J(u) + 27?63<]Vu\3 —VuVV - u.V) +o(e379), (74)

where § is a positive integer and u = (ui,... ,un); u; is solution to (70) and V is solution to
the adjoint state

{ AV = =V, TG, (,u(z), Vu(z)) Q (75)

oV

Proof 4 The proof of this theorem is similar to the proof of theorem?2.3.
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4 Numerical Simulations
4.1 Case of the thermoelasticity problem
In this section we consider

{ —Af =hin (76)

90 =0 on 99,

where h = 1072 is a given function and the deformation vector u = (uy, us, u3) is solution to

—Au; — Skaaa—li = f; in Q

div(u) = 0in Q (77)
i — h; on O

and u} = 2x + y — 2z is given.
We consider also the topological derivative of functional (6) defined in theorem 2.3 by

—27r<(u —up)? + |Vul® + / 2Vu.Vz(§)d§) — 47V - u,

R3\w

where V' is the adjoint state associated to functional (6).

Let us take Q = [~1,1] x [-1,1] x [-1,1],a =k =1, f; = 1072, h; = 0, i = 1,2,3. Using
finite elements methods and Getfeem++ we obtain the following numerical simulations for the
topological derivative and the temperature 6 in €.
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temperature

0.4

0.35

- 10.25

= 4015

01

0.05

topological derivative x 10"

-10

Figure 1: Representation of the temperature 6 at the top of this page and representation of the
topological derivative at the bottom.
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4.2 Case of Michell trusses problem’s

Let us consider a square in R? and three points A;, As and As in the square. Let us consider
also a decomposition of F' under the form

F = 0415,41 + a25,42 + a35A3. (78)
We first give the solution v = (uq,... ,u,) where u; is solution to
—A’LLZ‘ = fz in
div(u) =01in Q (79)

%zOon@Q.

Given a load F' with finite support, we minimize numerically the functional J where « is solution
to (79). Let us consider the square Q = [—1,1] x [—1, 1] and a decomposition of F' in the form
(78). Let us consider two cases:

A1 =(0,0), Az =(1/2,1/2), A3 =(1,0) (80)
and
By =(-1,-1), By =(-1/2,1/2), B3 = (1/2,—1/2). (81)

The results obtained for the topological derivative in the case where points defined by (80)
and (81) are given in figure2. The numerical simulations show that C(\) is minimum in the
considered points.

These figures show that the topological derivative is smaller at the considered points, ie the
points where we have the Dirac distributions.
We consider also a decomposition of F' = Zg’zl «; A; where the points A; are given by

Ap = ((=1,-1), Ay = (0,1/2), As=(1,1) A= (0,-1/2) and A5 = (1,-1)  (82)

and let \j; =1, 1 <4,7 <5 and \j; = %, i # j. Then we obtain for the topological sensitivity
figure 3.

In the case where Q = [~1,1]> C R? and F = Z?Zl @;04, where the points A; € R?, i =
1,...,5 are given by

Ap = (0,0,0), As = (0,1,0), A3 = (0,0,1), Aq = (0,0,1), A5 = (1,1,1) (83)

the topological derivative is given in figure 4.
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topological derivative

-100

-120

—_—

-1 -0.5 0 0.5
X

topological derivative

Figure 2: Representation of the topological derivative with in the top F' = Zle a;d4, and
F =37 a;0p, at the bottom, \;; = ., A; given by (80) and b; given by (81).
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topological derivative

1000

-1000

~1-2000

-1-3000

--4000

-5000

-6000

-7000

topological derivative x 10"

Figure 3: Representation of the topological derivative with in the top F' = Zle a;04;, Nij = %
and ' = Z?zl a;04;, Aij =1 at the bottom, A; given by (82).
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topoloqical derivative

Figure 4: Representation of the topological derivative with \;; = % and F = 2?21 aida,, A
given by (83).
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