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Abstract

A licensing contract is studied as a Stackelberg differential game
with the licensor as the leader and the licensee as the follower. We as-
sume that both players can advertise to increase the brand value, but
licensee’s advertising introduces an uncertainty effect in the brand evo-
lution. The objective of the licensee is to maximize her expected profit,
while the objective of the licensor is twofold. He wants to maximize his
expected profit and at the same time he wants to extend the value of his
brand. If the advertising campaign planned at the beginning of the pro-
gramming interval is required to be open-loop and deterministic, then
the stochastic differential game becomes deterministic. We take into
account brand extension by mean of two approaches. In the first one
we require the mean brand value to be greater than a given threshold,
in the second one we require that the final constraint is satisfied with
a given probability. We characterize the deterministic optimal strate-
gies for both players and analyze the economic meaning of the obtained
results.
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1 Introduction

We consider a licensing contract where the owner of a brand (the licensor) gives
another firm (the licensee) the rights to produce a good with his brand on it
and sell it in a complementary business. Our focus is to study the strategic
behaviours of the two agents involved in the licensing contract. In particular
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we want to analyze the communicative effects of their advertising campaigns
in terms of the evolution of the licensed brand value and of its level at the
end of the programming interval. In the following, we will refer to the licensor
as he and to the licensee as she, respectively. We focus on the situation in
which the licensor has a high experience in his business, so that we consider
his advertising effect as foreseeable. On the other hand the licensee is not
expert in advertising, hence the effect of her advertising campaign may be
unpredictable.

We tackle the problem as a Stackelberg differential game with the licensor
as the leader and the licensee as the follower. Our starting point is the model
introduced by Buratto and Zaccour in [3], where both competitive and coop-
erative optimal advertising strategies have been characterized. In that model
the sustainability of brand value is considered only by means of a scrap value
function that describes the weight given by the players to the final brand value.
In [2] a similar scrap value function is taken into account only by the licensor
because it is assumed that the licensee is not interested in the final value of
the brand. Nevertheless, in both these papers the licensor is not sure that the
licensed brand value at the end of the advertising campaign will be greater
than the one it had at the beginning of the planning period.

This difficulty is overcome in [1] where brand sustainability is considered by
introducing a constraint on the value of the brand at the end of the advertising
campaign. Furthermore, there it is determined the minimum selling price
which guarantees brand sustainability. In this paper we take into account not
only brand sustainability, but we also require brand extension, being licensing
one of the brand extension strategies, see e.g. [8] and [12].

In all cited literature the evolution of the brand is assumed as determinis-
tic. In this paper, in order to describe the uncertainty effects associated with
the advertising campaign of the licensee, we model the brand dynamics us-
ing a stochastic differential equation (see [9] and the References therein for a
complete analysis of the stochastic brand goodwill evolution). Being the final
brand value a random variable, it turns out difficult to model a constraint for
it. We initially consider a constraint on the expected value of this random
variable, loosing, in such approach, the effects of the uncertainty. After that,
we require that the constraint is satisfied with a given probability as done in
[6]. This allow us to face the problem using a value at risk approach and to
characterize the Stackelberg Equilibrium of the differential game.

The paper is organized as follows: in Section 2 we describe the model
as an extension of the original model introduced by Buratto and Zaccour in
[3]. In Section 3 we study the problem from the licensee’s point of view and
we characterize her best reply strategy. In Section 4 we solve the licensor’s
problem. Initially, we assume that the final constraint is imposed on the
expected value of the final brand value; then we face the problem using a
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value at risk approach. We can characterize the Stackelberg Equilibrium of
the differential game in both these scenarios. In Section 5 we discuss our results
a we describe some open problems connected with our approach.

2 Model

Let’s consider a finite time horizon [0, T ], with T > 0, which correspond to a
sale season of the licensed product. In the following, we will refer to the licensor
as L and to the licensee as �, respectively. Let us denote by G (t) the value of the
brand at the time t and by ai (t) ≥ 0, i ∈ {L, �}, the advertising effort of player
i, at t ∈ [0, T ]. We assume that the brand value is increased by the advertising
messages of both players, whereas it decays if not well sustained. Furthermore,
we assume that the licensee’s advertising effort has an uncertain effect on the
evolution of the brand value and we decide to describe this uncertainty using
a stochastic differential equation as proposed in [9]. Under these assumptions,
the brand value G (t) can be considered as a stochastic process whose evolution
satisfies

dG (t) = (−δG (t) + γLaL (t) + γ�a� (t)) dt + σ�a� (t) dW� (t)
G (0) = G0 > 0

(1)

where δ > 0 is the constant decay parameter and γi > 0 is the efficiency of the
advertising effort of player i.

In our model the uncertainty of the licensee’s advertising effect is consid-
ered by introducing a diffusion term proportional (σ� > 0) to the licensee’s
advertising effort a�(t), where W� (t) is a standard Brownian motion, as usual.

We assume that the revenue flow is linear in the brand level and the royalty
required by the licensor is a percentage r > 0 of such revenue flow. Moreover,
we assume that the cost functions for both the players are quadratic in the
advertising flows, i.e. Ci (ai) = κia

2
i /2, where κi > 0. These assumptions are

typical in goodwill stock models [7] as well as in related licensing models [3],
[1] and [2].

The licensee wants to maximize her expected profit given by

J�(a�) = E

(∫ T

0

e−ρt

[
(1 − r)αG (t) − κ�a

2
�(t)

2

]
dt

)
, (2)

where ρ > 0 is the discount parameter, while α > 0 is the marginal flow
revenue with respect to the brand value at the time t.

On the other hand, when the licensor’s enters into a licensing agreement, he
has two principal objectives. First of all, he wants to maximize the expected
profit coming from the royalties and this can be formalized by the following



4408 A. Buratto and L. Grosset

function to be maximized

JL(aL) = E

(∫ T

0

e−ρt

[
rαG (t) − κ�a

2
L(t)

2

]
dt

)
. (3)

Furthermore, he wants to improve the value of his brand and this is called
brand extension [13]. More precisely, we assume that the licensor wants his
final brand level to be greater than a fixed threshold. This can be formalized by
introducing a state variable constraint in his optimization problem. However,
being G (T ) a random variable, it is not straightforward to introduce such a
constraint. In our analysis we follow two different approaches: the expected
value and the value at risk.

In the expected value instance we require that the expectation of the final
brand value is greater than a given threshold Gtarget and this can be formalized
by means of the constraint

E (G (T )) ≥ Gtarget. (4)

In the value at risk instance we require that the final brand value is greater
than a given threshold Gtarget with a given probability p ∈ (

1
2
, 1

)
and this can

be formalized by means of the constraint

P (G (T ) ≥ Gtarget) ≥ p. (5)

In both the instances we assume Gtarget > G0, because the licensor generally
wants to enter into the licensing agreement in order to improve the level of his
brand.

Summarizing, the leader wants to maximize the objective functional (3)
subject to the motion equation (1) and either the final state constraint (4)
or the final state constraint (5). On the other hand, the follower wants to
maximize the objective functional (2), under the dynamics (1) and without
any further constraint, as she does not care about brand extension.

The couple of optimization problems we defined above constitutes a stochas-
tic Stackelberg differential game, [14]. In a general framework of a stochastic
differential game, a feasible strategy is a progressively measurable process,
with respect to the natural filtration, (see [11]). However, this assumption im-
plies that we know the real value assumed by an advertising strategy at a given
time t, only when we know which events of the filtration really occur at that
same time. In our model we assume that both the licensor and the licensee
have to determine a precise and fixed advertising campaign for the different
communication media, (such as newspapers, advertising posters and radios) at
the beginning of the programming interval and that no changes of strategies
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are allowed along the selling season. Hence, it is not restrictive to assume,
as done in [6], that the control functions ai (t) , i ∈ {L, �}, are deterministic
and completely known at the beginning of the advertising campaign. This
hypothesis simplifies the analytical setting, so that the stochastic differential
game can be solved using an auxiliary deterministic differential game.

Someone may argue that we should look for Markovian strategies in feed-
back form, nevertheless the presence of the constraint for the final state pre-
vents us from using the Hamilton Jacoby Bellman approach. This is another
reason why we limit to the open-loop strategies, together with the necessity
to compute and fix the advertising efforts at the beginning of the planning
period.

3 Licensee’s best reply strategy

In order to determine the Stackelberg equilibrium, we first compute the fol-
lower’s best reply strategy by solving the licensee’s problem. We emphasize
that we are assuming that the controls a� (t), aL (t) are deterministic, and both
the players have to choose their strategies at the beginning of the program-
ming interval. Under these hypotheses the model becomes a deterministic
differential games played with open-loop strategies.

Given a deterministic strategy aL (t) of the leader, the follower has to solve
the optimal control problem

max
a�≥0

E

(∫ T

0
e−ρt [(1 − r) αG (t) − κ�a

2
�(t)/2] dt

)
s.t. dG (t) = (−δG (t) + γLaL (t) + γ�a� (t)) dt + σ�a� (t) dW� (t)

G (0) = G0 > 0

(6)

Being a� (t) and aL (t) deterministic, the solution of the motion equation is
the Gaussian process

G (t) = Xt

{
G0 +

∫ t

0

(γLaL (t) + γ�a� (t))X−1
t ds +

∫ t

0

(σ�a� (t)) X−1
t dW� (s)

}

(7)

where

Xt = exp

(
δt +

∫ t

0

σ�a� (s) dW� (s)

)
.

Hence, if we define

m (t) = E (G (t)) , (8)
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problem (6) becomes

max
a�≥0

∫ T

0
e−ρt [(1 − r)αm (t) − κ�a

2
�(t)/2] dt

s.t. ṁ(t) = −δm (t) + γLaL (t) + γ�a� (t) ,
m (0) = G0.

(9)

We observe that the follower does not consider the stochastic effect of her
advertising. This is due to the linearity of the demand function with respect
to the brand goodwill and to the additivity effect of the advertising efforts
of both the players. The licensee’s advertising strategy, which constitutes the
first component of a Stackelberg equilibrium, is given by the following result.

Theorem 3.1 The open-loop best response of the follower to any strategy
aL (t) of the leader is

a∗
� (t) =

γ�

κ�

α

δ + ρ
(1 − r)

(
1 − e−(ρ+δ)(T−t)

)
, t ∈ [0, T ] . (10)

Proof. The current value Hamiltonian for the follower is

Hc
� (m, λ�, a�, t) = (1 − r)αm − k�a

2
�

2
+ λ� (−δm + γLaL (t) + γ�a�) ,

let’s observe that it is concave in m and a�, therefore it follows that the Man-
gasarian sufficiency conditions hold, so that the following conditions are suffi-
cient for the optimality of the control (for both necessary and sufficient con-
ditions we refer to [5]).

Maximizing the Hamiltonian function w.r.t. the control a� we obtain an
advertising strategy depending on the co-state variable of the follower

a∗
� (t) = max

{
γ�

κ�
λ� (t) , 0

}
.

The co-state function satisfies the adjoint equation

λ̇� (t) = −∂HC
�

∂m
+ ρλ�(t) (11)

which leads, together with the transversality condition, to the following Cauchy
problem {

λ̇� (t) = −rα + (δ + ρ) λ� (t) ,
λ� (T ) = 0.

Solved it gives

λL(t) =
rα

δ + ρ

(
1 − e−(δ+ρ)(T−t)

)
> 0, (12)
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and therefore the optimal strategy of the licensee is the one given in (10).
Let’s notice that a∗

� (t) is strictly decreasing in time, this is due to the fact
that the licensee is not interested in the final value of the brand and the plan-
ning period is finite. The licensee’s advertising effort is strictly increasing in
the advertising efficiency γ�, whereas it is strictly decreasing in the advertising
cost κ�, in the royalty percentage r and in the decaying parameter δ. All these
results are in line with the similar ones obtained in [3]. Furthermore the big-
ger the discount factor ρ, the lower the advertising effort a∗

� (t) . The opposite
behaviour occurs varying the parameter α.

4 Optimal Strategy of the Leader

Here we look for the licensor’s advertising efforts which constitute a Stackelberg
equilibrium, following two approaches in order to consider brand sustainability:
the expected value instance and the value at risk instance.

4.1 Expected value instance

In the first part of this Section we assume that the licensor requires the ex-
pected final brand value to be greater than a fixed threshold, that is

E (G (T )) ≥ Gtarget, (13)

moreover we assume Gtarget > G0 in order to require than the licensing contract
leads to brand extension. Under this assumption the licensor does not take
into account the uncertainty effect of the licensee’s advertising campaign. With
the same definition for the variable m(t) introduced in (8) for the licensee’s
problem, the optimization problem of the licensor can be written as follows

max
aL≥0

∫ T

0
e−ρt [rαm (t) − κLa2

L(t)/2] dt,

s.t. ṁ (t) = −δm (t) + γLaL (t) + γ2
� λ� (t) /κ�, m (0) = G0,

λ̇� (t) = −rα + (δ + ρ) λ� (t) , λ� (T ) = 0,
m (T ) ≥ Gtarget,

(14)

where the brand sustainability condition has been formalized by means of a
constraint on the final value of the state function. It is interesting to remark
that the assumptions introduced at the beginning of our model make the con-
trol problem deterministic. In fact, the demand function is linear in the brand
value, the advertising policies of both players are deterministic, and only the
expected value of the brand is considered in the constraint.

Using the necessary and sufficient conditions for a constrained optimal
control problem [5] we obtain the following result
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Theorem 4.1 There exists a licensor’s optimal advertising strategy and it
has the form

aL (t; η) =
γL

κL

[
rα

(δ + ρ)

(
1 − e−(δ+ρ)(T−t)

)
+ ηe−(δ+ρ)(T−t)

]
,

for a unique value η∗ of the parameter η. Let m (t; η∗) be the unique solution
of the motion equation associated to the control aL (t; η∗) , then the following
proposition holds

• if m (T ; 0) > Gtarget, then η∗ = 0;

• if m (T ; 0) ≤ Gtarget, then η∗ is the unique solution of the equation
m (T ; η) = Gtarget, that is

η∗ =
2δkL

rγ2
L(1 − e−2δT )

{
Gtarget − G0e

−δT − α(1 − e−δT )2

2δ2

(
γ2

Lr

kL
+

γ2
� (1 − r)

k�

)}
.

(15)

Proof. The current value Hamiltonian for the leader is

Hc
L(m, λ�, aL, λL, πL) = rαm − kLa2

L

2
+ λL

(−δm + γLaL + γ2
� λ�/κ�

)
+

+πL (−rα + (δ + ρ) λ�) ,

we notice that it is concave in (m, λ�, aL), therefore the Mangasarian sufficiency
conditions hold.

Maximizing the Hamiltonian function w.r.t. the control aL we obtain an
advertising strategy depending on the co-state variable λL of the leader

a∗
L (t) = max

{
γL

κL

λL (t) , 0

}
.

The unique co-state function that is relevant to characterize the optimal
advertising strategy is λL (t) and it satisfies the adjoint equation

λ̇L (t) = −∂HC
L

∂m
+ ρλL(t) (16)

which gives, together with the transversality condition, the following Cauchy
problem

{
λ̇L (t) = −rα + (δ + ρ) λL (t) ,
λL (T ) = η,
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where

η ≥ 0, η (m (T ) − Gtarget) = 0. (17)

Once obtained the co-state function

λL(t; η) =
rα

δ + ρ

(
1 − e−(δ+ρ)(T−t)

)
+ ηe−(δ+ρ)(T−t) > 0, (18)

the analytical form for the optimal advertising strategy is

a∗
L (t; η) =

γL

κL

[
rα

(δ + ρ)

(
1 − e−(δ+ρ)(T−t)

)
+ ηe−(δ+ρ)(T−t)

]
.

In order to determine the optimal value of parameter η, let’s solve the
Cauchy problem{

ṁ∗ (t; η) = −δm∗ (t; η) + γLa∗
L (t; η) + γ2

� λ�(t)/k�,
m∗ (0; η) = G0

and obtain the state function m∗ (t; η) in terms of η itself.
Now, if m∗ (T ; 0) > Gtarget, then from the transversality condition (17) it

follows that η = 0, so that the the licensor’s optimal advertising strategy is
a∗

L (t; 0) . On the other side, if m∗ (T ; 0) ≤ Gtarget, then, from the transversality
condition it must be m∗ (T ; η) = Gtarget . Solving the equation in η we obtain
(15).

Let’s observe that condition m∗ (T ; 0) ≤ Gtarget, is equivalent to

Gtarget ≥ G0e
−δT +

α(1 − e−δT )2

2δ2

(
γ2

Lr

kL
+

γ2
� (1 − r)

k�

)
(19)

and the economic meaning of this result is straightforward: the licensor has to
advertise with a minimum effort (η = 0) if the target is not so high. On the
contrary, if the target is high, a big advertising effort is necessary in order to
extend the brand. Furthermore, from (15) it follows that the higher the Gtarget

brand value threshold, the more the licensor has to increase his advertising
effort in order to reach his goal.

The licensor’s optimal strategy is not necessarily decreasing in time, just
because he is interested in the extension of his brand. In fact, the higher the
brand value threshold, the bigger parameter η and if Gtarget is very high, then
the optimal advertising effort of the licensor becomes monotonically increasing.
Similarly to the behaviour of licensee’s advertising strategy, a∗

L (t) is strictly
increasing in the advertising efficiency γL, whereas it is strictly decreasing in
the advertising cost κL.

Many factors may influence the behaviour of the licensor’s advertising effort
w.r.t. the royalty percentage r, among these we can highlight the difference
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between the advertising efficiencies of the two players (given by the ratios
γ2

i /ki, i ∈ {L, �}.) For example, the lower the licensor’s advertising effective-
ness, the more he has to advertise in case of high royalty percentage. As in the
licensee’s case, the bigger the discount factor ρ, the lower the advertising ef-
fort a∗

L (t) . Nothing can be said a priori about the behaviour w.r.t. parameters
δ and α, apart from the fact that the increment of the licensor’s advertising
effort η decreases as the marginal flow revenue α gets higher.

We notice that the co-state variable πL does not enter in the discussion of
the optimal strategy of the leader, hence the Stackelberg equilibrium ((a�(t), aL(t))
of the game constituted by problems (9) and (14) is weakly time consistent
(see [4]).

4.2 Value at risk instance

In the second part of this Section we assume that the licensor wants the final
brand level to be greater than a fixed threshold with a given probability, that
is

P (G (T ) ≥ Gtarget) ≥ p ∈
(

1

2
, 1

)
. (20)

In this instance of the model, the uncertainty of the brand evolution enters
in the discussion of the optimal advertising policies. Actually, the uncertainty
affects only the advertising policies of the leader who wants to take into account
the distribution of the final value. Using the constraint (20) the optimal control
problem of the leader becomes

max
aL≥0

E
(∫ T

0
e−ρt [rαG (t) − κLa2

L (t) /2] dt
)

s.t. dG (t) = (−δG (t) + γLaL (t) + γ�a
∗
� (t)) dt + σ�a

∗
� (t) dW� (t) ,

G (0) = G0,
P (G (T ) ≥ Gtarget) ≥ p.

(21)

Under our assumptions, the brand evolves as the Gaussian process (7), hence
the advertising policy of the licensee contributes to increase the mean evolution
of the brand, but it introduces uncertainty in the model. The licensor wants
both to maximize his profit and to satisfy the final brand constraint. Under
the given assumptions on the players’ controls and using the analytical form of
the brand goodwill process (7), we can describe the evolution of its mean m (t)
and its variance v (t) by way of the following ordinary differential equations

ṁ (t) = −δm (t) + γLaL (t) + γla
∗
l (t) , m (0) = G0, (22)

v̇ (t) = −2δv (t) + σ2
l (a∗

l (t))2 , v (0) = 0. (23)
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Therefore, the final constraint P (G (T ) > Gtarget) ≥ p becomes

P (N (m (T ) , v (T )) > Gtarget) ≥ p,

where N (μ, σ2) is a normal random variable with mean μ and variance σ2.
The value at risk constraint can be rewritten 2 as

Gtarget ≤ Φ−1 (1 − p)
√

v (T ) + m (T ) , (24)

where Φ−1 is the inverse function of the cumulative distribution function of
the standard normal random variable. Using this result and recalling that
Φ−1(1 − p) = −Φ−1(p), we can write the optimal control problem (21) as

max
aL≥0

∫ T

0
e−ρt [rαm (t) − κLa2

L(t)/2] dt,

s.t. ṁ (t) = −δm (t) + γLaL (t) + γ2
� λ� (t) /κ�, m (0) = G0,

λ̇� (t) = −rα + (δ + ρ) λ� (t) , λ� (T ) = 0,

v̇ (t) = −2δv (t) + σ2
l (γ�λ� (t) /κ�)

2 , v (0) = 0,

m (T ) ≥ Gtarget + Φ−1 (p)
√

v (T )

(25)

This is a non-linear optimal control problem in the state variables m, λ�,
and v with a non-linear final state constraint. We notice that the state equa-
tions for the variable v and λ� are solvable independently from the other motion
equation as the variables v and λ� do not depend on the control of the leader.
Hence, denoting by v∗(t) the unique solution of the third motion equation (23)
and by v∗(T ) its value at the final time, we can characterize the advertising
strategy which constitutes the optimal control of the leader.

Theorem 4.2 There exists a licensor’s optimal advertising strategy and it
has the form

aL (t; η) =
γL

κL

[
rα

(δ + ρ)

(
1 − e−(δ+ρ)(T−t)

)
+ ηe−(δ+ρ)(T−t)

]
,

for a unique value η∗ of the parameter η. Let m (t; η∗) be the unique solution of
the motion equation associated to the control aL (t; η∗) , and let Ḡ = Gtarget +

Φ−1 (p)
√

v∗(T ). Then the following proposition holds

• if m (T ; 0) > Ḡ, then η∗ = 0;

2
P (G (T ) > Gtarget) ≥ p ⇔ 1 − Φ

(
Gtarget−m(T )√

v(T )

)
≥ p ⇔ Gtarget−m(T )√

v(T )
≤ Φ−1(1 − p)
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• if m (T ; 0) ≤ Ḡ, then η∗ is the unique solution of the equation m (T ; η) =
Gtarget + Φ−1 (p)

√
v∗(T ), that is

η∗ =
kL

γ2
L

2δ

r(1 − e−2δT )

{
Ḡ − G0e

−δT − α(1 − e−δT )2

2δ2

(
γ2

Lr

kL
+

γ2
� (1 − r)

k�

)}
.

(26)

Proof. The current value Hamiltonian for the leader is

Hc
L(m, λ�, v, aL, λL, πL, ξL) = rαm − kLa2

L

2
+ λL

(−δm + γLaL + γ2
� λ�/κ�

)
+

+πL (−rα + (δ + ρ) λ�) + ξL

(−2δv + σ2
l γ

2
� λ

2
�/κ

2
�

)
,

we notice that it is concave in (m, λ�, v, aL), therefore it follows that the Man-
gasarian sufficiency conditions hold.

Maximizing the Hamiltonian function w.r.t. the control aL we obtain an
advertising strategy depending on the co-state variable λL of the leader

a∗
L (t) = max

{
γL

κL
λL (t) , 0

}
.

The unique co-state function that is relevant to characterize the optimal
advertising strategy is λL (t) and it satisfies the adjoint equation

λ̇L (t) = −∂HC
L

∂m
+ ρλL(t), (27)

which gives, together with the transversality condition, the following Cauchy
problem

{
λ̇L (t) = −rα + (δ + ρ) λL (t) ,
λL (T ) = η,

where

η ≥ 0, η
(
m (T ) − Ḡ

)
= 0. (28)

Once obtained the co-state function

λL(t; η) =
rα

δ + ρ

(
1 − e−(δ+ρ)(T−t)

)
+ ηe−(δ+ρ)(T−t) > 0, (29)

the analytical form for the optimal advertising strategy is

a∗
L (t; η) =

γL

κL

[
rα

(δ + ρ)

(
1 − e−(δ+ρ)(T−t)

)
+ ηe−(δ+ρ)(T−t)

]
.
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In order to determine the optimal value of parameter η, we follow the same
technique used at the end of Theorem 2 substituting Gtarget with Ḡ, obtaining
therefore (26).

The evolution of the variance is affected only by the optimal advertising
strategy of the licensee and she does no care about of the uncertainty because
only the expected value of this stochastic process enters in her objective func-
tional. The licensor does not control the evolution of the uncertainty, hence if
he wants to satisfy the final constraint (24), then he has to increase the mean
of the Gaussian process.

In the value at risk instance of the model, the final brand value has to
be greater than the level Ḡ = Gtarget + Φ−1 (p)

√
v∗(T ). The comparison

between the two instances of the model is straightforward if we consider the
definition of Ḡ. In the value at risk instance the leader takes into account
the uncertainty introduced by the advertising campaign of the licensee, and he
has to correct his constraint requiring a threshold greater than the previous
one. The additional term Φ−1 (p)

√
v∗(T ) is increasing both in the probability

p and in the advertising effort of the licensee (because it increases the variance
of the final brand value).

Also in this instance, we can notice that the co-state variable πL does
not enter in the discussion of the optimal strategy of the leader, hence the
Stackelberg equilibrium ((a�(t), aL(t)) of the game constituted by problems
(9) and (25) is weakly time consistent (see [4]).

5 Conclusions

In this paper we study a licensing contract and we model the problem as a
Stackelberg differential game with a stochastic evolution for the value of the
brand. Using some strong but realistic assumptions on the strategies (deter-
ministic and open-loop), we can move from a stochastic differential game to
a deterministic one. We analyze this differential game under two different as-
sumptions: in the first one the leader wants his final brand value to be, in
mean, greater than a fixed threshold; in the second one he wants that the con-
straint is satisfied with a fixed probability. We calculate the advertising efforts
which constitute the Stackelberg equilibria in the two obtained deterministic
problems and we compare their results.

The approach we have tackled to solve the original licensing problem leads
to some open questions in the context of differential games. Under our strong
assumptions of deterministic and open-loop advertising strategies, the orig-
inal stochastic differential game can be solved as a deterministic one. The
Stackelberg equilibrium of the deterministic differential game is weakly time
consistent in both instances. However, we cannot extend this property to the
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initial stochastic differential game. Nevertheless, in order to take into account
the variability of real life we need to introduce the stochastic evolution for
the brand. To the best of our knowledge, no definition of time consistency
is given in the literature for a stochastic differential game with deterministic
and open-loop strategies and it is not straightforward to extend the classical
definition of consistency to such kind of models.

Therefore the contribution of this paper is twofold, on one hand we propose
an equilibrium for the brand extension problem in a licensing contract, on the
other hand we identify an open question about consistency in the theory of
the stochastic differential games.
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