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Abstract

Elliptic partial differential equations have various applications in sci-
ence and engineering. In particular they can be applied to solve surface
reconstruction and 3D active contour problems. In this paper a fast
spectral method combined with minimization of a functional is pre-
sented to solve surface reconstruction for non-star shaped and multiple
connected domains, that can be utilized in medical imaging or other
3D imaging process. The results demonstrate a good performance and
efficiency of the method for star-shaped domains and also multiple con-
nected domains.
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1 Introduction

3D partial differential equations are important tools in solving many physical

problems in sciences and engineering. Recently, these equations are applied

to image analysis and medical image processing [2, 4, 5]. In particular, some

of these equations are formulated in the framework of energy minimization.

This paper focused on two important papers of Li et al. [5, 6], and Cheong [3],

they use a particular double Fourier expansion for solving elliptic equations of

Helmholtz type on a sphere for star-shaped domains. The Helmholtz equation

is obtained by minimization of an energy functional, applying Euler-Lagrange

equations. In this paper these methods are generalized to non-star shaped

domains, and precisely, to multiple connected domains.

This paper is organized as follows. The section 2 is specified to describe the

problem and the corresponding method. In section 3, the numerical experi-

ences are presented. The section 4 concludes the paper with a brief discussion.

2 Description of the method

Solution of elliptic partial equations arises in active contour and surface re-

construction. In fact by minimizing a functional named energy function, a

Helmholtz PDE is obtained, that can be solved on unit sphere by spectral

methods, using double Fourier expansion and Cheong fast spectral method,

when the domain is simply connected and star- shaped [3, 7, 8]. This method

enforces the pole conditions and leads to increase accuracy and stability for

time stepping in PDE’s solution procedures [6]. The formulation of these prob-

lems is achieved in the context of variational principles. The ultimate goal is

finding a credible surface that can be obtained from a non-smooth noisy surface

sample data provided by a coarse segmentation algorithm. The application of

calculus of variations leads to a Euler-Lagrange equation as a necessary con-

dition for existence of minimum [6, 8]. In fact the following theorem, from [8],

is one of the main ideas of the method:

Theorem 2.1. let Ω is a Green’s domain in R
n. and f ∈ C2(Ω) , γ ∈ C(∂Ω)

are given.Then in order that u0 ∈ C2(Ω) be a (local) extremal for

J =

∫
Ω

f(x1, ..., xn, u, ux1, ..., uxn)dx

on

D = {u ∈ C1(Ω) : u|∂Ω = γ}.
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it is necessary that u0 satisfies following equation

∂f

∂u
− ∂

∂x1
(

∂f

∂ux1

) − · · · − ∂

∂xn
(

∂f

∂uxn

) = 0. (2.1)

This equation is an Euler-Lagrange equation.

A detailed proof of above theorem is presented in [8]. If the obtained Helmholtz

equation is non-linear, then an iterative procedure can be applied to solve the

equation [8]. For this purpose the elliptic PDE has to be linearized so that it

becomes a non-homogeneous Helmholtz type PDE in each step. A common

formulation of these problems is to consider an energy functional E, which is

the sum of the smoothness constraint and the data constraint:

E(u) =

∫
Ω

(Z(u) + μY (u, g))dΩ,

where Z is a measure of reconstruction smoothness, that can be defined with

Z(u) =‖ ∇u ‖2, and Y is data fidelity that measures the distance between

the function u and the coarse segmentation data g that can be defined by

Y (u, g) = (u − g)2 and μ is a regularization parameter, Ω is a subdomain in

R
3 or a surface in R

3 [2]. Then the energy functional takes the form

E(u) =

∫
Γ

‖ ∇u ‖2 dΩ + μ

∫
Γ

(u − g)2dΩ. (2.2)

The first of two integrands in E(u) represents the smoothness of the seg-

mentation data, and the term (u − g)2 the regularization penalty called the

faithfulness term, Γ is also a boundary surface, that can be chosen as S2 =

{(x, y, z) ∈ R|x2 + y2 + z2 = 1}, as used in [5], or other boundaries. In this

paper Γ can be considered the boundary of a multiple connected domain given

by

Ω = {(x, y, z) ∈ R
3|ρ2

1 ≤ x2 + y2 + z2 ≤ ρ2
2}, Γ = ∂Ω.

Then Γ consists the union of two spheres

Γ1 = {(x, y, z) ∈ R
3|x2 + y2 + z3 = ρ2

1},

Γ2 = {(x, y, z) ∈ R
3|x2 + y2 + z3 = ρ2

2}.
By using Euler-Lagrange equations to find the minima of functional E(u), the

following equation is obtained

∇2u − μ(u − g) = 0, on Γ. (2.3)
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Therefore the following two equations must be solved

∇2u = μ(u − g), on Γ1, (2.4)

∇2u = μ(u − g), on Γ2. (2.5)

Next, the method can be used separately for each problem (2.3), and (2.4),

over the relative spheres, and the results must be utilized correspondingly for

internal and external boundaries.

After using the spherical coordinate transformations, the equation (2.1) on

unit sphere can be expressed as

1

sin θ

∂

∂θ
(sin θ

∂u

∂θ
) +

1

sin2 θ

∂2u

∂2φ
= μ(u − g). (2.6)

Consider u and g are expanded in Fourier series with a truncation of M , on

unit sphere,

u(φ, θ) =
M∑

m=−M

um(θ)eimφ, i =
√−1, (2.7)

with

um(θ) =
1

2M

2M−1∑
k=0

u(φk, θ)e
−imφk , (2.8)

0 ≤ θ ≤ π, 0 ≤ φ ≤ 2π.

By repeating the same process for variable θ, following Cheong [3], it yields

u0(θ) =

J−1∑
n=0

un,0 cos nθ, m = 0,

um(θ) =

J∑
n=0

un,m sinnθ, odd m,

um(θ) =
J∑

n=0

un,m sin θ sinnθ, even m(m �= 0).

Assuming the same notations, and applying the similar approximation for g,

six linear system of equations with respect to un,m can be obtained for, m = 0

or m odd, or m even and n odd or n even. By solving these systems, and

taking the inverse discrete Fourier transforms an approximation of u(φ, θ) can

be determined [3].
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3 Numerical experiments

In this section some examples of 3D surface reconstruction and 3D active

contour are presented. The different values of parameter μ in each examples

are examined.

3.1 Example

In this example g(φ, θ) = 1, which corresponds the sphere ρ = 1, with small

noise on the surface. The results are tested for different values of μ, and

M = 20 , J = 20. When μ is too large, the changes in reconstruction is not

considerable. But when μ is too small, the changes is significant. We have

numerical result for μ = 1000, in Table 3.1.

Table 3.1. The results for example 3.1
θj φi g u* e

0.0714 3.1416 1.0000 1.0005 0.0005

0.0714 0 1.0000 1.0005 0.0005

2.0706 5.1836 1.0000 0.9999 -0.0001

1.2138 5.6549 1.0000 0.9996 -0.0002

the cpu time is 11.84 s, a maximum norm e = (g − u) on mesh points is 10−3.

The initial surface and the final are presented in Fig 1.
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Figure 1: Surface Reconstruction

3.2 Example

In this example the domain is multiple connected limited by g1(φ, θ) = 1 and

g2(φ, θ) = cos(θ) is considered, M = 20 , J = 20. Some results are shown in

table 3.2 and initial and final surface are given in table Figure 2.
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Table 3.2 The results of example 3.2
θj φi g1 g2 u*1 u*2 e1 e2

2.6418 0.1571 1.5000 0.9877 1.4930 0.9323 -0.0070 -0.0554

0.9282 1.0996 1.5000 0.4540 1.4993 0.4491 -0.0017 -0.0048

1.4994 2.3562 1.5000 0.7071 1.5010 0.7009 0.0010 0.0062

2.0706 3.6128 1.5000 0.8910 1.4983 0.8765 -0.0017 0.0045

the cpu time is 8.539322 s , the maximum norm ei = (gi − ui),i = 1, 2 on

mesh points is 10−1.

It is worth to mention that u1 and u2 are the related solution to g1 and g2

respectively.
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Figure 2: Surface Reconstruction

3.3 Example

In third example is g(φ, θ) = cos(θ), investigating surface reconstruction in the

case of 3D active contour applying different regularization parameter after each

iteration. As figure 3.3 shows the final surface, That is obtained by choosing

μ = 1000, is close to initial surface. The results are given for M = 20 , J = 20.

A sample of numerical result are given in table 3.3 for μ = 1000 (see Figure

3).

Table 3.3 The results of example 3.3
θj φi g u* e

0.6426 2.8274 0.9263 0.9314 -0.0005

0.3570 2.9845 0.9587 0.9527 0.0006

0.9288 2.6704 0.8872 0.8853 0.0002

1.4994 2.3562 0.7069 0.7059 0.0001

the cpu time is 1.81 s, The maximum norm e = (g−u) on mesh points is 10−3
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Figure 3: 3D active reconstruction

4 Conclusion

In this paper the surface reconstruction and 3D active contour are applied

to 3D non-star shaped ,and multiple connected domains. Some test exam-

ples are examined to illustrate the performance and efficiency of the proposed

method.The results show that for μ small the faithfulness of the obtained

surface is garanteed. On the other hand the method can be used for more

complicated domains than star-shaped domains, in particular multiple con-

nected domains.
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