
Applied Mathematical Sciences, Vol. 6, 2012, no. 82, 4057 - 4065

Optimal Control Applied to

the Spread of Influenza A(H1N1)

M. El hia 1 , O. Balatif 2 , J. Bouyaghroumni, E. Labriji, M. Rachik

Laboratoire d’Analyse Modélisation et Simulation,
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Abstract

The aim of this work is the application of optimal control to the
study of the impact of vaccination on the spread of influenza A (H1N1).
Seeking to reduce the infected group, we use a control simulating a
vaccination program. The Pontryagin’s maximum principle is used to
characterize the optimal control. The optimality system is derived and
solved numerically.
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1 Introduction

Influenza A (H1N1) 2009 is an acute respiratory disease of humans appeared
in 2009. The contamination is mainly by air, that is to say, coughing and
sneezing. The virus can survive 8 to 48 hours in the open air, depending on
the nature of the surface on which it rests. It caused an influenza epidemic in
the months that followed its appearance. Given the scale of the epidemic, the
WHO described the pandemic in June 2009. In August 2010, the world came
into a post-pandemic stage according to WHO. However, it is only a warning,
the virus is still circulating widely around the globe.

To deal with this epidemic, many governments have decided to implement
tough measures; for example, in several countries, most governments have
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opted for mass vaccination plans as a precaution of the epidemic. In this
context and given that the optimal control theory has been used successfully
to make decisions involving biological or medical models, we propose to study,
in this paper, the impact of a vaccination campaign on the spread of the
influenza A(H1N1).

The paper is organized as follows. In section 2, we present a mathematical
model describing the spread of the influenza A(H1N1) with a control term.
The analysis of optimization problem is presented in section 3. In section
4, we give a numerical appropriate method and the simulation corresponding
results. Finally, the conclusion are summarized in section 5.

2 Mathematical model

In this article we consider the simple model SIR used in [1]. The host pop-
ulation is divided into three epidemiological classes: namely susceptible S,
infective I and removed R. N denotes the total population. We assume that
an individual can be infected only through contacts with infectious individu-
als. This model is governed by the following system of ordinary differential
equations 

dS

dt
= Λ− µS − βS I

N

dI

dt
= βS I

N
− (µ+ d+ r) I

dR

dt
= rI − µR

where all parameters are non negative and defined as follows

Parameter Definition
β Effective contact rate
Λ Recruitment rate
µ Natural mortality rate
d H1N1 induced mortality rate
r Recovery rate
Table 1: Parameter definitions

We introduce into the above mentioned model a control u(t) representing the
vaccination rate at time t. The control u(t) is the fraction of susceptibles
individuals being vaccinated per unit time. We assume that all susceptibles
vaccinees are transferred directly to the removed class. The mathematical
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system with control is given by the nonlinear differential equations
dS

dt
= Λ− µS − βS I

N
− uS

dI

dt
= βS I

N
− (µ+ d+ r) I

dR

dt
= rI − µR + uS

(1)

with S(0) ≥ 0, I(0) ≥ 0 and R(0) ≥ 0 are given and N(t) = S(t) + I(t) +
R(t) for all t.

3 The optimal control problem

In this section we use the optimal control theory to analyze the behavior of
the model (1). Our goal is to reduce the infected individuals and the cost of
vaccination. Mathematically, the problem is to minimize the objective func-
tional

J(u) =

∫ t

0
fI(t) +

A

2
u2(t)dt (2)

where the parameter A ≥ 0 denotes the ”weight” on cost. And tf represents
the duration of the vaccination program. In other words, we seek the optimal
control u∗ such that

J (u∗) = min {J(u) : u ∈ U} (3)

where U is the set of admissible controls defined by

U = {u(t) : 0 ≤ u ≤ 0.9, t ∈ [0, tf ], u is Lebesgue mesurable}

The Pontryagin’s maximum principle [2] converted (1), (2), (3) into problem
of minimizing an Hamiltonian, H, defined by

H = I(t) +
A

2
u2(t) +

3∑
i=1

λifi (4)

where fi is the right side of the differential equation of the ith state variable.
By applying the Pontryagin’s maximum principle [2] and the existence

result of optimal control from [3], we obtain the following theorem:
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Theorem 1 There exists an optimal control u∗, and corresponding solution
S∗ , I∗ and R∗, that minimizes J(u) over U . Moreover, there exists adjoint
functions, λ1, λ2 and λ3 verifying

·
λ1 = λ1µ+ (λ1 − λ3)u∗ + (λ1 − λ2)β

I∗

N
·
λ2 = −1 + (λ1 − λ2)β

S∗

N
+ λ2(µ+ r + d)− λ3r

·
λ3 = λ3µ

with the transversality conditions

λ1(tf ) = λ2(tf ) = λ3(tf ) = 0

Futhermore, the optimal control u∗ is given by

u∗ = min(0.9,max(0,
(λ1 − λ3)S∗

A
)) (5)

Proof.

The existence of optimal control can be proved by using the results from
[3] (see Theorem 2.1). The adjoint equations and transversality conditions
can be obtained by using Pontryagin’s Maximum Principle such that

·
λ1 = −∂H

∂S
, λ1(tf ) = 0

·
λ2 = −∂H

∂I
, λ2(tf ) = 0

·
λ3 = −∂H

∂R
, λ3(tf ) = 0

The optimal control u∗ can be solve from the optimality condition,

∂H

∂u
= 0

that is
∂H

∂u
= Au− λ1S + λ3S = 0

By the bounds in U of the controls, it is easy to obtain u∗ in the form of
(5)

4 Numerical simulations

In this section we first present an iterative method for the numerical solution
of the optimality system. Next, we present numerical results obtained using
Matlab.
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4.1 Algorithm

The numerical algorithm presented below is a semi-implicit finite difference
method. We discretize the interval [t0, tf ] at the points ti = t0 + ih (i =
0, 1, ..., n), where h is the time step such that tn = tf , [4]. Next, we define
the state and adjoint variables S(t), I(t), R(t), λ1, λ2, λ3 and the control u
in terms of nodal points Si, Ii, Ri, λ

i
1, λ

i
2, λ

i
3 and ui. Now a combination of

forward and backward difference approximation is used as follows:
The Method, developed by [5] and presented in [6] and [7], is then read as:

Si+1 − Si

h
= Λ− µSi+1 − βSi+1

Ii
N
− uiSi+1

Ii+1 − Ii
h

= βSi+1
Ii+1

N
− (µ+ d+ r) Ii+1

Ri+1 −Ri

h
= rIi+1 − µRi+1 + uiSi+1

By using a similar technique, we approximate the time derivative of the
adjoint variables by their first-order backward-difference and we use the ap-
propriate scheme as follows

λn−i
1 − λn−i−1

1

h
= λn−i−1

1 µ+ (λn−i−1
1 − λn−i

3 )u∗ + (λn−i−1
1 − λn−i

2 )β
I∗

N
λn−i
2 − λn−i−1

2

h
= −1 + (λn−i−1

1 − λn−i−1
2 )β

Si+1

N
+ λn−i−1

2 (µ+ r + d)− λn−i
3 r

λn−i
3 − λn−i−1

3

h
= λn−i−1

3 µ

The algorithm describing the approximation method to obtain the optimal
control is the following

Algorithm 2
Step1: S(0) = S0, I(0) = I0, R(0) = R0, λi(tf ) = 0(i = 1, ..., 3), u(0) = 0.
Step 2:

for i = 0, . . . , n− 1, do:

Si+1 =
Si + hΛ

1 + h

(
µ+ β

Ii
N

+ ui
)

Ii+1 =
Ii

1 + h

(
µ+ r + d− βSi+1

N

)
Ri+1 =

Ri + h(rIi+1 + uiSi+1)

1 + µh
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λn−i−1
1 =

λn−i
1 + h

(
λn−i
2 β

Ii+1

N
+ λn−i

3 ui
)

1 + h

(
µ+ β

Ii+1

N
+ ui

)

λn−i−1
2 =

λn−i
2 + h

(
1− λn−i−1

1 β
Si+1

N
+ λn−i

3 r

)
1− h

(
β
Si+1

N
− (µ+ r + d)

)
λn−i−1
3 =

λn−i
3

1 + hµ

T i+1 =

(
λn−i−1
1 − λn−i−1

3

)
Si+1

A
ui+1 = min(0.9,max(0, T i+1))

end for
Step 3:

for i = 0, . . . , n, write: S∗(ti) = Si, I
∗(ti) = Ii, R

∗(ti) = Ri, u
∗(ti) = ui .

end for

4.2 Numerical results

The numerical simulations are carried out using Matlab and using the following
parameter values and initial conditions:

Initial conditions
S(0) 30× 106

I(0) 30

R(0) 28

Parameter Values
β 0.3095
Λ 1174.17
µ 3.9139× 10−5

d 0.63%
r 0.2

Note that the initial conditions and the parameter values (Λ, µ, d and r)
are taken from [1] and the parameter β is calculated from β = R0(µ + d + r)
with R0 = 1.9

The graphs below, allow us to compare changes in the number of infected,
susceptible and removed individuals before and after the introduction of con-
trol.

In figure 1 we notice that in presence of control the number I decreases
greatly. Thus the maximum number of I would be 5.442× 105 in the presence
of control against 4.065× 106 otherwise. It’s nearly 87% of the effectiveness of
the vaccination campaign.
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The figure 2 indicates that the number S decreases more rapidly during
the vaccination campaign. It reaches 1.512× 106 at the end of this campaign
against 7.124 × 106 in the absence of control, i.e a reduction of 5.612 × 106

cases.
The figure 3 shows that the number of people removed begins to grow

notably from 22nd day instead of 41st days in the absence of control. Moreover
the number R at the end of the vaccination period is 2.883 × 107 instead of
2.325× 107, which represents an increase of 5.580× 106 cases.

Finally, figure 4 gives a representation of the optimal control u∗.

Figure 1: the function I with and without control
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Figure 2: the function S with and without control

Figure 3: the function R with and without control

Figure 4: the optimal control u∗
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5 Conclusion

In this work we discussed an efficient numerical method based on optimal
control to study the impact of a vaccincation strategy on the spread of the in-
fluenza A(H1N1). The numerical simulation of both the systems i.e with con-
trol and without control, shows that this strategy helps to reduce the number
of infected and susceptible individuals and increase the number of the removed
individuals greatly. The results obtained shows also that the effectiveness of
vaccination campaign can reach 87%.
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